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1. In this question, we will look at a loss function for training a linear classifier for
binary classification. As a reminder, a linear classifier for binary classification is
a function Rd → {+1,−1} that takes the form

f(x) =

{
+1 if w⊤x ≥ 0

−1 otherwise
(1)

where x ∈ Rd.

(a) Show that for all x ∈ Rd, w ∈ Rd, and y ∈ {+1,−1}, the loss function

L(x, y;w) = (yw⊤x− 1)2 (2)

is an upper bound of the zero-one loss

L01(x, y;w) = 1yw⊤x<0. (3)
[5 marks ]

(b) Before we run an optimization algorithm, let’s look at the properties of L.

i. Show that L is convex in w. [4 marks ]

ii. Show that ∇wL(w
∗) = 0 is a sufficient condition for w∗ to be the

optimal solution of L when L is convex. [4 marks ]

(c) Suppose we want to optimize the loss function with gradient descent. Given
a data set {(x1, y1), . . . , (xn, yn)}, the loss of the classifier on the data set is

F (w) =
n∑

i=1

L(xi, yi;w). (4)

Derive ∇wF (w). [4 marks ]

2. In this question, we are going to implement our own attention layer in a neural
network library. The forward computation of the attention layer is defined as

f(q,k1, . . . ,kT ,v1, . . . ,vT ) =
T∑
t=1

exp(q⊤kt)∑T
t′=1 exp(q

⊤kt′)
vt, (5)

where q, k1, . . . ,kT , and v1, . . . ,vT are all in RD. The backward computation is
needed for computing the gradient with backpropagation.

(a) We first seek to derive ∂
∂q
f with the following steps. Recall that

∂

∂q
f =


∂
∂q1

f
∂
∂q2

f
...

∂
∂qD

f

 . (6)

[QUESTION CONTINUES ON NEXT PAGE]
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[QUESTION CONTINUES FROM PREVIOUS PAGE]

i. Let pt = q⊤kt. Derive ∂
∂qd

pt for d = 1, . . . , D. If you need to index a

dimension d in kt, you can write [kt]d. [3 marks ]

ii. Let

αt =
exp(pt)∑T

t′=1 exp(pt′)
. (7)

Derive ∂
∂pj

αi for any i = 1, . . . , T and j = 1, . . . , T . [5 marks ]

iii. Now we can rewrite f as

f(q,k1, . . . ,kT ,v1, . . . ,vT ) =
T∑
t=1

αtvt. (8)

Use chain rule to derive ∂
∂qd

f in terms of ∂
∂pj

αi and
∂
∂q
pt. Note that you

don’t need to plug in the results from i. and ii. and won’t be penalized
if you did not get i. and ii. right. [4 marks ]

(b) Now that we have an analytical implementation to compute ∂
∂q
f . Explain

how you would use the finite difference method to verify your implementa-
tion. [3 marks ]

3. Suppose we have a 768-dimensional data set consisting of 39 data points. We
are going to use PCA to analyze the data. The tool we use to run PCA will
do centering for us, so that we do not need to worry about whether the data is
centered or not.

dimension 1 dimension 2 dimension 3 · · · dimension 768

sample 1 5.4 0.01 3.3 · · · 4.6
sample 2 8.2 0.03 4.2 · · · 3.7
sample 3 7.3 0.02 2.4 · · · 5.4
sample 4 6.6 0.05 3.1 · · · 6.5
sample 5 4.2 0.02 4.7 · · · 3.3

...
sample 39 5.8 0.04 3.2 · · · 7.2

(a) Before running PCA, you realize the second dimension is consistently smaller
than the other dimensions. You are worried that the scale of the second di-
mension is too small and decide to multiply that by 100.0. Does multiplying
the second dimension by a large constant change the principal components
of the subsequent PCA? Detail your reasons. [6 marks ]

[QUESTION CONTINUES ON NEXT PAGE]
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[QUESTION CONTINUES FROM PREVIOUS PAGE]

(b) At most how many principal components would we get if we run PCA on this
data set? Explain why. In what circumstance would we get fewer principal
components? [6 marks ]

(c) Suppose you run PCA and keep the top 25 principal components, and
project the data from 768 dimensions down to 25. You later realize 25
dimensions are still too many and decide to do a second PCA on top of
the 25-dimensional data and reduce the dimensions down to 10. Would
the resulting 10-dimensional data set be any different if we do PCA once
(as opposed to doing PCA twice) and reduce 768 dimensions directly to 10
dimensions? Detail your reasons. [6 marks ]
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