Machine Learning: Analytic Geometry

Hao Tang

January 19, 2024

1/24



Vectors in R?

x = (X1,X2, - ,Xd)
ax = (axy, axp,...,axq) for ae R
U—|—V:(U1—|-V1,...,ud+vd)

u—v=u+(-1)v
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Dot product

d
ulv=wvi+-F ugvy = D oim1 UiV

(au)'v=a(u"v)=uT(av) foracR
(w+v)Tw=u"w+viw

wlhu+v)=wlu+wlu
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The ¢, norm

Ivl2 = VVTv =\ 4+ 413

llaul|2 = |a|||lul|2 for a € R
Jull2 >0
If ||u]]2 =0, then u=10

[ull + [IvIl = [lu + v
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The ¢, norm and length

5/24



Dot product and angle

UTV

cosf) = ———— 1
TV )
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Dot product and angle

By the law of cosine,

lv = ul3 = l[ull + VI3 = [lull2llv]2 cost.

Comparing the above with
lv =3 = VI3 —2uTv + [|ul3,

we get

UTV

cosf = ————.
[ull2][v]l2
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A line
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A line

A line is a set of points {x : x = u+ tv for t € R} for any vector u and vector v # 0.
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A line in 2D

® |sy =ax+ baline?
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A line in 2D

® |sy =ax+ baline?

® \We can rewrite y = ax + b as
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A plane
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A plane

A plane (or hyperplane) is a set of points {x : v (x — u) = 0} for any vector u and

vector v # 0.
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A plane

A plane (or hyperplane) is a set of points {x : v (x — u) = 0} for any vector u and

vector v # 0.
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A plane in 3D

® Isax+ by +cz+d =0 a plane?
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A plane in 3D

® Isax+ by +cz+d =0 a plane?

® \We can rewrite ax + by + cz+d =0 as

4 (0)-(2)-

N < X
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A plane in d + 1 dimension

®|sy= w'x+ b, where w e RY and b € R, a plane?
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A plane in d + 1 dimension

®|sy= w'x+ b, where w e RY and b € R, a plane?

® We can rewrite y = w'x + b as
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Halfspaces

® Points {x : v (x — u) > 0} are on one side of the plane {x : v (x — u) = 0}.
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Halfspaces

® Points {x : v (x — u) > 0} are on one side of the plane {x : v (x — u) = 0}.

® Consider the line {x : x = xp + tv for t € R} for some xp on the plane.

vi(xo+tv—u)=v'(x—u)+t|v|3 = tlv]3 (8)

When t >0, v (xg + tv — u) > 0.
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Halfspaces
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Projection

A\

v

||u||2 cos @
Ivl2
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The perpendicular part after projection

> ; A ‘
< 1
3 |
il u 1
= l
| 1
3 4 } .
|lu|| cos @
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The distance between a plane and a point

mme-l----eN
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The distance between a plane and a point
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The distance between a plane and a point

The projection of z — u on v is

vi(z—u) v
[viiz [lv]l2’
which has an #> norm of
v (z = u)|

IvI2

(10)
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The distance between a line and a point
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The distance between a line and a point
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The distance between a line and a point

The perpendicular part after the projection of z — v on v is

vi(z—u) v
PR WL ) A 11
S 17 P /B (1D
with a norm of
(z—u)— @L (12)
vl [Ivil21l,
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Cauchy—Schwarz inequality

For any vector u and vector v,

(u"v)? < JlullZllv]3: (13)
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Cauchy—Schwarz inequality

T T
u vi)lu v
[ulBIVIE = (6T V)2 = [lul? <|rv||% - ()(2)) (14)
1ul3
T T T T T
u v u v u v
— HvH%—z(u) v+( ) ( ) (15)
Pk PE RN
T 2
u v
U||2
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