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Optimisation problems we saw so far

• Squared error in Linear regression

min
w

L

L =
N∑
i=1

(w⊤xi − yi )
2

• Log-loss in logistic regression

min
w

NLL

NLL =
N∑
i=1

log
(
1 + exp(−yiw⊤xi )

)
– How do we find the optimal solution?
– How do we know the solution is optimal?
– How do we know the solution is unique?
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A toy example of constrained optimisation problem

Question: Given a rope of length L meters, find the rectangle with the largest area
that can be formed using the rope.

Optimisation problem: Letting the area S(x , y) = x y ,

max
x ,y

S(x , y)

subject to: 2(x + y) = L

S = xy = x(
L

2
− x)

= −x2 +
L

2
x

= −(x − L

4
)2 +

L2

16

dS

dx
= −2x +

L

2
,

d2S

dx2
= −2
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Notation

• Vector x ∈ Rd

x =


x1
x2
...
xd

 =
[
x1 x2 · · · xd

]⊤

• Matrix A ∈ Rm×n

A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn


=
[

a1 a2 · · · an
]

=


ã⊤
1

ã⊤
2
...

ã⊤
m


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Notation (cont.)

• Data matrix X ∈ RN×d

X =


x⊤
1

x⊤
2
...

x⊤
N



=


x11 x12 · · · x1d
x21 x22 · · · x2d
...

...
...

...
xN1 xN2 · · · xNd


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Vector matrix multiplication

A ∈ Rm×d , x ∈ Rd

Ax =


a11 a12 · · · a1d
a21 a22 · · · a2d
...

...
. . .

...
am1 am2 · · · amd


 x1

...
xd



=

 a11x1 + · · ·+ a1dxd
...

am1x1 + · · ·+ amdxd

 =

 ã⊤
1 x
...

ã⊤
mx


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Gradients and Hessians

f (x) : Rd → R

• Gradient of f (x)

∂f

∂x
= ∇f =


∂f
∂x1
...
∂f
∂xd

 (1)

• Hessian of f (x)

Hf =
∂2f

∂x2
= ∇2f =


∂f
∂x21

. . . ∂f
∂x1xd

...
∂f

∂xdx1
. . . ∂f

∂x2d

 (2)

NB: See Wikipedia: Matrix Calculus for layout conventions
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Useful formula 1

∂a⊤x
∂x

= a (3)

aTx = a1x1 + a2x2 + · · ·+ adxd

∂aTx
∂x

=


∂aT x
∂x1
...

∂aT x
∂xd

 =

 a1
...
ad

 = a
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Useful formula 2

b⊤Ax
∂x

= A⊤b

Let a⊤ = b⊤A

∂b⊤Ax
∂x

=
∂a⊤x
∂x

= a =
(
b⊤A

)⊤
= A⊤b

9 / 17



Useful formula 2

b⊤Ax
∂x

= A⊤b

Let a⊤ = b⊤A

∂b⊤Ax
∂x

=
∂a⊤x
∂x

= a =
(
b⊤A

)⊤
= A⊤b

9 / 17



Useful formula 2

b⊤Ax
∂x

= A⊤b

Let a⊤ = b⊤A

∂b⊤Ax
∂x

=
∂a⊤x
∂x

= a =
(
b⊤A

)⊤
= A⊤b

9 / 17



Useful formula 3

∂xTAx
∂x

= (A + A⊤)x

x⊤Ax = x⊤

 ã⊤
1 x
...

ã⊤
d x



= x1ã⊤
1 x + x2ã⊤

2 x + · · ·+ xd ã⊤
d x

∂x⊤Ax
∂x

=


∂x⊤Ax
∂x1
...

∂x⊤Ax
∂xd

 =

 ã⊤
1 x + a⊤

1 x
...

ã⊤
d x + a⊤

d x

 =
(
A + A⊤

)
x
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1 x + x2ã⊤
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MSE in linear regression

L =
1

N

N∑
i=1

(w⊤xi − yi )
2

=
1

N

[
(w⊤x1 − y1) · · · (w⊤xN − yN)

]  (w⊤x1 − y1)
...

(w⊤xN − yN)


=

1

N
(Xw − y)⊤(Xw − y) =

1

N
∥Xw − y∥2

=
1

N

(
w⊤X⊤Xw − 2y⊤Xw + y⊤y

)
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Gradient of MSE in linear regression

L =
1

N

(
w⊤X⊤Xw − 2y⊤Xw + y⊤y

)

∂L

∂w
=

1

N

(
∂w⊤X⊤Xw

∂w
− 2

∂y⊤Xw
∂w

)
=

1

N

((
X⊤X + (X⊤X )⊤

)
w − 2X⊤y

)
=

2

N

(
X⊤Xw − X⊤y

)
=

2

N
X⊤(Xw − y)

Letting ∂L
∂w = 0 yields X⊤(Xw − y) = 0

X⊤Xw = X⊤y

w = (X⊤X )−1X⊤y
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Log loss in logistic regression training

Letting (1, x) and (b,w) denoted as x and w , respectively,

LL = log
N∏
i=1

p(yi |xi ,θ) =
N∑
i=1

log
1

1 + exp(−yiw⊤xi )

=
N∑
i=1

− log

(
1 + exp(−yiw⊤xi )

)

NLL =
N∑
i=1

log

(
1 + exp(−yiw⊤xi )

)
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Gradient of log loss

NLL =
N∑
i=1

log

(
1 + exp(−yiw⊤xi )

)

∂ NLL

∂w
=

N∑
i=1

exp(−yiw⊤xi )
1 + exp(−yiw⊤xi )

(−yixi )

=
N∑
i=1

(
1− 1

1 + exp(−yiw⊤xi )

)
(−yixi )

14 / 17



What if we use 0/1 labels instead of -1/+1?

NLL = − 1

N

N∑
i=1

yi log si + (1− yi ) log(1− si )

where si = σ(w⊤xi ) =
1

1 + exp(−(w⊤xi ))
.

∂ NLL

∂w
= − 1

N

N∑
i=1

yi
1

si

∂si
∂w

+ (1− yi )
−1

1− si

∂si
∂w

Since
∂si
∂w

= σ(w⊤xi )(1− σ(w⊤xi ))xi = si (1− si )xi

∂ NLL

∂w
= − 1

N

N∑
i=1

(yi (1− si )− (1− yi )si ) xi

=
1

N

N∑
i=1

(si − yi )xi
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Vectorisation in Python

• Consider a linear regression model w⊤x + b that has been trained already. How
are the outputs calculated for a test samples {x1, . . . , xN}?

• Consider a logistic regression model p(y=1 | x) = 1
1+exp (w⊤x+b)

. How are the

outputs calculated for the test samples?
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Quizzes

• Show
∂xTAx
∂x

= (A + A⊤)x

• Find
∂xTB⊤Bx

∂x

• Letting X ∈ RN×d and S = X⊤X ,

– show that S is a symmetric matrix,

– show that x⊤Sx ≥ 0 for any x ∈ Rd .
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