
Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Quantitative Analysis of Biochemical Signalling
Pathways

Jane Hillston.
LFCS, University of Edinburgh

26th October 2007

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Outline

Introduction to Systems Biology
Motivation

Stochastic Process Algebra Approaches
Abstract Modelling
Alternative Representations

Summary

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Outline

Introduction to Systems Biology
Motivation

Stochastic Process Algebra Approaches
Abstract Modelling
Alternative Representations

Summary

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Motivation

Systems Biology

I Biological advances mean that much more is now known
about the components of cells and the interactions between
them.

I Systems biology aims to develop a better understanding of the
processes involved.

I It involves taking a systems theoretic view of biological
processes — analysing inputs and outputs and the
relationships between them.

I A radical shift from earlier reductionist approaches, systems
biology aims to provide a conceptual basis and a methodology
for reasoning about biological phenomena.
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Motivation

Signal transduction pathways

I All signalling is biochemical:

I Increasing protein concentration
broadcasts the information about
an event.

I The message is “received” by a
concentration dependent response
at the protein signal’s site of
action.

I This stimulates a response at the
signalling protein’s site of action.

I Signals propagate through a series
of protein accumulations.
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Motivation

Systems Analysis

I In biochemical signalling pathways the events of interests are
I when reagent concentrations start to increase;
I when concentrations pass certain thresholds;
I when a peak of concentration is reached.

I For example, delay from the activation of a signal
transduction pathway until its message is delivered to the
nucleus depends on the rate of protein accumulation.

I These data can be collected from wet lab experiments.

I The accumulation of protein is a stochastic process affected
by several factors in the cell (temperature, pH, etc.).

I Thus it is more realistic to talk about a distribution rather
than a deterministic time.
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Motivation

Formal Systems

There are two alternative approaches to contructing dynamic
models of biochemical pathways commonly used by biologists:

I Ordinary Differential Equations:
I continuous time,
I continuous behaviour (concentrations),
I deterministic.

I Stochastic Simulation:
I continuous time,
I discrete behaviour (no. of molecules),
I stochastic.
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Motivation

Ordinary Differential Equations

I This deterministic approach has at its core the law of mass
action. This states that for a reaction in a homogeneous, free
medium, the reaction rate will be proportional to the
concentrations of the individual reactants involved.

For example, for a reaction A + B
k−→ C , the reaction rate

equation is:
d [A]

dt
=

d [B]

dt
= −k[A][B]

d [C ]

dt
= k[A][B]
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Motivation

Limitations of Ordinary Differential Equations

I Given knowledge of initial molecular concentrations, the law
of mass action provides a complete picture of the component
concentrations at all future time points.

I This is based on the assumption that chemical reactions to be
macroscopic under convective or diffusive stirring, continuous
and deterministic.

I This is a simplification, because in reality chemical reactions
involve discrete, random collisions between individual
molecules.

I As we consider smaller and smaller systems, the validity of a
continuous approach becomes ever more tenuous.
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Motivation

Stochastic: Propensity function

As explicitly derived by Gillespie, the stochastic model uses basic
Newtonian physics and thermodynamics to arrive at a form often
termed the propensity function that gives the probability aµ of
reaction µ occurring in time interval (t, t + dt).

aµdt = hµcµdt

where the M reaction mechanisms are given an arbitrary index µ
(1 ≤ µ ≤ M), hµ denotes the number of possible combinations of
reactant molecules involved in reaction µ, and cµ is a stochastic
rate constant.
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Motivation

Stochastic: Chemical Master Equation

Applying this leads us to an important partial differential equation
(PDE) known as the Chemical Master Equation.

∂ Pr(X; t)

∂t
=

M∑
µ=1

aµ(X− vµ) Pr(X− vµ; t)− aµ(X) Pr(X; t)

Does not lend itself to either analytic nor numerical solutions.

(Chapman-Kolmogorov equations of the CTMC)
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Motivation

Stochastic simulation algorithms

Gillespie’s Stochastic Simulation Algorithm (SSA) is essentially an
exact procedure for numerically simulating the time evolution of a
well-stirred chemically reacting system by taking proper account of
the randomness inherent in such a system.

It is rigorously based on the same microphysical premise that
underlies the chemical master equation and gives a more realistic
representation of a system’s evolution than the deterministic
reaction rate equation represented mathematically by ODEs.

As with the chemical master equation, the SSA converges, in the
limit of large numbers of reactants, to the same solution as the law
of mass action.
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Motivation

Formal Systems Revisited

I Currently mathematics is being used directly as the formal
system — even the work with the stochastic π-calculus only
uses the π-calculus to describe a continuous time Markov
chain (CTMC) for simulation.

I Previous experience in the performance arena has shown us
that there can be benefits to interposing a formal model
between the system and the underlying mathematical model.

I Moreover taking this “high-level programming” style approach
offers the possibility of different “compilations” to different
mathematical models.
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Using Stochastic Process Algebras

Process algebras have several attractive features which could be
useful for modelling and understanding biological systems:

I Process algebraic formulations are compositional and make
interactions/constraints explicit.

I Structure can also be apparent.

I Equivalence relations allow formal comparison of high-level
descriptions.

I There are well-established techniques for reasoning about the
behaviours and properties of models, supported by software.
These include qualitative and quantitative analysis, and model
checking.
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Molecular processes as concurrent computations

Concurrency
Molecular
Biology

Metabolism Signal
Transduction

Concurrent
computational processes

Molecules Enzymes and
metabolites

Interacting
proteins

Synchronous communication Molecular
interaction

Binding and
catalysis

Binding and
catalysis

Transition or mobility
Biochemical
modification or
relocation

Metabolite
synthesis

Protein binding,
modification or
sequestration

[Regev et al 2000]
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Abstract Modelling

Mapping biological systems to process algebra

The work using the stochastic π-calculus and related calculi, maps
a molecule to a process in the process algebra description.

This is an inherently individuals-based view of the system and
analysis will generally be via stochastic simulation.

In the PEPA modelling we have been doing we have experimented
with more abstract mappings between process algebra constructs
and elements of signalling pathways.

In our mapping we focus on species (c.f. a type rather than an
instance, or a class rather than an object).

Alternative mappings from the process algebra to underlying
mathematics are then readily available.
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Abstract Modelling

Alternative Representations
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Abstract Modelling

Motivations for Abstraction

Our motivations for seeking more abstraction in process algebra
models for systems biology are:

I Process algebra-based analyses such as comparing models
(e.g. for equivalence or simulation) and model checking are
only possible is the state space is not prohibitively large.

I The data that we have available to parameterise models is
sometimes speculative rather than precise.

This suggests that
it can be useful to use semiquantitative models rather than
quantitative ones.
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Abstract Modelling

Discretising the population view

We can discretise the continuous range of possible concentration
values into a number of distinct states. These form the possible
states of the component representing the reagent.
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Abstract Modelling

PEPA: Performance Evaluation Process Algebra

S ::= (α, r).S | S + S | A
P ::= S | P BC

L
P | P/L

Each of these has tool support so that the underlying model is
derived automatically according to the predefined rules.
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Abstract Modelling

Small synthetic example network
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Abstract Modelling

Small synthetic example network in PEPA (1)

m1 m2

m3k4/k5

k1/k2

k6

k3

m5m4

A/X

A X

YB

A/XH
def
= (k2react, k2).A/XL

+ (k3react, k3).A/XL

A/XL
def
= (k1react, k1).A/XH
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Abstract Modelling

Small synthetic example network in PEPA (2)

m1 m2

m3k4/k5

k1/k2

k6

k3

m5m4

A/X

A X

YB

AH
def
= (k1react, k1).AL + (k5react, k5).AL

AL
def
= (k2react, k2).AH + (k4react, k4).AH

XH
def
= (k1react, k1).XL

XL
def
= (k2react, k2).XH + (k6react, k6).XH

A/XH
def
= (k2react, k2).A/XL + (k3react, k3).A/XL

A/XL
def
= (k1react, k1).A/XH

BH
def
= (k4react, k4).BL

BL
def
= (k5react, k5).BH + (k3react, k3).BH

YH
def
= (k6react, k6).YL

YL
def
= (k3react, k3).YH
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Abstract Modelling

Small synthetic example network in PEPA (3)
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Abstract Modelling

Small synthetic example network in PEPA (4)
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A X

YB

PathwayA1
def
= (k1react, k1).PathwayA2

+ (k5react, k5).PathwayA3

PathwayA2
def
= (k2react, k2).PathwayA1

+ (k3react, k3).PathwayA3

PathwayA3
def
= (k4react, k4).PathwayA1
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Small synthetic example network in PEPA (5)

m1 m2

m3k4/k5

k1/k2

k6

k3

m5m4

A/X

A X

YB

PathwayA1
def
= (k1react, k1).PathwayA2

+ (k5react, k5).PathwayA3

PathwayA2
def
= (k2react, k2).PathwayA1

+ (k3react, k3).PathwayA3

PathwayA3
def
= (k4react, k4).PathwayA1

PathwayX1
def
= (k1react, k1).PathwayX2

PathwayX2
def
= (k2react, k2).PathwayX1

+ (k3react, k3).PathwayX3

PathwayX3
def
= (k6react, k6).PathwayX1
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Abstract Modelling

Small synthetic example network in PEPA (6)

m1 m2

m3k4/k5

k1/k2

k6

k3

m5m4

A/X

A X

YB

PathwayA1 BC
{k1react,k2react,k3react}

PathwayX1
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Abstract Modelling

State spaces

These are easily shown to be equivalent (in fact they are
isomorphic).

Moreover this remains true when we increase the discretisation
levels of the concentrations e.g. with three levels instead of two:
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Abstract Modelling

State spaces

These are easily shown to be equivalent (in fact they are
isomorphic).

Moreover this remains true when we increase the discretisation
levels of the concentrations e.g. with three levels instead of two:

the reactant-based model of A becomes:

A2
def
= (k1react, 2× k1).A1 + (k5react, 2× k5).A1

A1
def
= (k1react, k1).A0 + (k5react, k5).A0

+ (k2react, k2).A2 + (k4react, k4).A2

A0
def
= (k2react, 2× k2).A1 + (k4react, 2× k4).A1

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Abstract Modelling

State spaces

These are easily shown to be equivalent (in fact they are
isomorphic).

Moreover this remains true when we increase the discretisation
levels of the concentrations e.g. with three levels instead of two:

the configuration of the pathway model becomes:

(PathwayA1 ‖ PathwayA1) BC
{k1react,k2react,k3react}

(PathwayX1 ‖ PathwayX1)
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Abstract Modelling

Markovian analysis

I Analysis of the Markov process can yield quite detailed
information about the dynamic behaviour of the model.

I A steady state analysis provides statistics for average
behaviour over a long run of the system, when the bias
introduced by the initial state has been lost.

I A transient analysis provides statistics relating to the
evolution of the model over a fixed period. This will be
dependent on the starting state.

I Stochastic model checking is available via the PRISM model
checker, assessing the probable validity of properties expressed
in CSL (Continuous Stochastic Logic).
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Alternative Representations

Equivalent Representations?

ODEs

population view

CTMC with
M levels

abstract view

Stochastic
Simulation

individual view

Abstract
PEPA model

-�
�

�����
�����

���*

H
HH

H
HHH

H
HH

H
HH

HHj

6

?

?

?equal when M = N

equal when M −→∞
[GHS07]

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Equivalent Representations?

ODEs population view

CTMC with
M levels

abstract view

Stochastic
Simulation

individual view

Abstract
PEPA model

-�
�

�����
�����

���*

H
HH

H
HHH

H
HH

H
HH

HHj

6

?

?

?equal when M = N

equal when M −→∞
[GHS07]

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Equivalent Representations?

ODEs population view

CTMC with
M levels

abstract view

Stochastic
Simulation

individual view

Abstract
PEPA model

-�
�

�����
�����

���*

H
HH

H
HHH

H
HH

H
HH

HHj

6

?

?

?

equal when M = N

equal when M −→∞
[GHS07]

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Equivalent Representations?

ODEs

population view

CTMC with
M levels

abstract view

Stochastic
Simulation

individual view

Abstract
PEPA model

-�
�

�����
�����

���*

H
HH

H
HHH

H
HH

H
HH

HHj

6

?

?

?

equal when M = N

equal when M −→∞
[GHS07]

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Equivalent Representations?

ODEs

population view

CTMC with
M levels

abstract view

Stochastic
Simulation

individual view

Abstract
PEPA model

-�
�

�����
�����

���*

H
HH

H
HHH

H
HH

H
HH

HHj

6

?

?

?

equal when M = N

equal when M −→∞
[GHS07]

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Relating CTMC and ODE models

I We obtain a sequence of CTMCs as we consider models with
finer and finer granularity — successively more levels in the
discretisation of the concentration range.

I Kurtz’s theorem states that a sequence of pure jump Markov
processes converge to a limit which coincides with a set of
ODEs [Kurtz 70].

In particular this holds for a class of
CTMCs which are density dependent.

I We show that the CTMCs we construct from the PEPA
models are density dependent and so satisfy Kurtz’s theorem.

I Moreover the ODEs which we arrive at in the limit are
identical to the ODEs derived syntactically from the PEPA
model.
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Alternative Representations

Density Dependent CTMC

A family of CTMCs is called density dependent if and only if there
exists a continuous function f (x , l), x ∈ Rh, l ∈ Zh, such that the
infinitesimal generators of XN are given by:

qk,k+l = N f

(
k

N
, l

)
, l 6= 0

where

I qk,k+1 denotes an entry in the infinitesimal generator matrix;

I k is a numerical state vector and

I l is a transition vector i.e. it records the adjustment to the
number of copies of each state of each entity (species) after
the transition is taken.

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Density Dependent CTMC

A family of CTMCs is called density dependent if and only if there
exists a continuous function f (x , l), x ∈ Rh, l ∈ Zh, such that the
infinitesimal generators of XN are given by:

qk,k+l = N f

(
k

N
, l

)
, l 6= 0

where

I qk,k+1 denotes an entry in the infinitesimal generator matrix;

I k is a numerical state vector and

I l is a transition vector i.e. it records the adjustment to the
number of copies of each state of each entity (species) after
the transition is taken.

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Density Dependent CTMC

A family of CTMCs is called density dependent if and only if there
exists a continuous function f (x , l), x ∈ Rh, l ∈ Zh, such that the
infinitesimal generators of XN are given by:

qk,k+l = N f

(
k

N
, l

)
, l 6= 0

where

I qk,k+1 denotes an entry in the infinitesimal generator matrix;

I k is a numerical state vector and

I l is a transition vector i.e. it records the adjustment to the
number of copies of each state of each entity (species) after
the transition is taken.

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

Density Dependent CTMC

A family of CTMCs is called density dependent if and only if there
exists a continuous function f (x , l), x ∈ Rh, l ∈ Zh, such that the
infinitesimal generators of XN are given by:

qk,k+l = N f

(
k

N
, l

)
, l 6= 0

where

I qk,k+1 denotes an entry in the infinitesimal generator matrix;

I k is a numerical state vector and

I l is a transition vector i.e. it records the adjustment to the
number of copies of each state of each entity (species) after
the transition is taken.

Jane Hillston. LFCS, University of Edinburgh.

Quantitative Analysis of Biochemical Signalling Pathways



Introduction to Systems Biology Stochastic Process Algebra Approaches Summary

Alternative Representations

An illustration: the small example revisited
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Summary

I Abstract modelling offers a compromise between the
individual-based and population-based views of systems which
biologists commonly take.

I Moveover we can undertake additional analysis based on the
discretised population view.

I Further work is needed to establish a better relationship
between this view and the population view — empirical
evidence has shown that 6 or 7 levels are often sufficient to
capture exactly the same behaviour as the ODE model.

I In the future we hope to investigate the extent to which the
process algebra compositional structure can be exploited
during model analysis.
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Conclusions

I Ultimately we want to understand the functioning of cells as
useful levels of abstraction, and to predict unknown behaviour.

I It remains an open and challenging problem to define a
toolset for modelling biological systems, inspired by biological
processes.

I Achieving this goal is anticipated to have two broad benefits:

I Better models and simulations of living phenomena
I New models of computations that are biologically inspired.
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