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Abstract

We study analogs of classical relational calculus in the context of strings. We start by study-
ing string logics. Taking a classical model-theoretic approach, we fix a set of string operations
and look at the resulting collection of definable relations. These form an algebra — a class of
n-ary relations for every n, closed under projection and Boolean operations. We show that by
choosing the string vocabulary carefully, we get string logics that have desirable properties: com-
putable evaluation and normal forms. We identify five distinct models and study the differences
in their model-theory and complexity of evaluation. We identify a subset of these models which
have additional attractive properties, such as finite VC dimension and quantifier elimination.

Once you have a logic, the addition of free predicate symbols gives you a string query
language. The resulting languages have attractive closure properties from a database point of
view: while SQL does not allow the full composition of string pattern-matching expressions with
relational operators, these logics yield compositional query languages that can capture common
string-matching queries while remaining tractable. For each of the logics studied in the first
part of the paper, we study properties of the corresponding query languages. We give bounds
on the data complexity of queries, extend the normal form results from logics to queries, and
show that the languages have corresponding algebras expressing safe queries.

1 Introduction

In the past 40 years, various connections between logic on strings, formal languages and finite
automata have been explored in great detail. The standard setting for connecting logical definability
with various properties of formal languages is to represent strings over a finite alphabet % =
{a1,...,a,} as first-order structures in the signature (P, ,..., P,, , <), so that the structure M for
a string s of length k has the universe {1,...,k}, with < being the usual ordering, and P,, being
the set of the positions [ such that the /th character in s is a;. Then a sentence ® of some logic £
defines a language L(®) = {s € ¥* | M; = ®}. Two classical results on logic and language theory
state that languages thus definable in monadic second-order logic (MSO) are precisely the regular
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languages [20], and the languages definable in first-order logic (FO) are precisely the star-free
languages [54]. For a survey, see [65, 67].

An alternative approach to definability of strings, based on classical infinite model theory rather
than finite model theory, dates back to the 1960s [20, 19]. One considers an infinite structure M
consisting of (X*, ), where Q is a set of functions, predicates and constants on ¥*. One can then
look at definable sets, those of the form {@ | M = ¢(d)}, where ¢ is a first-order formula in the
language of M. A well-known result links definability with traditional formal language theory. Let
Qreg consist of unary functions l,, a € X, binary predicates el(z,y) and z < y, where l,(z) =z - a,
el(z,y) states that x and y have the same length, and x < y states that xz is a prefix of y. Let Sjey
be the model (¥*,Qes) (we will explain the notation later). Then subsets of ¥* definable in Sie,
are precisely the regular languages [20, 19, 14]; moreover, this implies decidability of the first-order
theory of Sien [45, 14].

The key advantage of the “model-theoretic approach” is that one immediately gets an extension of
the notion of recognizability from string languages to n-ary string relations for arbitrary n. One gets
an algebra of n-ary string relations for every n, and these algebras automatically have closure under
projection and product, in addition to the Boolean operations. In the case of the model Sy, above,
this algebra is not new: in fact, the definable n-ary relations are exactly the ones recognizable under
a natural notion of automaton running over n-tuples [19, 29]. We will refer to these automata-
definable relations as the regular relations: the formal definition is given in subsection 3.1.1. We
show here that by taking restrictions of the model Sjen, one gets new algebras of regular relations
which behave better, in many ways, than the full algebra of recognizable relations given by Sie,. We
introduce four such models here, and show that the definable sets in these models enjoy superior
model-theoretic properties relative to the full algebra of recognizable relations associated with Sjep,.

A key motivation for finding closed algebras of string relations comes from the field of databases,
in particular, the study of query languages with interpreted operations [8, 10, 37, 50]. String ma-
nipulation facilities have long been recognized as a critical component of a realistic database query
language. In SQL, for example, the WHERE clause can contain string pattern-matching expressions,
such as FACULTY.NAME LIKE ’Nyk%nen’. These expressions can themselves be seen as queries over
string relations: the above clause, for example, can be seen as a selection performed on a projection
of the FACULTY relation. While the Relational Calculus gives a satisfactory formal model for SQL
queries in the absence of built-in datatypes, there has been thus far no satisfactory model that
fully accounts for string queries. The lack of an adequate formal model is related to the fact that
SQL restricts the interaction of string operations and relational operations in a number of ad-hoc
ways: one cannot apply the LIKE operator to a subquery to build up a new query, nor can one
take the product of two string expressions built with LIKE. The natural way to obtain a calculus
on string relations where one can freely compose string operations and relational operators is to
start with a decidable structure on strings, like those mentioned above, and extend them to query
languages by adding free predicate symbols — in the same way that traditional Relational Calculus
can be obtained from first-order logic over pure equality. Using this approach we see that corre-
sponding to Sie, and each of the four restricted models mentioned above, we obtain five interesting
compositional query languages on strings.

The paper has two main parts. In the first part, we study definable algebras of string relations,
that is, model-theoretic structures on ¥* and definability in these structures. We focus on five
structures, of which the model S, mentioned above is the richest. In the second part of the
paper, we deal with database applications, and study the corresponding query languages for string



databases given by each of the five structures. This can be thought of as definability over model-
theoretic structures and a finite relational database. Naturally, the results of the first part form
the basis for reasoning about string query languages.

We now summarize the developments in both parts of the paper.

As mentioned above, we know that there exists a regular string algebra [20, 19, 14], i.e., an algebra
which exactly captures the regular sets when restricted to unary relations. An obvious question to
ask, then, is whether new algebras of string relations arise through the model-theoretic approach.
In particular, if we restrict the signature €2 to be less expressive than {),¢,, do we get new relation
algebras lying within the recognizable relations?

A natural starting point would be to find a signature that captures properties of the star-free
sets. Here again, a simple example leaps out: consider the signature Qg = (=X, (lg)ecx), and let
S = (¥*, Q). One can easily show that the definable subsets of ¥* in S are exactly the star-free
ones. Furthermore, we will show that the definable n-ary relations of this model are exactly those
definable by regular prefix automata (cf. [4]) whose underlying string automata are counter-free.

Just as there is a significant difference between the complexity-theoretic behavior of regular lan-
guages and star-free languages (the latter are in AC? whereas the former are not), we find that
the model S is much more tractable, in terms of its model-theory and its complexity than Sie,. In
particular, we show that S has quantifier-elimination in a natural relational extension, while Sjep,
does not.

It would be tempting to think of S and Sje, as canonical extensions of the notions of regularity
and star-free to m-ary relations. However, we will show that in fact there are many choices for
Q) that share the same one-dimensional definable sets (either star-free or regular). Furthermore,
algebras of definable sets may be identical in terms of the string languages they define, but differ
considerably in the n-ary string relations in the definable algebra. We thus say that an algebra of
definable sets based on (X*,€Q), with Q C Q¢ is a regular algebra of definable sets if the subsets of
¥* in it (i.e the one-dimensional definable sets of (£*,2)) are exactly the regular sets. We likewise
say that the algebra based on definable sets for (¥*,Q) is a star-free algebra of definable sets if the
subsets of %* in the algebra are exactly the star-free sets.

We then study new examples of regular and star-free definable algebras. We give an example of
a star-free algebra with considerably more expressive power than the basic star-free algebra S.
This model, which we denote by S (as it allows one to add characters on the left of a string),
shares most of the desirable properties of S: in particular, it has quantifier-elimination in a natural
language, and membership test in this algebra has low complexity.

More surprisingly, perhaps, we give examples of regular algebras (which we denote Sreg and Sregyleft)
that are strictly contained in Sjen = (X%, Q2reg). Although the one-dimensional sets in these algebras
are still the regular sets, the algebra as a whole shares many of the attractive properties of the star-
free languages. In particular, we give quantifier-elimination results for these algebras. In contrast to
this, we present a result giving a partial answer to open question 0 in [55], which asks whether Sj¢,
itself has quantifier-elimination in a reasonable signature. We show that it does not have quantifier-
elimination in any relational signature of bounded arity but does have quantifier-elimination in a
signature containing binary functions.

We now turn to the second part of the paper, studying the string query languages formed from



each of these models. What are some properties one would desire of a string query language? One
problem faced in any work combining string pattern-matching queries with relational calculus is
that pattern-matching expressions may return an infinite number of strings. This is the standard
issue of safety. Previous proposals for combining relational algebra with string-matching primitives
tackle this problem by identifying safe fragments of their languages, using a number of syntactic
restrictions — see, e.g., [39, 42, 38, 40, 59] — but they cannot capture the safe fragment of the
language syntactically. A second issue with any string query language is its expressive power. Many
query languages designed in the prior literature turn out to be Turing complete, a feature that in
turn makes many sorts of analysis and optimization impossible. Indeed, as noted in [40], adding just
concatenation to the relational calculus already yields a query language which is Turing complete.
This immediately implies that there is no effective syntax for the corresponding safe fragment [64].

In contrast to the above, we would like our languages to fulfill the following criteria:

1. Query evaluation is efficient;
2. There is effective syntax capturing safe queries;

3. There is an algebra equivalent to the language.

Hence, we consider each of our query languages with respect to these criteria. As mentioned above,
we consider relational calculus, RC, over each model defined in the first part, beginning with
the weakest model, S. The query language obtained by adding database relations to S captures
basic SQL with simple LIKE pattern-matching and lexicographic ordering. We show that the
safe fragment of this model can be effectively captured in a natural way, and prove complexity
bounds for queries in this language that match the known bounds for ordinary relational calculus.
RC(S) however, is unable to express certain natural queries, e.g., SELECT a -  FROM R, where a
is a fixed character. We contrast this to the query language RC(S)e,) formed over the richest
model. This extension has much greater expressiveness: it enables additional operations such as
trimming/adding symbols on both left and right of a string, and the SIMILAR pattern-matching for
checking membership in a regular language [41]. We show that this language also satisfies criteria
2 and 3 above, but in RC(Sje,) one can express NP-complete and coNP-complete problems.

This leads us to the consideration of the three intermediate languages, RC(Sief;) ,RC(Sreg), and
RC(Sreg left). We find that each of these languages satisfies all three of the required criteria, while
considerably extending the expressive power of RC(S).

Related Work: One motivation of our approach was the study of automatic structures [48, 14],
which are a subclass of recursive structures [43], and were introduced as a generalization of auto-
matic groups [30]. In an automatic structure M = (¥*, ), every predicate in € is definable by a
finite automaton. More precisely, an n-ary predicate P is given by a letter-to-letter n-automaton
[29, 34]. These structures were also studied in [45] in connection with decidability questions for
first-order theories.

It is known [19, 14] that a structure is automatic iff it can be interpreted in the structure Sjep;
hence Sje, is in some sense the universal automatic structure. The first part of this paper can be
seen as a study of subclasses of automatic structures definable within Sj, that are significantly
more restrictive, and that might have stronger model-theoretic or computational properties than a
rich structure like Sjep,.



The structure Siest, without the prefix relation, is useful for modeling queues and it first appeared
in the verification context [16], where an algorithm for deciding existential sentences was given.
That algorithm was extended to the full theory in [60], but still without the prefix relation.

On the database side, several approaches toward unifying string algebras with relational algebra
have been developed in the prior literature. Most of them are based on the concatenation operator,
or other operations that make logics undecidable in general. [36] studied the consequences of adding
pattern-matching features to SQL. Papers [39, 42, 38] proposed an extension of the relational calcu-
lus with alignment logics and studied their complexity and expressive power. Without restrictions,
they can define an arbitrary r.e. set [39]. Another approach was proposed in [17, 18], which con-
sidered Datalog extended with appropriate transducers for string operations, and proved a number
of completeness results. In [24] arbitrary regions (substrings) can be queried; this, when coupled
with relational calculus, gives the power of string concatenation. Closer to our approach, [40, 59]
study the relational calculus/algebra extended with an operation for concatenating strings. [25]
studies first-order logic over term algebras and extends expressive bounds and complexity results
from relational calculus to this setting. But SQL-style string pattern-matching cannot be expressed
in the language of [25] — indeed in this language one cannot even query for strings beginning with
a fixed symbol.

The general approach to studying databases over interpreted domains is closely related to the
field of constraint databases [50]. Most theory of constraint databases was done over continuous
domains, typically various structures over the reals. In contrast, our results could be viewed as the
theory of (finite) constraint databases over discrete domains, in particular, strings.

Organization: The paper is organized as follows. The next section gives the notation that will be
used in the paper. Then we deal with definability for models on strings, in particular, quantifier
elimination, bounded VC dimension and expressive power. The last part contains database applica-
tions in terms of expressiveness, data complexity and safety of the corresponding query languages.
Earlier presentation of this work appeared in two conference proceedings: [13, 12].

2 Notation

Throughout the paper, > denotes a finite alphabet, and 3* the set of all finite strings over ». We
consider a number of operations and predicates on »*:

e 1z -y — concatenation of two strings = and y.

e z <y — x is a prefix of y.

lo(z), a € ¥, is z - a (adds last character).

fa(z), a € &, is a -z (adds first character).

|z | is the length of string z.

x My is the longest common prefix of the strings = and y.

x — y — the string z such that y - z = z, if it exists, and € otherwise.



e z+y, which is an alternative notation for the concatenation y-z. Note that always (z+y)—y =
Y.
e el(z,y) is true iff |z| = |y|.

We write wi, 7] to refer to the substring of a string w starting from position i and ending at position
j. Here, the first position of a string has number 1, e.g., it holds that w = w[1, |w|]. We write w][i]
for w(i, 1].

We write 2 < y to express that y extends x by exactly one symbol. Let prefiz(C) stand for the
prefiz-closure of C: {s| s < s',s' € C}. By [(C) we denote {s | |s] < |s'],s" € C}.

Given a set S of strings , we let Tree(.S) be the tree (i.e. the partially-ordered structure) generated
by closing SU {e} under M. In other words, Tree(S) is the poset ({z My | z,y € SU{e}}, <). (Note
that for any set of strings s1,..., s, there are two indices i, j < k such that s; ... Ms, = s; M s;.)

If S is a set of strings and w € ¥*, let Meet(w,S) be the longest string among {wMNu | u €
S}, let Meet_(w,S) be the element of Tree(S) which is the longest prefix of Meet(w,S), and
let Meety (w,S) be the smallest element of Tree(S) for which Meet(w, S) is a prefix. Note that
Meet 4 (w, S) is well-defined (as are Meet(w, S) and Meet_ (w, S)), since Meet(w, S) is either a string
from Tree(S) or it has a unique smallest extension in Tree(.S).

A complete tree-order description of a vector & of variables is the atomic diagram of Tree(w) in the
language of €, <, M. In other words, it is a specification of all the < relations that hold and do not
hold in Tree(w).

For example, let @ = (a, aba, abbb). Then aba M abbb = ab, and Tree(w) is {¢, a, ab, aba, abbb}. The
complete tree-order description of w consists of all the < relations that hold among the elements of
{€, a, ab, aba, abbb}, as well as all the M-relations, e.g., aba M abbb = ab, a Maba = a, abM e = ¢, etc.

We shall consider several structures on ¥*. The basic one is the structure S = (£*, <, (I3)aex)-
We could equivalently use unary predicates L,, where L,(x) is true for strings = having a as last
symbol. Note that in the presence of <, [, and L, are interdefinable, and we thus shall use both of
them.

We further consider a number of extensions of S. In one of them characters can be added on the
left as well as on the right. This structure is denoted by Sjeg def (3%, =2, (la)aexs (fa)aen)-

Another extension, denoted by Sien, adds length comparisons via the el predicate (note that using
=< and el one can express various relationships between lengths of strings, e.g. |z|{=, #, <, >}|y|,
|z| = |y| + k for a constant k, etc.). To summarize, we mainly deal with the following structures:

e S= (2*a j, (la)a62>;
Stert = <2*; =, (la)aEEa (fa)a62>;
Slen = <E*, ja (la)aEEaeD-

Once we consider regular algebras, we introduce two more structures; however, operations in them
will be motivated by quantifier-elimination results for S and S and thus those structures will be
defined later.



There is a very close connection between Sjo, and an extension of Presburger arithmetic. Assume
that ¥ = {0,1}. Let val(n), for n € N, be n in binary, considered as a string in ¥*. Let V5(n) be the
largest power of 2 that divides n. Then P C N is definable in (N, +, V5) iff {(val(ny),...,val(ny)) |
(n1,...,ng) € P} is definable in Sy, [20, 19].

Definability over S. Sy, Sien. We give a few simple examples of definability over these struc-
tures.

Matching with LIKE can be expressed over S, since definable subsets in S are precisely star-free
languages. For example, the condition 2 LIKE a_b%a_ — saying that the first symbol of z is a, the
third is b, and the last but one is a again — can be expressed by a formula p(z):

U<v<w=<x
Ju,v,w | A Lg(u) A Ly(v) A Lo (w) ,
A pr(u) Atpg(v) A (w)

where 11 (u), 13 (v), ¥—1(w) say that u,v,w are prefixes extending up to the first, third, and penul-
timate positions in the string .

Another important operation expressible over S is the lexicographic ordering <jer. Assume that
¥ ={ay,...,a,} and an ordering a1 < ... < a, is given. The lexicographic ordering x <jex v is
then expressed by:

r3yVIz (z<zAhz =y \((lo(2) 22) Ao, (2) 2 ) -
i<j

The graph of the function f,, {(x,y) | y = fa(z)}, is definable in Sj, by

[yl =lz] + 1A (Fw <y [w| =1A La(w))
AN Vz<z3v <y (Jv| = |z[ + 1A Ayes L(2) < Ly(v)),

where |v| = |u| 4+ 1 is defined by Jw(w <u Ael(w,v)), and w <u=w < uA—-3t (w <tAt < u).

Strings as structures We shall use classical results on definability of strings represented as finite
first-order structures. If ¥ = {ay,...,a,}, then a string s € £* can be represented as a structure M
in the signature (P,,,..., P,,,<). If |s| = k, then the universe of M; is {1,...,k}, < is interpreted
as the usual ordering, and P,; is the set {i | 1 <4 < k,and the ith position of s is a;}.

If ® is a sentence of some logic, it defines a language L(®) = {s € ¥* | M, = ®}. When
the logic is MSO, monadic second-order logic, the languages that arise this way are precisely the
regular languages [20]. When the logic is FO, first-order, then the languages that arise are precisely
the star-free languages (that is, those that can be obtained from ) and {a;},i < n by using the
operations of union, complement, and concatenation) [54].

Databases and query languages A database schema SC is a collection of relation names
Ry, ..., Ry, R; being of arity p; > 0. In an instance of SC over a set U, each R; is interpreted as a
finite subset of UPi. The active domain of a database D, adom(D), is the set of elements from U
that appear in D.



The general setting for query languages is that of a finite database and an infinite underlying
structure M = (U, ), where Q is a set of operations (functions and predicates) on U. As our
basic language we consider relational calculus, or first-order logic, over the schema SC and M,
denoted by RC(SC, M). We often omit SC when it is understood, or irrelevant. Here we will
focus exclusively on the string datatype, hence we will always have U = X*. For example, if
M = (3%, <, (La)acx), the query

dz R(x) A Lo(z) AJy(y < z A Li(y) A (—3z y < z < x))

tests if there is a string in the relation R which ends with 10. Indeed, it asks if the last symbol of
x is 0, and if there exists a prefix y, which is the largest proper prefix of = (as there is no z with
y < z < x) such that the last symbol of y is 1.

Given a query ¢(z1,...,%,) in RC(SC, M) and @ € U", we write D = ¢(a) when ¢(a) is true in
(D, M). We write ¢(D) for the output of ¢ on D, that is, {@ € U™ | D = ¢(a)}. We say that ¢
is safe on D if (D) is finite, and that ¢ is safe if it is safe on every D. The safety problem is to
determine whether a query is safe, and it is known to be undecidable even for the pure relational
calculus [1]. The state-safety problem is to decide, for a given ¢ and D, if ¢ is safe on D.

We say that safe queries in RC(M) have effective syntaz if there exists a recursively enumerable
set A, of safe queries in RC(M) such that, for every SC, every safe RC(SC, M) query is equivalent
to one in A.

Effective syntax is a first step towards an algebraic language expressing all safe queries. Indeed if
such a language exists, safe queries must have effective syntax.

That effective syntax exists for safe queries in the pure relational calculus is a classical relational
theory result [1]. Other results — both positive or negative — have been proved recently [11, 64].

Collapse results These establish very strong expressivity bounds for relational calculi. To for-
mulate them, we need an important restriction of queries: to quantification over the active domain.
We use quantifiers 3z € adom and Vz € adom, whose meaning is as follows: D |= 3z € adom ¢(z, )
if D |= ¢(a,-) for some a € adom(D) (as opposed to for some a € U in the case of the usual 3z
quantifier), and similarly for the universal quantifier. These restricted quantifiers are definable in
relational calculus, but it is often helpful to have them available separately.

A relational calculus formula is called an active-domain formula if all quantifiers in it are of the form
Vz € adom, 3z € adom. We say that RC(M) admits natural-active collapse [10] if every RC(M)
formula is equivalent to an active-domain formula. We say that RC(M) admits restricted quantifier
collapse if every RC(M) formula is equivalent to one in which SC-relations appear only under the
scope of quantifiers 3z € adom and Vx € adom. Note that if M admits quantifier-elimination, these
two notions coincide.

A query is generic if it commutes with permutations on the domain. The active-generic collapse
[10] states that if an RC(M) formula with quantification of the form 3z € adom and Vz € adom
expresses a generic query (), then ) must be expressible using only a linear order on the active
domain, and no other predicates and functions from M.

Model theory background Let 2 be a finite or countably infinite first-order signature, and M
a model over Q. By FO(M) we denote the set of all first-order formulae in the language of Q. The



(complete) theory of M, Th(M), is the set of all sentences in FO(M) true in M. Two models M
and M' over Q are elementary equivalent if Th(M) = Th(M').

We say that M admits quantifier elimination (QE) if for every formula ¢(Z) in FO(M) there is a
quantifier-free formula ¢'(Z) such that VZ o(Z) < ¢'(£) is true in M. In every case where we show
quantifier-elimination for a model in this paper, the conversion to a quantifier-free formula can be
made effective, although in several cases (e.g. Theorem 3.12) we will not give the details of the

effective versions.

For a tuple @ and a model M over Q, we let tpys(a@) be the type of @ in M (the set of all formulae of
FO(M) satisfied by @), and atpys(@) be the atomic type in M (the set of all quantifier-free formulae
of FO(M) satisfied by @). If A is a subset of M, tpas(@/A) is the type of @ over A in M (the set of
all FO-formulae over 2 U A satisfied by @).

An w-saturated model M over €2 is a model such that each consistent type (a type is consistent if
it has a witness in at least one model of Q) over a finite set A in FO(M) is satisfied in M. It is
known [21] that every model M over € has an elementary equivalent w-saturated model M*.

Many proofs use Ehrenfeucht-Fraissé games [28, 33, 27]. For two structures M; and My of the
same vocabulary, we write M; =, My if the duplicator has a winning strategy in the k-round
game on M and My (that is, if M; and M, agree on all sentences of quantifier rank up to k).
We also assume familiarity with Monadic Second Order Logic (MSO) [27]. Some proofs will use
MSO games [27]; we write M =ms0, My if the duplicator has a winning strategy in the k-round
MSO game, which similarly means the two structures can not be distinguished by MSO-sentences
of quantifier depth k.

Isolation, VC-dimension, and collapse We review several model-theoretic concepts that prove
useful in establishing bounds on the expressive power of query languages.

Let T be a theory over  and M be a model of T. A subset A of M is said to be pseudo-finite
if (M,A) = F(T,P), where P is a unary predicate, and F (T, P) is the set of all formulae of
FO(Q U {P}) satisfied by all finite sets of elements in any model of T.

If p is a type over A in M, a subset g of p isolates p if p is the only type over A in M containing
q. A complete theory T over € is said to have the strong isolation property if for any model M of
T and any pseudo-finite set A and any element ¢ in M, there is a finite subset Ay of A such that
tpa(a/Ao) isolates tpas(a/A). We say that it has the isolation property if a countable Ag exists as
above.

Isolation is an interesting property in the database context because it implies the restricted quan-
tifier collapse [8, 32]. Here we also use it to provide bounds on the VC-dimension of definable
families.

For a family C of subsets of a set U, and a set F' C U, we say that C shatters F if {FNC | C € C} is
the powerset of F'. The VC-dimension of C is the maximum cardinality of a finite set shattered by
C (or oo, if arbitrarily large finite sets are shattered by C). This concept is fundamental to learning
theory, as finite VC-dimension of a hypothesis space is equivalent to learnability (PAC-learnability)
[5, 15].

Now consider a structure M = (¥*,Q), and a FO(M) formula ¢(Z, 7). For each d, let o(a@, M) =



- -,

{b| M = p(a,b)}. The family of sets p(ad, M), where @ ranges over all tuples over M, is called
a definable family. We say that M has finite VC-dimension if every definable family has finite
VC-dimension. In particular, this implies learnability of FO-definable families over M.

We shall see more connections between isolation, VC dimension, and collapse results later in the
paper.

Complexity classes Some complexity results in this paper refer to parallel complexity classes
AC?, TCY, and NC'. ACY is constant parallel time; more precisely, the class of languages accepted
by polynomial-size constant-depth unbounded fan-in circuits. TC? additionally has majority gates
of unbounded fan-in. In NC!, there are no majority gates, the depth is allowed to be logarithmic,
but fan-in is bounded. Tt is known that AC® ¢ TC® C NC! (parity separates TC? from AC?). We
consider uniform versions of these classes [7]; uniform AC® over finite structures can be characterized
via definability in FO(BIT, <): first-order logic with linear order and the BIT predicate (BIT(4, j)
is true iff the jth bit in the binary representation of 4 is one.) To capture uniform TCY it suffices
to add counting quantifiers to FO(BIT, <) [7].

PH is the polynomial hierarchy, which contains, e.g., NP and coNP and is itself included in PSPACE
[57].

As usual, for data complezity, one fixes a query @ and considers the complexity of {enc(D)#enc(t) |
t € Q(D)}, where enc is an encoding of databases and tuples over some fixed alphabet, typically
{0,1} [1]. Normally in pure relational calculus the encoding is such that the active domain is
considered to be {1,...,k}, and each number i is represented in binary. When we deal with
interpreted elements stored in a database, such an encoding is not appropriate, as one needs to take
into account operations on those interpreted elements. In particular, in the case of strings over a
finite alphabet, we consider the encoding of a string to be itself (in the case of an alphabet different
from {0, 1} we may have to code letters in {0, 1} first).

3 Model theory of strings

In this section we study logical definability over Siep, S, Siert and two other structures, defining
regular algebras over ¥*. We are particularly interested in quantifier-elimination results, and in
some model-theoretic properties (isolation, VC dimension) that will later give us results about the
expressive power of the relational calculi based on these structures. We start with the strongest
regular algebra Sje,, then move to the star-free algebra S, and to a more expressive star-free algebra
Sieft- The quantifier-elimination proof for the latter is technically the most involved result in this
section. We then show how to expand S and Sip to regular algebras, without losing their nice
properties.

3.1 A regular algebra based on S,

In this subsection we will focus on the structure Sj.,. We will assume here that the alphabet X
contains at least two letters. For a 1-letter alphabet , it is easy to see that Sie, reduces to S, which
will be dealt with in the next subsection.
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3.1.1 Awutomata and Definability

A letter-by-letter automaton is a usual DFA whose alphabet is (X U {#})", # ¢ X. An n-tuple of
strings s1,..., s, can be viewed as a word of length max; |s;| over the alphabet ¥ U {#}, where the
jth letter is the tuple (s],...,s%); here s is the jth letter of s, if |sg| < j, and # otherwise. We
say that a predicate P C (X*)" is definable by a letter-to-letter n-automaton A if (s1,...,s,) € P
iff A accepts s1,...,S,.

As mentioned in the introduction, Sie, = (X%, <X, (I4)aex, €l) is the canonical automatic structure,
and relations definable in Sy, are precisely the regular relations, that is, k-ary definable relations
are precisely those given by letter-to-letter k-automata [14, 19]. In particular, this gives a normal
form for Sje,-formulae. We introduce a new type of length-bounded quantifiers of the form 3|z| < |y|
and V|z| < |y|. A formula J|z| < |y|¢ is meant as an abbreviation for Jz((|z| < |y|) A ¢).

Since every finite automaton can be simulated by a length-bounded FO(S)e,) formula, we conclude
that each FO(Sje,) formula is equivalent to a length-bounded FO(Sje,) formula. Note that this
result can also be shown directly by an Ehrenfeucht-Fraissé game argument.

3.1.2 Quantifier Elimination

The universal property of Si., mentioned above indicates that S, may be “too rich” in relations
for many applications. We present evidence for this by addressing the open question of [22, 55]
whether Sj;, has quantifier elimination in a reasonable signature. One first needs to define what
“reasonable” means here. Clearly, every structure has quantifier elimination in a sufficiently large
expansion of the signature: add symbols for all definable predicates, for example. One can thus
take reasonable to mean a finite expansion, but this is not satisfactory: for example, Presburger
arithmetic has quantifier elimination in an infinite signature (+, <,0, 1, (mod k)g~1) [31]. Note
however that in this example, the maximum arity of the predicates and functions is 2. In fact, it
appears to be a common phenomenon that when one proves quantifier elimination in an infinite
signature, there is an upper bound on the arity of functions and predicates in it.

We thus view this condition as necessary for a signature to be “reasonable”. In general, a reasonable
signature might contain relation symbols as well as function symbols. Nevertheless, we can rule
out the possibility of a signature with function symbols of arity at most 1 for which Sj,, has
quantifier elimination. This is in contrast to the weaker structures that we consider, all of which
have quantifier elimination in a relational signature of bounded arity. Let Sl(;;m) be the expansion
of Sien with all definable predicates of arity at most n, and definable functions of arity at most m.

We show the following:

(n,m)
len

3.1 Theorem (a) For any n >0, and m =0,1, S does not have QE.

(b) S(I’Q), the expansion of Sie, with all unary predicates and binary functions, has QE.

len

Proof. (a). We assume ¥ = {0,1} and fix n. Let m = 0. The definable property which can not
be expressed by a quantifier-free formula is defined as follows. It holds for a tuple z1,...,z,41 of
strings, if there is a position ¢ such that the sth symbol in all z;s is 0.
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This is clearly definable in Sie, by @(z1,...,Zp41):

Tyt N 22 A NToly) A N\elly, ur) -
J J J:k

We now assume that ¢ is a Boolean combination of formulae depending on n variables each. Let
these formulae be named as o}, i € {1,...,n + 1}, j € {1,...,l;}, where o} does not have z; as
free variable.

By [14], each a§ is given by a letter-to-letter n-automaton A; over X". Let m be the maximum
number of states of the A;

Now let p1 < py < ... < ppy1 be primes with p; > m + 1. Let m; = H#l-pj, and let P = ijj
(= m; - p;, for each i).

We now define w-words w/, j =1,...,n+1, by

; 0 k=0(mod p;)
J — 7/
w'[k] { 1 otherwise,

where, as for finite strings, w’[k] denotes the kth position in w/.

Now fix i < n+ 1 and s < [;, and consider a run of A% on (w’, j # i) (that is, the kth input
symbol is (w'[k], ..., w* [k],w ™ [k],...,w"T'[k])). At every position that is equal to 0 modulo
m; (and only at those positions), the input symbol is 0 = (0,...,0). Moreover, for any [ > 0 and

any ci,ce > 0, the input symbols are the same at positions [ 4 c¢; - w; and [ 4 c3 - 7;.

We now consider positions equal to 0 modulo 7;; since Ai has at most m states, we can find two
numbers d; < dy < m+ 1 (depending on s) such that in positions d; - m; and dg - 7; the automaton
A% is in the same state g, reading 0. Let_‘d = (dy — dy) - m1. Thus, at every position dy - m; + k - d,
the automaton is in the state ¢, reading 0.

Then for every [ > 0 and every k > 0, we have that Aé is in the same state in positions d; - m; + [
and dy - m; + 1+ k - d, and reads the same symbol in those states. Furthermore, notice that
dQ'ﬂ'Z’ < (m—i—l)-m < pp-T Spi-ﬂ'izp.

Summing up, for each A%, we have two constants, a’ (= d; - ;) and b’ (= d), such that a’ < P and
the state of A’ is the same in positions a’ + 1 and a’ + 1+ k- b, for [,k > 0.

Now let C = max;sa’ and C'=C + P - IL . bi. We have C' > P > C, and all automata A’ are in
the same state in positions C and C’. In particular, if w/[1, k] denotes the finite word that consists
of the first £ positions of w’, we have that every o’ agrees on

(w'[1,C),. 0’ L CLw™ L, O, w™ L, C))

and . ‘
('L, . w1 O, 0L O, w1, O,

The assumption that ¢ is a Boolean combination of aés now gives us that o

agrees on (w![1,C],...,w""[1,C]) and (w!'[1,C']...,w"![1,C"]), which is impossible, since
o(w'[1,C],...,w"t[1,C]) is false (C < P and there is no position with all zeros in it) and
o(w![1,C",...,w"1[1,C"]) is true (C" > P, and in position P all symbols are 0).
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For the case of m = 1, it suffices to notice that for any n > 1, any quantifier-free formula

(m0) " For instance R(f (), f())
(2,0)
len

a(T1,...,Ty) in Sl(:ril) is equivalent to a quantifier-free formula in S

where R is a definable S(*" relation, is equivalent to Ry 4(x,y), where Ry, is the S relation

defined by R(f(x). f(y)).

Proof of (b).
Let us assume that 3 contains at least the symbols 0 and 1 and let S
by the following definable functions and predicates:

+

lon D€ the expansion of Sje,

e the binary functions fa, fv which are the bitwise AND and OR of two 0-1 strings u and
v, respectively (and e for non-0-1-inputs). When u and v do not have the same length we
add sufficiently many Os to the right of the shorter string. Thus the length of the result is
max(|ul, |v]). E.g., fA(101,11) = 100;

e the unary function f- which is the bitwise NOT of a 0-1 string;

e for each 0 € ¥, a unary function Fil,, where Fil,(w) has a 1 at position ¢ iff w[i] = o and a
0 otherwise;

e for each j,k, j < k, a unary function Pat;; where Pat;;(w) has the same length as w and
has a 1 at position i iff i = j(modk) and a 0 otherwise;

e unary functions LShift, RShift, where RShift(w) is obtained from w by deleting the last
(rightmost) symbol and LShift(w) is obtained from w by deleting the first (leftmost) symbol;

e for each j,m, j < m, the unary predicate P, ; which will be defined below.

Let R be an n-ary relation over 3., definable in Siq,. Our goal is to find a quantifier-free Sl‘gn—formula
¢ such that, for each n-tuple i of strings, Si = ¢ () iff @ € R.

We know from [14, 19] that the relations definable in S, are precisely the regular relations, that
is, precisely those given by letter-to-letter n-automata [14, 19].

Let A be such an automaton for R over the alphabet (X U{#})" with state set Q., = {qo, - Gm-1},
initial state qg, transition function ¢ and set F' of accepting states.

An m-state behavior function is any function f : Q — Qm. An m-state behavior function can be
encoded into a binary behavior string b(f) of length M := m? as follows. For j,j’ < m, position
gm~+ 5"+ 1of b(f) is 1 iff f(q;) = gjr.

Let Py , j < m, be the unary predicate which holds for all strings u = by - - - b;, where each b;
encodes an m-state behavior function f? and f'(---(f'(go))---) = q;. As the blocks b; are of
constant length these predicates are regular.

The idea of the proof is to map each block of the input of length m? to the string which describes
the behavior of A on this block. Whether A accepts the input can then be expressed by means of
the predicates P, ;.

For a given n-tuple , let [ be minimal such that [M > || where |&| = max(|wi],...,|wy,|) and
let fi = 6*(,@[(i —1)M + 1,iM]), for i < | and fL = 6*(-,w/[(l — 1)M + 1, |5]]). Then the state
of A after reading 1, starting from the initial state go. is j if and only if b(fL) - b(fL) € Pn,;.
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Hence, it is sufficient to find an S, -term @ such that () = b(fL) -~ b(fL). The construction of
0 is described in two steps.

First, let frax (@) be defined as \/ .y \/i—; Fily(w;). Here, as in the following the Boolean operators
are abbreviations for the respective terms using fy, fa, f-. Note that frax(w) defines a string of
length max{|w;| | i < n} consisting only of ones. Further let F/‘Il“(u?) be the term fmax (W) AFily (w;)
and let F/’Tl#z(u'f) be fmax(W) A (Vo5 Fily (w;)). Hence, for each symbol 7 € ¥ U {#}, F/’i\lT,i(w')
has a 1 at position j, if the automaton A reads a 7 as the j-th symbol of w;.

Now we are ready to finish the description of . For simplicity, we describe 6 for the case where
| fmax ()| is a multiple of M. The general case is slightly more complicated. 6(w) has to carry a 1
at a position (jo — 1)M + jm + j' + 1, for j, 5" < m, jo > 0, iff the tuple @[(jo — 1)M + 1, joM],
consisting of n strings of length M is in the set T'(j,5') := {5 | 6*(4,8) = j'}. Therefore 6 can be
expressed as

l n
\/ \/ [Paty v ( fnax (0 /\ /\ RShift(—) (Fil,, /\ /\LShlftl D(Fily, 4(@))]

3,3 5€T(4,5") i=l+1 k=1
(1)

where [ is a shorthand for jm + j' + 1 and f(® denotes the i-fold application of f.

The formula says the following: Assume 0 <[ < M and § € T(j, ;') fixed, a block @[(jo — 1)M +
1, joM] of size M is viewed centered in its [th position and thus has [ — 1 characters on its left and
M — 1 on its right. The last part of the formula checks for the blocks of size M centered in [ that
equal 3. The test is made separately for the left and right part (this corresponds to the variable
i) and for each element of § (this corresponds to the variable k). All the results of the tests are
shifted to the right for the left part of the block and to the left for the right part in order to align
them on the centered position [. Thus the big bitwise A is true iff all the previous tests were true
and thus iff the block of size M centered in [ equals S.

The first part of the formula filters the blocks we are interested in by keeping only the one centered
in jm + 7' + 1 modulo M. The second bitwise \/ will check for all possibilities for § € T'(4, ') thus
the jm + 7' + 1 modulo M positions will be equal to 1 iff the corresponding block is a string of
T(j,7') as desired. The first bitwise \/ ensures that we cover all positions. O

3.1.3 VC-Dimension

Our next result shows another model-theoretic and learning-theoretic shortcoming of Sien: namely,
a single formula ¢p(z,y) can define a widely varying collection of relations as we let the parameter
x vary. We formalize this through the notion of VC-dimension.

3.2 Proposition There are definable families in Sj., that have infinite VC-dimension.

Proof. Let ¥ = {0,1}, and let ¢(z,y) be 3z (2 < z Ael(z,y) A Li(z)). Let C be the corresponding
definable family: S € C iff S = (s, Sjen) for some string s. Let A, = {0’ | i < n}. Then A, is
shattered by C: given any subset X of A,, let sx be a string of length n where the ith character

14



is 1 iff 0’ € X. Then ¢(sx,Sien) N A, = X. Since n was arbitrary, this shows that C has infinite
VC-dimension. O

3.2 A star-free algebra based on S

We now turn to the most obvious analog of Si, for the star-free sets. This is the model S =
(3*, =, (lg)aex), which is the most basic model among those studied in the paper. We show that it
has remarkably nice behavior: it admits effective QE in a rather small extension to the signature.
This immediately tells us that the definable subsets of 3* are precisely the star-free languages. We
then characterize the n-dimensional definable relations in S by their closure properties, and by an
automaton model.

Note that S is very close to strings considered as term algebras, that is, to (3, €, (Ig)qex). It is well-
known that the theory of arbitrary term algebras is decidable and admits QE [53, 44]. However,
adding the prefix relation is not necessarily a trivial addition: for arbitrary term algebras with
prefix (subterm), only the ezistential theory is decidable, but the full theory is undecidable [68]
(similar results hold for other orderings on terms [23]). The undecidability result of [68] requires
at least one binary term constructor; our results indicate that in the simpler case of strings one
recovers QE with the prefix relation.

3.2.1 A Normal Form for S

We start with a result that gives a normal form for formulae of FO(S).

For that, we need the following predicates, introduced in [52]. For each L C ¥*, let Pr, be the set
of pairs (z,y) of strings such that z < y and y — 2 € L. The following lemma is obvious, since it is
well-known that star-free sets are first-order definable on string models [54].

3.3 Lemma For each star free language L, there is a formula ¢r,(x,y) in FO(S) which defines Pr,.

We now give a normal form result for FO(S).

—

3.4 Proposition Every formula (%) in FO(S) can be effectively transformed into an equivalent
formula which is a disjunction of formulae of the form

V(%) AO(E),

where (%) is a complete tree-order description over & and §(Z) is a conjunction of formulae of the
form o (t(Z),t'(Z)), where L is star-free, each of t(Z) and t'(Z) is either € or a term of the form
z; Nz, and (&) implies that t'(Z) is an immediate successor of t(Z) in the tree-order.

Proof. The proof is by induction on the structure of 4. The base case of the induction is handled
by noting that the atomic formulae are binary, and the basic formulae x < y and and y = z - a are
simple cases of ¢r(x,y).

Note that for any conjunction x(Z) of formulae of the form #;(Z){=<,=}t2(Z) and their negations
(where t1, 19 are M, e-terms), there are finitely many complete tree order descriptions v;,i € I over &
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which are consistent with y, and furthermore, all such «;’s can be effectively found. Thus, any con-
junction of two formulae in the normal form, & (%) Aé2(Z), can be put in the form \/,_; v;(Z) A x(Z),
where x(Z) is a conjunction of formulae ¢r,(¢(Z), ¢ (Z)). This is almost in the normal form, but ;
may not imply that ¢'(Z) is an immediate successor of ¢(Z) in the tree-order. If that is the case,
choose some term ¢"(Z) such that ¢(Z) < t"(Z) < #'(&). By a decomposition argument similar to the
one used in the proof of Theorem 4.4 in [67], there exists a finite sequence of pairs of star-free lan-
guages (L, LY) such that ¢r(¢(Z),¢'()) is equivalent to \/j(goL;, (t(Z),t"(Z)) A <pLu(t”( i), t'(Z))).
We can now propagate disjunction and repeat the process until for all formulae of the form
o (t(Z),t' (L)), v; implies that ¢'(£) is an immediate successor of ¢(£). This shows that any Boolean
combination of formulae in the normal form can be put in the normal form itself.

Thus, the only nontrivial case is ¥ = 3z p(z, ). By induction, we can assume that p is in the
required form. So we have

¢ =dr \/(%(mvg) A Aéz](xag))a

J

where the +y; are tree-order descriptions, and the d;;(z, 7)) are of the form ¢ (t(z, %), (z,7)). Thus,
it suffices to show how to eliminate = from A() = 3z v(z.y) A \; o1, (tj (2. ), tj(2,§)) where v is
a complete tree-order description, all L;s are star-free, and each tj,t; is a €,M-term, such that
implies that t’ is an immediate successor of t] in the tree-order. We can further assume without loss
of generality that for every pair of terms ¢, ;» there is at most one formula of the form ¢y, (5, t'])
in the conjunction (if not, one can take the intersection of all the languages in such formulae for
these two terms, which will still be star-free). Furthermore, assume -y sets one of the y; to € (if not,
add an extra variable and set it to € in ). Let ¥'(%) be the restriction of y to % (that is, complete

tree-order description of Tree() implied by 7).

We now consider four cases, depending on the relationship between x and Tree(y) which is implied
by v(z,¥). First, assume that y(z,¢) implies that  is a node in Tree(%), that is, € or y; My; for
some 4, j. In this case every term of the form z My, can be rewritten as a term that only uses ¥
variables, and every formula of the form ¢y, (t;(z,),t;(z, 7)) is thus equivalent to a disjunction
of formulas ¢, (7; (gj’),T]’(gj’)), where T],’T] are the result of eliminating z from t],t] Thus, 3 is
equivalent to a disjunction of formulas of the form +/() A Njer, (7). T (1))

In the second case, y(x, %) implies that x is not a prefix of any y; from ¢, and that the meet of
and ¥ is a node y; My; in Tree(y). In this case we may have a formula of the form ¢ (y; Ny;, z) as
a conjunct in 5. The case is handled just as the previous one, except that we need to deal with the
formula ¢, (y; My;, z) (which is the only formula in this case that mentions x). The existence of z
satisfying it is guaranteed iff there exists a string in L with a first symbol a such that (y; Ny;) - a
is not a prefix of any string in . Hence we can replace ¢r,(y; My, z) by

VN ~an- (i Myjo un),
a k

where the conjunction is over all & for which y;, is an immediate successor of y; My, in the tree-order
and the disjunction is over all symbols a for which L N aX* # (.

For the remaining two cases, we need the fact that star-free languages are closed under concate-
nation. Hence, for star-free languages L' and L” there exists a star-free language L such that the
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following is true: for any two strings so < si, it is the case that there is a string s with so < s < s1,
s—89g €L and sy —s e L" iff sy — s9 € L.

The proof is straightforward from the fact that star-free languages are precisely those first-order
definable in string models [54].

Next, we consider the case when v implies that z is in the prefix closure of ¢, but not a node of
Tree(i/). That is, we have two nodes sq = y; My;,s1 = yx My of Tree(y) such that there are no
other nodes of Tree(y) between them, and sy < = < s;. Notice that any e, M-term ¢ in z, 7 that
involves x can be rewritten as an equivalent term 7 in variables ¢ or by z. Thus, there are at most
two formulae of the form ¢, where terms mention z: these are 1/ (so,z) and ¢z (z, s1) for some
star-free L', L". Hence, B(¥) is equivalent to

’(Zj) A /\‘PLm (Tm(?j)aﬂln(?j)) A3z ((50 <z < 31) N QOL’(SUa]:) N QOL”(]:a SU))a

where the big conjunction is over formulae ¢y, and terms do not mention z. By the claim, there
is a star-free language L such that 3z ((so < = < s1) A @r/(S0,2) A pri(x,80)) is equivalent to
51— so € L, that is, ¢r,(y; M yj, yr My), which shows that 3(¢) can be put in the required form.

The last case is when 7 specifies that z is not in the prefix closure of ¢/, and the meet of z and Tree()
is a string s between two nodes of Tree(%). That is, for two consecutive nodes sg = y;My;, s1 = ypMy;
of Tree(%) we have sg < 251 < s1. In particular, x M sy = zMyr = £ My;. We thus have formulae
or, (80, M Yk)s oL, (2 MNyk, vy Nyg) and @ (z Nyk, z) as conjuncts of 3, for some star-free languages
Ly, Ly, L'. We may assume that other subformulae of the form 7 do not mention z. Let x(¢) be
the conjunction of all those other subformulae. Then 3(%) is equivalent to

—)

\/ 327 () A (s0 < 2 < 51) Ax () A @ry (50, 2) A Prynas)(2:51) ATz(z < 2 A pp_qz- (2,3))

(z plays the role of x M sy, and the disjunction ensures that the first letters of s; — z and 2 — z are
different). Let X' = {a € ¥ | L' — aX* # 0}. Then we obtain that 3(y) is equivalent to

\/ 7 (@) ATFz(s0 < 2 < 1) AX() A @ry (30, 2) A Prynass) (2 51),

acx!

from which z can be eliminated just as in the previous case. This concludes the proof. O

We now give an illustration of the normal form. Suppose we have a formula ¥ (z,y) = 3z (2 <
2Nz <yALg(z)). In other words, there is a proper prefix of 2 My whose last letter is a. Let L be
the language that consists of strings that have such a prefix. It is a star-free languages, since it is
definable by an FO formula over string models: 335 (i < j A Py(i)).

To produce the normal form for 1/, we consider four different possibilities for z and y: z =y, z < y,
y<z,and z £ y,y A x,x # y, and for each we state that the meet of z and y, in the corresponding
tree, belongs to L. That is, the formula is:

(e<zAz=0y) A pr(e z))
vV ((e <zAz<Y) A or(e, $))
V ((e<xyAy=<2) A (e y))
V ((e<zNyA=(z<yA-(y<z)A=(z=1y)) A erlezMy)) .



3.2.2 Quantifier Elimination

Let ST be the expansion of S to the signature that contains e, M and a binary predicate P, for
each star-free language L. Note that ST is a definable expansion of S, as all additional functions
and predicates are definable. From the normal form we now immediately obtain:

3.5 Theorem S* admits quantifier elimination.

Remark. As mentioned above, there is no need to nest the M-operator. Therefore, ST can be
turned into a relational signature that admits quantifier elimination as follows. For each star-free
L, let P; be the set of tuples (si,s2,s3,s4) of strings for which Pr(M(s1,s2),M(s3,54)). Note,
that M(s1,s2) = M(s3,84) can be expressed as Ps-(M(s1,82),M(s3,54)). It is straightforward to
check that this signature admits quantifier elimination. In the same way, the quantifier elimination
results in the remainder of the paper can be turned into quantifier-elimination results in a relational

signature.

Note also that ST could be considered as an expansion of S with either functions [, or predicates
L, in the signature. In the latter case, predicates L, are not needed as L,(z) iff Pg«,4(€, x).

Another corollary of the normal form is that in the language of S, it suffices to use only bounded
quantification. That is, we introduce bounded quantifiers of the form 3z < y and Vz < y (where
Jz <y p means 3z < yAgp), and let FO,(S) be the restriction of FO(S) to formulae ¢(y1, ..., yx)
in which all quantifiers are of the form Qz =< y;. From the normal form and the fact that each ¢p,
can be defined with bounded quantifiers, we obtain:

3.6 Corollary FO,(S) = FO(S).

Finally, we characterize S-definable subsets of ¥* and (X*)¥. Given a subset R C (X*)* and a
permutation 7 on {1,...,k}, by 7(R) we mean the set {(sx(1),---s8zx)) | (1,-..,5¢) € R}.

3.7 Corollary

a) A language L C ¥* is definable in S iff it is star-free.

b) The class of relations definable over FO(S) is the minimal class containing the empty set, {€},
{a}, for a € ¥, <, N, and closed under Boolean operations, Cartesian product, permutation,
and the operation x defined by Ly x Ly = {(s1,81 - s2) | 1 € L1,89 € Lo} for Ly, Ly C ¥*.

Proof. a) ST formulae in one free variable are Boolean combinations of P (e, z), for L star-free,
and thus they define only star-free languages.

b) For one direction notice that €, {a}, <, M are definable in FO(S), and that FO(S) is closed
under Boolean operations, permutation and Cartesian product. The closure under * is an easy
consequence of Lemma 3.3 as Lj % Ly corresponds to {(z,v) | ¢r,(€,2) A ¢r,(z,y)}. The other
direction follows from the normal form. O

Note that the projection operation is not needed in the closure result above.
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3.2.3 Automata

We now give an automaton model characterizing definability in FO(S). This automaton model
corresponds exactly to the counter-free variant of reqular prefiz automaton as defined in [4].

Let us recall the definition of regular prefix automata. Let A be a finite non-deterministic automaton
on strings with state set (), transition relation § and initial state go. We construct from A an
automaton A = (2, Q, qo, F, §) accepting n-tuples @ = (wq,--- ,w,) of strings in the following way.
F is a subset of Q" which denotes the accepting states of A. Let prefiz (w) be the set of all prefixes
of all w;. A run of A over 7 is a mapping h from prefiz (@) to @ which assigns to every node
a € prefiz (W) a state ¢ € @ such that h(e) = o and, 8 = [,(«) implies h(SB) € d(h(),a). The run
is accepting if (h(w1),--- ,h(w,)) € F. The n-tuple @ is accepted by A if there is an accepting run
of A over . See [4] for more details.

For each finite non-deterministic automaton A a corresponding automaton A is called a reqular
prefiz automaton (RPA). The subset of (3*)", n € N, it defines is called a regular prefiz relation
(RPR).

We say that A is counter-free (CF-PA) if A is counter-free. The following shows that the relations
definable in FO(S) are exactly those recognizable by a CF-PA.

3.8 Proposition A relation is definable in FO(S) if and only if it is definable by a counter-free
prefix automaton.

Proof. One direction follows from Corollary 3.7 as it is easy to verify that counter-free prefix
automata can recognize the empty set, {€}, {a} a € &, {(u,v) | u < v}, {(u,v,w) | uMNv =w}, and
are closed under Boolean operations, Cartesian product, permutation, and .

For the opposite direction let A be a CF-PA accepting the relation R of arity n. We show that R
can be defined by an FO(S) formula ¢. Let @ be the set of states of A. If ¢, g2 are two states in
Q, let L(g1,q2) be the set of strings w such that A can get from state ¢; to state g2 by reading w.
Because A is counter-free L(qq, q2) is a star-free language.

The formula ¢ is a disjunction over formulae y(Z) A 4, (Z), where v cycles through all complete
tree-order descriptions. Each formula 1, (Z) is a disjunction over all possible assignments of states
to the (at most 2n) strings of Tree(Z). For each such assignment it checks that the vector of states
at T is accepting and that the states are consistent, i.e., that, for each pair (y,z) of successive
elements of Tree(Z), the path from y to z fulfills P (g1, q2) where ¢; and g2 are the states at y and
z in the assignment under consideration, respectively. O

3.2.4 VC-dimension and Isolation

We defined the notions of isolation and VC dimension in Section 2; these notions are very important
for the database part of the paper, as they provide strong bounds on the expressiveness of various
relational calculi. The notion of finite VC-dimension, coming originally from statistics and machine
learning [5], is of independent interest, as it states that families definable over some structures on
strings could be learned effectively.
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We have seen that S, has infinite VC-dimension. It turns out that all other structures we consider
here, have finite VC-dimension. To prove this, we have to introduce some new machinery, which is
presented next. After that, we show that S has finite VC-dimension.

3.9 Lemma Let M be a model with the isolation property. Then its definable families have finite
VC-dimension.

Proof. We give two proofs of this result, one is complexity-theoretic and one is model-theoretic. We
start with the complexity-theoretic proof. Assume that M does not have finite VC dimension. By
[51] it has the independence property, and by [63], there is a single formula ¢(Z, §) (in fact, p(Z, y))
that has the independence property: that is, for every n, there is a set F,, C M of size n such that
for every X C F),, there is Zx such that for any yo € F,, (Zx,y0) iff yo € X.

Next consider an expansion of M with one unary predicate U, and one binary predicate E. Let ®
be
Vv,w(E(v,w) S (U(w) A U(w)))

- YoU (v) < (p(51,v) V ¢(52,v))
A oI55 ( A Yo,w (U@w) AU@w) A (31, 0) A (3, w)) = —E(v,w) )

The first conjunct says that E is a graph whose nodes are in the set U. The second says that,
assuming U C F},, there cannot be two subsets of U such that there are no E-edges between them.
Thus, if U is a finite subset of F},, ® says that F is connected.

The isolation property [8, 32] implies that ® can be expressed by a sentence ¥ of the form Qz €
U...Qz € Ua(?) over all finite U, where « is a Boolean combination of E,U-atomic formulae,
and formulae ~y(7) in the language of M.

Next, for each n, fix a 1-to-1 mapping = : {1,...,n} — F,, and for each -y appearing in ¥, define
P}(Z) on {1,...,n} to contain all the tuples 7i such that y(7 (7)) is true. Let then U, be the
sentence in the language of £ and all P} of the form Qz...Qza' where o' is obtained from «
by replacing each U(:) by true, and each (Z) by P}(%). It then follows that for a graph E on
{1,....n}, E = ¥, iff E is connected. However, this implies that connectivity is in non-uniform
AC?, which is false [26]. This concludes the proof.

Second proof. We now give another, model-theoretic proof. For a formula ¢(Z, %) and set A C M,
a @-type over A is a maximal consistent (w.r.t. Th(M)) set of formulae of the form ¢(Z, @) with a
a tuple over A. For ¢in M and A as above, we can then talk about the p-type of ¢ over A, denoted

tp,(c/A).

Let ¢(#, ) be a formula over M. We next show that there are integers n and K such that for any
finite set A, there are at most K|A|" p-types over A.

To prove this we first claim that for each ¢ there is a formula ~,(Z, Z) and an integer n such that
for every finite set A, and any vector §, there is an n-element subset X of A such that tp,(5/A) is
isolated by tp,, (5/X).

Indeed, assume that for some ¢ there was no such n and . Then for each v and each n there exists
a finite set A’} and a vector 57 such that for any finite subset X of A% of size < n, tp, (5% /A”) is not
isolated by tp,(57/X). Then, by compactness, we get a pseudo-finite set W, (the ultraproduct of
the (A7)nen) and a vector &, (the ultraproduct of the (57)nen) in a model of Th(M) such that for

20



any finite set X of W, tp,(5,/W,) is not isolated by tp(5,/X). Then, by compactness again, we
get another model of Th(M) with a pseudo-finite set W and §, such that for any countable subset
X of W, tp(5§/W) is not isolated by ¢p(5/X), which contradicts isolation.

Now let K be 27", Tt is easy to see that n and K work. There are at most |A|" subsets X from
A of size n. For each fixed set X of size n, there are at most n/? formulae of the form ~(Z, €) with
€ € X, and hence there are at most K ~y-types over X. Since the @-type of a vector ¢ from M is
determined by the choice of the set X whose y-type isolates it and the ~y-type of ¢ over X, it follows
that there are at most K|A|™ types.

Now let C be the family definable by ¢(#,7). If a finite set A is shattered by members of C, then
the number of ¢-types over A is 2141, Hence, arbitrarily large finite sets cannot be shattered by C.
O

Next, we show the following.

3.10 Proposition Th(S) has the strong isolation property.

Proof. Let M be a model of Th(S), W be a pseudo-finite set of elements of M, and a € M. We
exhibit a finite subset Wy of W such that tpys(a/Wy) isolates tpps(a/W).

Note that for each finite set X, the elements Meet(a, X), Meet_(a, X) and Meet(a, X) can be
described by means of formulae of FO(S): Meet(a, X) is the largest prefix of a which is in the prefix
closure of X, and Meet_(a, X), Meet (a, X) are the nodes of Tree(X) (meets of two elements of
X) which are closest to Meet(a, X). Hence, such elements exist for W, since W is pseudo-finite.
Let wy,wq, w3, wy € W be such that wy Mwy = Meet_(a, W) and ws Mwy = Meet(a, W). Take
W() = {’UJl, wa, W3, ’UJ4}.

We know that any formulae of FO(S) can be put in the normal form described in Proposition
3.4. Thus a type of a over W is entirely defined by the tree structure of a U W and the paths
between definable nodes of that tree. If we fix W, we conclude that the paths between Meet(a, W),
Meet_ (a, W), Meet (a, W) and a completely define tpys(a/W). Because tpy(a/Wy) already de-
scribes all the paths between Meet(a, W), Meet_(a, W), Meet(a, W) and a, the result follows.
O

Combining Proposition 3.10 and Lemma 3.9, we conclude that the model S, unlike Sje,, has learn-
able definable families.

3.11 Corollary Every definable family in S has finite VC-dimension.

3.3 A star-free algebra based on S

We now study an example of a star-free algebra, in which the n-ary relations in the algebra are
more complex than those definable over S. Recall that Siert = (X%, <, (la)acs, (fa)aex); that is, in
this structure one can add characters on the right as well as on the left.

Without the prefix relation, this structure was studied in [16, 60], as a model of queues. A quantifier-
elimination result was proved in [60], by extending quantifier-elimination for term algebras (in fact
[60] showed that term algebras with queues admit QE). However, as in the case of S, which differs
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from strings as terms algebras in that it has the prefix relation, the prefix relation complicates
things considerably.

We start with the easy observation that FO(Sie,) expresses more relations that FO(S). Indeed,
the graph of f,, Fy = {(z,a-z) | x € £*} is not expressible in FO(S), which can be shown by a
simple game argument. More precisely, given a number k of rounds, let n = 2¥ + 1 and consider
the game on the tuples (07,10") and (0"*!,10"). By Corollary 3.6 it is sufficient to play on the
prefixes of the participating strings. The duplicator has a trivial winning strategy on the strings
10" and a well-known winning strategy on 0" versus 071,

3.3.1 Quantifier Elimination

Let Slt,ft be the extension of Si with the same (definable) functions and predicates we added to
ST (that is, a constant e for the empty string, the binary function 1 for the longest common prefix,
the predicate Pr(z,y) for each star-free language L), and the unary function z — x — a, for each
a € ¥ (which is also definable).

3.12 Theorem Sltft admits quantifier elimination.

In the rest of the section, we prove Theorem 3.12. Let {2g+ and erf be the first-order signature
eft
of ST and ngft, respectively. Let M be an w-saturated model over QSlJrf elementary equivalent to
eft

Sl";ft. It suffices to prove quantifier elimination in M. Note that M can have both finite and infinite
strings.

We next need the following standard result:

Claim 1 If there exists a formula which does not admit quantifier elimination in M, then there
exist two tuples of elements in M which have the same atomic type but not the same type.

Proof of Claim 1. Let ¢(¥) € FO(SL;,), and let () enumerate all quantifier free formulae over Qg+

left

realizable in M. Let I',(1,25) be the type asserting A,,cq(¥(Z1) <> 9(Z2)) A ~(p(Z1) < ¢(72)).

We show that if ¢ is not equivalent to a quantifier-free formula then I', is satisfied in M. Towards
a contradiction assume I, is not satisfied in M. Since M is w-saturated, by compactness it follows
that there is a finite set J C @) such that

Va1 VE (N 9i@) © $i@2) = (0(@) & o(@)]
ieJ

holds in M. For K C J let xx be A;cx¥i A Nics_x ~Vi-

Let G be {I CJ| M =VZ x1(%) = ¢(Z)} and p = \/;c; X1 To get a contradiction we show that
p is equivalent to ¢ in M. Let & be a tuple of M with M = ¢(¢). Let L={i € J| M E 9;(¢)}.
If a tuple d from M satisfies y;, then for each i € J, M E 1;(€) « ¥i(d). By the choice of J we
can conclude that M = (&) < ¢(d), hence M = ¢(d). Therefore L € G and M = p(&). On the
other hand, by the definition of G and p it follows immediately that M |= p(¢) implies M |= ¢(¢).

a

Hence, ¢ and p are equivalent in M, the desired contradiction. The claim is proved.
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Thus, to prove QE, we must show that every two tuples of elements of M that have the same
atomic type, have the same type.

Define a nice term of Qlerf as a term of the form t(z) = z — a + b (meaning (z — a) + b), where a
eft
and b are finite strings.

We define two relations = and =; on tuples (of the same length) of strings as follows.

o &= d for n-tuples ¢ and d iff for all sequences i1, ...,1; from {1,...,n} and all sequences
t1,...,t; of nice terms:

atpS*(tl(Cil)v s 7tk(cik)) = atpSJf(tl(dil)a e atk(dik)) .

o (d,0) = (d, cf) for n-tuples ¢, d and strings ', d’ iff for all sequences iy, . .. , i from {1,...,n}
and all sequences t1,...,t; of nice terms:

atpg+(c' ti(ciy), ... ti(ciy)) = atps+(d' ty(diy), ..., (diy)) -

Of course, (¢, @) = (d',d) implies (¢, &) =; (d',d), as the identity is a nice term. We will show that
these two relations coincide.

We will show in Lemma 3.14 a stronger result than what is needed by Claim 1 in order to prove
Theorem 3.12. Indeed we will show that = has the back-and-forth property. In order to simplify
the strategy for the = game we first show in Lemma 3.13 that it is enough to have a strategy for
the =; game. Lemma 3.13 is proved by rewriting rules on the atomic formulas that get rid of nice
terms containing ¢’

-

3.13 Lemma If (¢, &) =, (d',d), then also (¢,¢) = (d',d).

Once the equivalence of = and = is established, we will show that they have the back-and-forth
property, from which quantifier-elimination will follow.

Proof of Lemma 3.13. We start with a few observations. It is easy to see that for every atomic
formula of FO(S;,), there is an equivalent FO(S}};,) formula in which every term is a meet of two
nice terms (addition and subtraction of ¢; M ¢ can be pushed back into ¢; and t5, while multiple
meets can be eliminated by adding disjunctions of tree-ordering formulae considering all possible
cases). Notice also that atomic formulae of the form ¢ < ¢ where ¢ and ¢’ are terms are equivalent
to Pg«(t,t'), and t < ' is equivalent to Py+(t,t'). Thus, we can assume that no symbols < and <
occur.

We call a nice term t(z) =2 —a+b emptyifa=0b=ce.

The proof of Lemma 3.13 is done by rewriting atomic formulas in order to get rid of nice terms
from one of the variables. We will proceed by a case analysis based on the rewriting rules presented
in the next 4 claims.

The first claim shows how to replace a single nice terms from a distinguished variable s’. The proof
is straightforward.

Claim 2 1. Let s,s" be in M and let a,b be finite strings and let L be star-free. Then Pr(s,s' —
a + b) is true in M iff one of the following conditions holds.
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e s<bands —a+(b—s) €L
ea=s,b=<sand Pr(s—b+a,s").

Notice that in the first case above s is finite, and thus the condition over s’ is expressible
in FO(S)).

2. Let s,s' be in M and let a,b be finite strings and let L be star-free. Then Pr(s —a+ b, s) is
true in M iff one of the following conditions holds.

eards, b=s ands —beL;
e a=<sand Pr(s,s' —b+a).

The next claim shows how to get rid of terms of the form #(s) M s from distinguished variable s.

Claim 3 Let s be an element of M, t a nice term over Qg+ . Let s' = t(s) M s. There is a
Yy

left
quantifier-free FO(S™) formula ¢s.(x,y) such that psy(s,s") and Vo ¢s(z,y) — y = xNt(z) hold

mn M.

Proof of Claim 3. Let a, b finite strings such that t(z) =z —a+0b. If s = sM (s —a + b) is finite,
then g (z,y) is s’ = (M (z —a+b)) ANy = 5. Here, s = 2 M (z — a+ b) can be expressed in
FO(S) by (s 2 z)A(s' =b4+a 2 2) A\pes (s a2z As"-a—b+a < z). If s is infinite,
then let n = |a| and m = |b]. We have b < s, a < s, and s[n + 4] = s[m + 4] for i € N. For given
n,m it is possible to define an FO(S) formula ¢ (z,y) which is true if and only if y is maximal
such that y < z, |y| > m, and z(n + i) = xz(m + i), where ¢ = |y| — m. Then we let ¢, (z,y)
bea =z Ab =<z At(zr,y). It is easy to verify that ¢, (s, s’) holds and that ¢4 (z,y) implies
y =z Mt(z). Finally, by quantifier-elimination in FO(S™) ¢, can be made quantifier-free. O

The following is the analog of the preceding claim for terms of the form #(sMs').

Claim 4 Let t,t' be nice terms and L star-free. Assume that there are strings s, s', s" such that
Pr(t(sns'),t'(ss")) holds. Then there is an FO(S) formula p(z,y, z) such that p(s,s',s") holds
and such that, for all v’ v in M, p(r,r' ") implies Pr(t(r '), t'(r 1 r")).

Proof of Claim 4. Let t(x) =x —a+band t'(z) =z —ad' + V. First of all, if Pr(t(sMs'),t'(sMs"))
holds then from Claim 2 we have either:

1. t(sns') 2V and (s s") —a' + (b —t(sMs')) € L, or

2. a' sV <t(sns), and Pr(t(sNs') —b +d',sMs").

Consider the first case. Notice that it implies that ¢(s M s’) is a finite string. Hence, the second
condition says that sMs"” € L', for the star-free set L' of strings z with 2 —a' + (V' —t(sM ")) € L.
The first condition holds iff (a) a is not a prefix of s s" and b < b’ or (b) s’ is finite in which
case t(sMs') = b’ can be easily expressed in FO(S).

Consider now the second case. The conditions ' < sMs” and b’ < (sMs’) can be easily expressed
in FO(S). It remains to express Pr(t(sMs') — b +a',sMs"). As before, we can assume that the
first term is nice, i.e., we only have to show how Pr(t(sMs'),sMs"), where t(z) =z — a + b, can
be expressed.
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We distinguish two subcases.
If t(sM ') is finite then the corresponding FO(S) formula is obtained similarly to the previous case.

Assume now (s M s') infinite. In this case, as s s’ is a prefix of s (and therefore sMs’ < sMs”
or sMs"” < sM s’ holds), it is sufficient to express that the suffix of s M s” relative to its prefix of
length |s M s'| — |b| + |a| is in L. This can clearly be expressed in FO(S). O

Let ¢(z,y) be an FO(S) formula. If in M, there is at most one s’ for each s such that ¢(s, s") holds,
then we call ¢ functional, as ¢ defines a partial function f, on M by f,(s) = s’ if ¢(s, s’) holds.
Note that ¢, of Claim 3 is functional. We call a term of the form f,(z) where ¢ is functional a
Qg-function term, if for each s in M, f,(s) < s. Let QSLJE be the signature obtained from QSI&

by adding all Q2g-function terms.

The next claim shows that in attempting to eliminate terms with “—” from distinguished variable
1y, it suffices to deal with terms of a particularly simple form.

Claim 5 Let s be an element of M. For every atomic FO(Sngft) formula ¢(y,Z) there is a
quantifier-free FO(S;t) formula ¢'(y, &), such that for all 7 from M, ¢(s,7) holds if and only
if ¢'(s,7) holds. We can also ensure that y appears in @' only in terms of the form t(y Nt (z;)),
where t and t' are nice terms, and in Qg-function terms t(f,(y)). Furthermore, we can arrange
that Qs-function terms in y are the only Qs-function terms in ¢'.

Proof of Claim 5. As mentioned before, we can assume w.l.o.g. that ¢ only contains terms of the
form t1(vq) Mta(ve), where £y, 9 are nice and vy, vy are from y, #. We first show, that every atomic
formula 1 (t(y) M ¢'(x;),t"(y, Z)) can be replaced by an equivalent formula

w’(yaf) = \/wj(yaxi) A ¢(tj(?/ r t;(mi))vt”(yaf))a

J

where the ¢; are quantifier-free FO(S) formulae and the t;, t;- are nice terms.

Let t(y) be y —a + b and t'(z;) be z; — a’ + . To prove the above statement we consider three
cases.

Case 1 b<b. Theny—a+bMNz;—a' +b isbifaAyand (yN(z; —a' + (b' —b) +a)) —a+b,
otherwise.

Case 2 b/ <b. Theny—a+bMNz;—a' +b is (y—a+(b—0")) M z;—a’)+b'. There are two subcases.
Either (b—b') < (z; —a') and then y —a+bMNz; —a' + b is ((y—a) N (zi—ad — (b—=V'))) +b
and we proceed as in case 1. Otherwise b £ x; — a’ + b’ and therefore y —a+bMNxz; —a’ + b
is (bM (z; —a' + V).

Case 3 b and b are incomparable. Theny —a+bMxz; —a' + b is just bN Y.

Next, we consider formulae of the form ¢ (¢t(y) M#'(y),t"(y,Z)). In a completely analogous way, we

can replace ¢ by a formula ¢’ of the form ¢'(y, Z) = V; 9;(y, i) A (t;(y M 5(y)),t"(y, ©)). By
Claim 3, for each j, there is a functional FO(S) formula 6;(y, ) such that 6;(s, sM}(s)) holds and
such that, for all r, 7" in M, 6;(r, ") holds only if ' = r M #}(r).

Hence, each subformula ¢ (¢;(y Mt;(y)),t" (y, 7)) can be replaced by ¥ (t;(fs, (v)),t" (y, 7))
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The same reasoning can of course be used to transform formulae (" (y, Z),t(y) M ¢'(z;)) and

P(t"(y, ©), ty) Nt (y)). -

Now we return to the proof of Lemma 3.13. Assume (¢, &) =; (d',d). Recall that by Theorem
3.5, if two strings satisfy exactly the same atomic formulae of Qg+, then they agree on all FO(S™)
formulae.

-

By Claim 5 it is enough to prove that if (¢, &) =, (d’,d) then (¢, @) and (d',d
QS+ formulae that have one or two terms of the form #(y M#'(z;)) or t(f1/,( )

left
terms.

) agree on all atomic
), where t,t’ are nice

Let ¢(y,Z) be an atomic Sleft formula with two terms, where at least one of the terms is of the
form t(y M#'(z;)) or ¢(fy(y)). Assume that ¢(y, &) holds for (¢, ¢) (the case where ¢(y, Z) holds for
(d',d) is completely analogous). Let ¢(z) = z — a 4+ b. We distinguish the following cases.

Case 1. One term of ¢ is t(y M#'(x;)) or t(fy(y)) and the other does not contain y. Hence ¢ is of
one of the following forms:

i)),1"())
y Nt'(z)))
" (7))

»(®)))

It follows from Claim 2 that in all these subcases one can get rid of the ¢ term, e.g., by adding
—b+ a to the other term. It is important here that, for a nice term ¢, t;(x) € L is an FO(S)
expressible property. Then the claim follows from the assumption (¢, ¢) = (d', d).

o Pr(t(ymt
o Pr(t"(Z),t
o PLt(fs(y)
o Pr(t"(Z),t(f

(
(
)
(f

Case 2. ¢ is of the form Pr(t1(y Mta(x;)), t3(y Mta(z;))). By Claim 4 there is an FO(S) formula 6
such that 6(c’, t2(c;), ta(c;)) holds in M and 0(r', ta(r;), ta(r;)) implies Pr(¢1(r' Mta(rs)), t3(r' M
ta(r;))), for all (',7) in M. By our assumption (¢/,¢) = (d',d) it follows that Py (ti(y M
ta(z4)), t3(y Mta(z;))) holds also for (d,d).

Case 3. ¢ is of the form Pr(t(y Mt (z;)),t"(fy(y))) or of the form Pr(t"(fy(y)) M t(y,t' (z;))).
Again by Claim 2 we can assume that ¢” is empty. Recall that by definition of Qg-function
terms fy(y) = y and therefore fy(y) My = fy(y). Hence, by applying Claim 4 (where we
take one term as empty and s = y) we get a FO(S) formula 0(y, t'(z;)) such that 6 holds for
(', @) and, whenever 6(y, ' (z;)) holds for (d, d), then also ¢ holds for (d',d). Again the claim
follows from our assumption that (¢, &) =; (d',d).

Case 4. Both terms of ¢ are of the form #(fy(y)). In this case, we also get an equivalent FO(S)
formula by first applying Claim 2 to get rid of one symbol ¢ and then applying Claim 4.

This concludes the proof of Lemma 3.13. O

Now we come back to the proof of Theorem 3.12. We actually prove the following which is stronger
than what is needed for quantifier-elimination.

3.14 Lemma = has the back-and-forth property in M.
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As mentioned at the beginning of the proof of the theorem, the statement of the theorem follows
from the lemma, as each type of the form atpg+ (t1(ci,), - .., tx(ci,)) is also an atomic type of ;.

Let &and d such that &= d. Our goal is to show, that for each ¢, there is d’ such that (¢, &) = (d', d).
By Lemma 3.13 it is enough to find d’ such that (', ¢) = (d',d).

By compactness, it suffices to show that for all finite sequences t1, ..., ; of terms and all sequences
i1,...,1; there is a d’ such that

atps+ (' t1(ciy), - ti(ciy,)) = atps+ (d' ti(diy), - ..tk (diy)).

Let therefore such sequences and ¢’ be fixed. Let T be Tree({t;(c;;) | j < k}). Let T' be the
corresponding tree for d. Let w = Meet(c/, T), N = Meet, (¢, T) and P = Meet_(c', T).

Note that both of these last two strings are given by meets of terms in + and — over ¢. Let N’
be the image of N in the other model (i.e. the corresponding term in cf), and P’ be the image of
P. Notice that the inductive hypothesis ¢ = d guarantees that the ordering relation between meets
of these terms in T is preserved when we look at the image terms over d and T'. The inductive
hypothesis also tells us that (N, P) and (N', P') are equivalent as string models (that is, models
in the usual string signature plus an extra predicate for the shorter string); this is because these
terms satisfy all the same atomic formulae of ST, which include all Pys.

Now let w' be between N’ and P’ such that the pairs (N, w) and (N, w'), and (w, P) and (w', P"),
are elementary equivalent as string models. Such a string w’ exists because quantifier elimination
over ST (Theorem 3.5) implies that (M, N, P) and (M,N', P') are elementary equivalent in the
language of S, and hence for any w there is w’ such that the equivalence extends to (M, N, P, w)
and (M, N, P,w'). It is clear that such a w' suffices.

Now, let d' = w' - (¢’ — w). We obviously have that (w,¢') and (w',d') are elementary equivalent
as string models. We can now check that d’ is what we want. We have to show that Meet(d', T"),
Meet_ (d',T') and Meet ;. (d', T") are w', P' and N’ respectively, and that for every star-free language
L we have: Pp(w',d') iff Pp(w, "), Pr(P',w') iff Pr(P,w), and Pr(w', N') iff Pr,(w, N). All of these
easily follow from the definition of d'.

This finishes the proof of Lemma 3.14 and thus of Theorem 3.12. O

From the previous theorem we get the following corollaries. First, the back-and-forth property of
=, gives us the following normal form for FO(S}!, ) formulae.

3.15 Corollary For every FO(Seg;) formula p(z, ) there is an FO(S) formula p'(z, Z) and a finite
set of nice Sl—gft terms t such that

vz (p(z, ) < p(z,Hi))))

holds in S]eft .

Then Corollary 3.15 for the empty tuple 3 and Corollary 3.7 imply:

3.16 Corollary Subsets of ¥.* definable over S\t are precisely the star-free languages.
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For formulae in the language of Sie; (as opposed to ngft), we can show that bounded quantification
suffices, although the notion of bounded quantification is slightly different here from that used in
the previous section. Let Np(s) be the prefix-closure of {s — s; + s2 | |s1], |s2| < p}. Clearly Ny(s)
is definable from s over Sjei. We then define FO,(Siest) as the class of FO(Sjeg) formulae ¢(Z) in
which all quantification is of the form 3z € N,(z;) and Vz € N,(z;), where z; is a free variable of
¢ and p > 0 arbitrary.

3.17 Corollary FO,(Siert) = FO(Siett)-

Isolation and VC-dimension We now show that the results about isolation and VC-dimension
extend from S to Sief;.

3.18 Proposition Th(Sis) has the isolation property.

Proof. Let M be a model of Th(Sies;), W be a pseudo-finite set of elements of M, and a € M. Let
p = tpp(a/W). We exhibit a countable subset Wy of W such that tpys(a/Wy) isolates tpy(a/W).

Let €, f be finite tuples of finite strings, and let W (e, f) ={w—e+f | weWeece,fcec f_’}.

— = = —

Let wy(€, f),wa(€, f), ws(€, f), ws(€, f) be elements of W such that for some ey, ey in € and some

f17f2 Efa

— — —

(w1 (€, f) —e1 + f1) N (wa(€, f) — ea + f2) = Meet_(a, W(€, f))
(wy

and likewise for some es, ey, f3, f4 in €, f

—

(w3(€, f) — ez + f3) M

—

e, f
(é:f) —e4+ f4) = Meet+(a’W(€7f))‘

Take

Wo = U{wl(a f)v w2(€a f)a w3(€7 f)a w4(€, f)}a
where the union is taken over all finite tuples of finite strings. Clearly Wy is countable. We claim
that tpas(a/Wy) isolates tpyr(a/W).
Suppose we have o’ with tpas(a’ /W) = tpar(a/Wo). Note that by construction of Wy and definition
of tpar(a/Wy) this implies that o’ has the same Meet_ and Meet over each W (€, f) that a does.
This also implies that the type of a’—Meet(a’, W (€, f)) is the same as for a, and similarly for the type
of Meet (a', W (€, f)) — Meet(a’, W (€, f)) and the type of Meet(a', W (€, f)) — Meet_(a’', W (€, f)).
We want to show that tpas(a’/W) = tpyr(a/W). By quantifier elimination (Theorem 3.12) over
Sieft, it suffices to show that they have the same atomic types over Sf;ft.

From the remark above that @ and o’ have the same meets and the same paths between those meets
and Meet , Meet_ and themselves it follows that whenever an atom of the form Py (1 Mg, t3Mty)
holds for a, where the t; are either a or nice terms over w and where t; Mt is a direct predecessor
of t3 Mty in the tree defined by W, then it also holds for a’. By the normal form for ST queries
(Proposition 3.4) we can conclude atpg+(a,w — €+ f) = atpg+(a’, @ — &+ f), for all finite &, f.
Hence, by Claim 3.13 we get that ¢tpas(a’/W) = tpar(a/W) have the same atomic types over Si;ft,
as required. O

By Lemma 3.9, we obtain the following.

3.19 Corollary Every definable family in Sy has finite VC-dimension.
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3.4 A regular algebra extending S

The previous sections presented star-free algebras with attractive properties. We now give an
example of a regular algebra that has significantly less expressive power than the rich structure
Sien, and which shares some of the nice properties (isolation, finite VC, QE) of the star-free algebras
in the previous sections.

This algebra can be obtained by considering two possible ways of extending FO(S): the first is
by adding the predicates Pp, for all regular languages L; that is, predicates Pr(z,y) which hold
for £ < y such that y — x € L, where L is a regular language. The second extension is by using
monadic-second order logic instead of only first-order logic. It turns out that these extensions define
exactly the same algebra. We show this, and also show that the resulting regular algebra shares
the QE and VC-dimension properties of the star-free algebras defined previously.

Let Sreg = (X%, =, (la)aex, (PL) regular>' Since it defines arbitrary regular languages in ¥*, it is a
proper extension of S. Every FO(S,¢;)-definable set is definable over Sje,, because the predicates
Py, are definable in Sje;, (the easiest way to see this is by using the characterization of Sje, definable

properties via letter-to-letter automata). Thus, we have:

3.20 Proposition Subsets of ¥X* definable over Sy¢; are precisely the regular languages.

Let S, be the extension of S;e; with € and M. Most of the results about S and S* from Section
3.2 can be straightforwardly lifted to S;e; and S;gg. For example, the normal form Proposition
3.4 holds for S,¢, if one replaces “star-free” with “regular”: the proof given in Section 3.2 applies
verbatim. In fact, similar normal form arguments, in a slightly different form, were given in [52, 66].
We now obtain:

3.21 Theorem (see [52]) S

reg admits quantifier elimination.

The normal form result also shows that neither the functions f, nor the predicate el are definable in
Sreg (the latter can also be seen from the fact that S,¢; has QE in a relational signature of bounded
arity, and Sje, does not; for inexpressibility of f, it suffices to apply the normal form results to
pairs of strings of the form (1-0*,0%): since 1-0¥M0* = ¢, it is impossible to check if two sequences
of zeros have the same length). One can also show, as in the case of S, that bounded quantification
over prefixes is sufficient.

Furthermore, there is a close connection between FO-definability over S,¢; and MSO-definability
over S. It was shown in [52] that
MSO(S) = FO(Sreg).

This result was used in [52] to show that S2S and WS2S define the same relations over the infinite
binary tree. Here S2S refers to the monadic second-order theory of the infinite binary tree, and
WS2S to the weak monadic theory (that is, monadic second-order quantification is restricted to
finite sets). Note that it follows from [58] that sets, rather than arbitrary relations, definable in
S2S and WS2S, are the same.

From the result of [52] it thus follows that the subsets of 3* definable in MSO over S; are precisely
the regular languages.
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3.4.1 Automata model, isolation, and VC dimension

It was proved in [4] that Regular Prefix Relations (RPR) (those definable by Regular Prefix Au-
tomata (RPA), introduced in Section 3.2) are exactly those definable in MSO(S). Thus, the results
of [4] and [52] give a characterization of FO(Seg).

3.22 Corollary The relations definable in FO(S,¢;) are exactly the RPR relations. Thus each
relation definable in FO(S,g) is recognizable by a RPA.

The proof of the isolation property for S (Proposition 3.10) is unaffected by the change from
star-free Py, to regular Pr,. Thus, we obtain:

3.23 Corollary Th(S,e;) has the isolation property, and definable families of S;¢; have finite VC-
dimension.

3.5 A regular algebra extending S

We now give a final example of a regular algebra. Let S,eg e be the common expansion of Sief
and Syeg, that is, (X%, <, (lo)aes: (fa)aes, (Pr); regular>' Since Sreg cannot express the functions
fa, and Siey cannot define arbitrary regular sets, we see that Sieg et is a proper expansion of S;eg
and Sjer;. Furthermore, all Syeg jefi-definable sets are Sie,-definable; the finiteness of VC dimension
for Sieg left, shown below, implies that this containment is proper, too.

Let S;';g’left be the common expansion of Sl"e'ft and Syeg, that is, the expansion of S;eg et With € and

M. The techniques of the previous sections can be used to show the following:

3.24 Theorem S:;g loft has quantifier-elimination. Furthermore, Th(Seg ert) has the isolation

property, and definable families in S,eg 1of; have finite VC-dimension.

Proof. We sketch the proof of QE. This is done by simply mimicking the proof of Theorem 3.12,
but with the role of S played now by S,¢s. Once again, we work in a saturated model M, and define
the equivalence relations = and =; as in the proof of Theorem 3.12, but the atomic type is with
respect to Sj;g. We then show that =; and = are the same. This is done by proving the following
modification of Claims 2, 3, 4, and 5, by substituting uniformly S:;g’left for Sngftv and S, for S.
The property of star-free languages used in each these claims is just that if L is star-free, and a
and b are strings, then the set of x such that x —a + b € L is also star-free. This clearly holds with
regular substituted uniformly for star-free.

We then show that = has the back-and-forth property in M, which implies QE. The proof is
the same as before, but instead of elementary equivalence of string models in first-order logic, we
consider their elementary equivalence in monadic second-order logic. O

Similarly to Sie;, we derive from the proof of Theorem 3.24 the following normal form for Syeg 1efs
formulae:

3.25 Corollary For every FO(S g 1eft) formula p(z, i) there is an FO(S,eg) formula p'(z, Z) and a
finite set of nice S\, terms t such that

-

Vzij p(z,§) < o' (2, 1(7))
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holds in Sreg7]eft.

As we have seen earlier that MSO(S) = FO(S,eg), one might ask if a similar result holds when
insertion on the left is allowed; that is, whether MSO(Sjef;) = FO(S;eg,left). Since the MSO-theory
of Siert is undecidable [67], there is certainly no effective translation. And in fact one can easily
see that the two are different. Since the function g : £ — 0 -z - 1 is FO-definable in S, one can
easily see that even weak MSO(Sjes), where set quantification is restricted to finite sets, defines
{0"1" | n > 0}, a non-regular set.

We conclude this section with a remark showing that arithmetic properties definable in structures
S, Siefts Sregs Sreg,left are weaker than those definable in Sj.,. As we mentioned earlier, under the
binary encoding, Sje, gives us an extension of Presburger arithmetic; namely, it defines + and V5,
where V5(x) is the largest power of 2 that divides 2. But even S, jeft is much weaker:

3.26 Proposition Neither successor, nor order, nor addition, are definable in S g jeft (and hence
in S, Srega Sleft)-

Proof. Since order is definable from addition, and successor from order, it suffices to show that
successor is not definable. Let z; = 10*,y, = 1*; that is, under the binary encoding, z is the
successor of y. We show that {(zy,yx) | & > 0} is not definable in S eg e

Assume it were; by Corollary 3.25 we get a set of nice terms t;(y) = y — a; + b; and a formula
a(z, Z) over Syeq such that o(z,#(y)) is true iff for some k, 2 = x4 and y = yj.. For sufficiently large
k, t{y;) consists of strings of the form ¢; - 1¥~Pi where ¢; and p; depend on # only. As ¢; - 15=Pi . 1Pi
is ¢; - Yy, there is a formula f(z, 21, ..., %) of S;es (where [ is the length of t) such that B(z, 7) is
true iff for some big enough k, x = z; and z; = ¢; - yx.

We now show that for sufficiently large &, depending on 3, if B(zg, c1yk, ..., cyx) is true, then for
some m > k, B(m, 1Yk, - - -, yg) is true. Clearly this will suffice. For this we use the normal form
for S;eg which is analogous to Proposition 3.4 except that L in Pp, could be regular. Note that for
sufficiently large kg, and any k, m > kg, Tree(xy, € yx) is isomorphic (as a tree) to Tree(z,, € yi).
In particular, the predecessor of 2 (and x,,) in such a tree is its meet with one of ¢; - y, say c¢1 - yi.
Such a meet is 1 if ¢; = €, or a prefix of ¢1 if ¢; # €. Thus, z; — (zx M c1yy,) is either x; or a string
0P for p > k — |c1|, with p depending only on ¢;. (The same is true when one replaces k by m).

Let Py, be the formula describing the segment (M ¢1y, ) in the normal form for 8 (we may assume
w.l.o.g. that there is only one such formula; if there are several, one can combine them into one
by taking the intersection of the languages). Pick ki,ko > k¢ such that zx, — (c1yg, M xg,) is in
L iff xg, — (c1yk, M zk,) is. It follows from the description of those meets given above that such
k1, ko always exist. Now it is immediate from the normal form result that S(zk,, 1Yk, ;- - C1Yk, )
iff B(xky, c1Ykys - - -, 1Yk, ), Which finishes the proof. O

Figure 1 and Table 1 summarize the results of this section.
4 String query languages

The goal of this section is to study relational calculi based on the five structures considered in the
previous section. Note, however, that most of the previous research on string query languages used

31



no QE in relational signature

e

QE in relational signature

Sleft

star-free algebras

Figure 1: Relationships between S, Sieft, Sreg, Sreg,left, and Sien.

Slen

Sreg left regular algebras

Sreg

Structure Signature Expansion with Expansion
quantifier-elimination name
Sien <, (la)aex, €l all unary relations & Sl(elr’f)
binary functions
S <7(ltz)an <7(ltz)anafa|_|a S+
(PL)L star—free
Sieft =<, (la)aeEa (fa)an =, (la)ana (fa)aez, €, Sl-:ft
(33 — a)aEEa r, (PL)L star—free
Sreg =, (la)ana (PL)L regular =, (la)ana €11, (PL)L regular S;«'ég
Sreg,left = (la)ana (fa)ana (PL)L regular =<, (la)ana (fa)aEEa €, S;-iég,]eft
a

("L' — )aEEa r, (PL)L regular

Definition of Py:

(x,y) € P if x <y and y — z € L.

Table 1: Summary of quantifier-elimination results

32




concatenation as the main string operation. We give a few simple results indicating that our main
goals of getting a low complexity language with an adequate notion of relational algebra cannot be
achieved if we include concatenation as a primitive. After that, we explain how operations used in
S, Siefts Sregs Sreg,lefts Sten are related to SQL string operations, and present properties of relational
calculi based on these structures. Most of these are based on model-theoretic properties of the five
structures established in Section 3.

4.1 Problematic concatenation

Most earlier papers considered relational calculus with concatenation RC e, that is,
RC(SC, (¥*,Q)) where Q has the operation of concatenation, and constant symbols for each a € 3.
This language is extremely attractive in terms of compositionality: given queries Q and Q' re-
turning sets of strings, one can substitute  and Q' within regular-expressions to form new LIKE
queries. However, as noticed in [40], for ¥ = {0, 1,4}, RCconcar €xpresses all computable queries
on databases containing strings from {0,1}* (see [61] for a proof). In fact, it is easy to show a
somewhat stronger result which only requires two letters in .

4.1 Proposition Let ¥ contain at least two letters. Then RC et €xpresses all computable
queries on databases over ¥*.

Proof. We first show that all computable predicates on {0,1}* are expressible. We follow the
lines of [61], Chapter III, Theorem 12.4, which uses an extra symbol § to encode a Turing machine
computation in RCopeqr- Let M be a Turing machine. Let @ = {q2,- - ,qm} be the set of states
of M, ¢ being the initial state. At step 4 of the execution of M over an input z, the configuration
of M can be represented by a string u;f%wv;, u;,v; € {0,1}*, where u; is the tape content left of
the head, v; is the content of the current position and the positions right of the current position,
and qq, is the current state. Let ¢ps(z) be the formula of RCopeq: which states the existence of a
string w € {0, 1, §}* which will represent the computation of M on z. This is done as follows:

L. w = f*uvofu fv1f - - - fu, 2 vy, for some n, where u;, v; € {0,1}*,
2. vg =x, ag = 2.

3. if uf®viffui 1 #Pvip1 is a substring of w then u;1#%v;,1 represents the configuration after
executing M, for one step, from the configuration represented by u;f*v;.

4. qq, is an accepting state of M.

All the points enumerated above can be checked in RCopneqr [61]. It is also easy to see that the
existence of such a string w is equivalent to the acceptance of x by M.

In order to remove the extra symbol {, the formula /() also states the existence of a string xy of
the form 10*1, such that none of the strings u;, v; contains 0% as a substring. As the computation is
finite, such a string always exists and it can easily be distinguished from the u; and v;. The formula
then states the existence of a string w’ of the form x?ovgxﬁulwﬂo‘lleﬁ e xuunmﬁ‘”vn and condition
3 is changed analogously.
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Since all computable predicates on {0,1}* are expressible, there is a one-to-one mapping f :
N — {0,1}* such that the image of addition and multiplication under f is expressible in FO
over (¥*,-,0,1). It is known (see [50], Chapter 3), that relational calculus over (N, +,-) expresses
all computable queries over finite databases (simply by coding finite databases with numbers).
Hence, the same coding will apply to RConeqt, Showing that it expresses all computable queries. O

In databases, we are accustomed to relational calculus having limited expressiveness; then the
queries can be analyzed and often good optimizations can be discovered. This is certainly not the
case here; moreover, there is no hope of finding a syntax for safe queries.

4.2 Corollary Let ¥ contain at least two letters. Then there is no effective syntax for safe queries
in RConcat- Furthermore, the state-safety problem is undecidable for RC concqt -

Proof. This follows from [64]. Indeed from Proposition 4.1, RC ppeq is Turing-complete and thus
the structure of [64] in which there is no safe syntax for safe queries, and in which state-safety is
undecidable is definable. O

Note that when X has one symbol, (¥*,-) is essentially (N, +), and there exists effective syntax for
safe queries, and state-safety is decidable [64].

4.2 Basic string operations in SQL

When looking at existing SQL string operations, the most often-used operation is LIKE pattern-
matching. It allows one to say, for example, that a given string is a prefix of another string and
also that a string has a fixed string as a substring. LIKE patterns are built from alphabet letters,
and characters % (which matches any string, including €), and _ (which matches a single letter).
For example, the pattern ab_c% matches any string whose first letter is a, second is b, and fourth
is ¢. Matching with LIKE can be expressed in first-order logic over S: indeed, with LIKE one can
only define star-free languages, which are FO-definable in S.

Another important SQL string operation is the lexicographic ordering <.y, which, as we saw earlier,
is also expressible in S.

SQL also allows trimming/adding symbols on both left and right of a string. We know that
trimming/adding symbols on the right (operation [, and its inverse) is expressible over S, but
adding/trimming on the left (operation f, and its inverse) is not. This motivated the study of
the structure Sieg; it corresponds to LIKE pattern matching, lexicographic ordering, and arbitrary
trimming/adding operators of SQL.

The operator LIKE checks membership in a star-free language. The new SQL standard [41] intro-
duces an arbitrary regular expression pattern-matching by a new operator called SIMILAR. Adding
this operator corresponds to going from S to Sieg or Sief; t0 Speg leri: in both cases, the addition
means that the one-dimensional definable families become regular instead of star-free.

Finally, SQL has a string-length operation called LEN. Since this does not return a string, we turn
it into a pure string operation that compares lengths of strings: el(z,y) is true if |z| = |y|. Thus,
Sien corresponds to a set of SQL operations that includes LIKE, lexicographic ordering and length
comparison. Furthermore, since Sie, subsumes Sief;, Sreg and Sieglert; the operator SIMILAR and
trimming/adding on the left are expressible over Sj,.
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4.3 Expressive power and complexity

In this section we study expressiveness and complexity of the five relational calculi. We obtain a
number of collapse results using the isolation property shown in the first part of the paper, and
establish complexity bounds, both in the cases with and without collapse.

4.3.1 Relational calculus over S

Our goal here is to get bounds on the expressiveness and data complexity for queries in RC(S).
The main tool used is a collapse result, Theorem 4.3, in the spirit of those produced for constraint
databases [10, 8]. Recall that relational calculus over a domain RC(M) admits restricted quantifier
collapse if every RC(SC, M) formula ¢(%) is equivalent to a formula ¢'(#) in which SC-predicates
occur only within the scope of active domain quantifiers 3z € adom and Vx € adom. It admits the
natural-active collapse if every formula is equivalent to one with only active-domain quantifiers.

We already mentioned that the isolation property implies restricted quantifier collapse [8, 32]. From
the QE of ST we also get

4.3 Theorem RC(S) admits restricted quantifier collapse, and RC(S™) admits the natural-active
collapse.

Another quantifier-restriction result is given in the following corollary. Extend RC(SC,S) with
quantifiers of the form 3z < adom and Vz < adom, whose meaning is as follows. Given a formula
¢(z,7), an interpretation @ for ¢, and a database D, 3z < adom ¢(z,d) states that there exists a
string ¢ making ¢(c, @) true such that either ¢ < a; for a; a component of @, or ¢ < b where b is in

adom(D). Since bounded quantification suffices for S formulae (Corollary 3.6), we obtain:

4.4 Corollary Every RC(SC,S) formula is equivalent to a formula that only uses quantifiers
dz < adom and Yz < adom.

We note that a a straightforward corollary of Theorem 4.3 shows that the data complexity for
RC(S) matches that of pure relational calculus.

4.5 Corollary The data complexity of RC(S) is in AC®. In particular, neither parity nor connec-
tivity test is expressible in RC(S).

Proof. By Corollary 4.4 we can assume that a given query ¢(Z) is of the form Qy €
adom \/ A «;(Z,y) where each «; is either an atomic or negated atomic SC-formula, or an S
formula, in which all quantification is restricted to prefixes of #,4. The proof then follows the
standard proof of ACY data complexity for the relational calculus (see, for example, [1]), and one
only has to prove that each S formula can be evaluated in ACP.

Suppose a(z1,...,2;) is an S formula in which all quantification is restricted to prefixes of zs.
With Z, associate a structure Sz of the signature consisting of unary predicates Z;, (P, )qcx, # and
a binary predicate < as follows: the domain is {1,..., M}, where M = ). |z| + (k — 1), and the
interpretation of < is standard. The first |z;| elements belong to Z;, followed by an element that
belongs to #, followed by |z9| elements that belong to Zs etc. The membership in P, is determined
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by the corresponding symbol in the z;s. To show that « can be evaluated in ACY, it is enough to
show that there is a FO(BIT, <) sentence 8 such that S = «(Z) iff Sz |= 5. This is done by a
straightforward induction on the structure of «, as one can encode the prefix relation over Sz using
the definability of + and x in FO(BIT, <) (cf. [47]). O

Another corollary concerns the expressive power of generic queries. Recall that a query is generic if
it commutes with permutations on the domain; in other words, it is independent of specific elements
stored in a database.

Every query expressible in pure relational calculus is generic. Examples of other generic queries
are parity test and graph connectivity test; these are well known to be inexpressible in relational
calculus.

Combining Theorem 4.3 with the active generic collapse [10], we obtain:

4.6 Corollary Every generic query expressible in RC(S) is already expressible in RC(<), relational
calculus over ordered databases.

With respect to time complexity Corollary 4.5 only gives a polynomial upper bound. We show next
that for unary databases we get a much stricter complexity result. We call a database schema SC
unary if it only contains unary relation names. We next show that queries over unary databases can
be evaluated in linear time. This is because a unary database can be transformed into a tree, and
a query can be transformed into a first-order sentence over the tree, which can then be evaluated
by a tree automaton. More precisely, we have:

4.7 Proposition Let SC be unary. Then every Boolean RC(SC, S)-query can be evaluated in
linear time in the size of the database.

Proof. Let SC be unary. We define a representation of SC-databases by finite labeled trees
as follows. Let Rj,...,R,, be the relation names of SC. Let, for simplicity, ¥ be {0,1}. Let
X ={z1,...,z,} be a set of variables. For a finite database D over SC and a vector @ = ay, ..., ay
of strings from X* the (finite) tree t = ¢(D, a) is defined as follows.

e The set of vertices of ¢ is prefiz(D, @).

e Each vertex v of ¢ is labeled by a 0-1-vector 7(v) = (r1(v),...,rm(v)), where r;(v) = 1 if and
only if v € R;.

e Each vertex v is labeled by a subset X (v) of X, where z; € X (v) if and only if a; = v.

It should be pointed out that all leaves v of ¢(D,d) carry a label #(v) with at least one non-zero
entry or a label X (v) which is not the empty set.

It is straightforward that, for each RC(SC, S)-formula ¢ (with prefix quantification) there is a first-
order formula ¢’ on labeled trees (represented as finite structures in the usual way) such that for
each SC-database D and each vector @ = aq, ..., a of strings, (D, @) |= ¢ ifand only if ¢(D, @) = ¢'.
In the case of Boolean queries, k equals 0. As it is well-known that even MSO-sentences can be
evaluated in linear time on labeled trees (e.g., via the simulation of suitable tree automata, see
[67]), we can conclude the desired complexity bound. O
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From Lemma 4.20 below and the results of [56] it follows that safe unary RC(SC, S)-queries (i.e.,
with one free variable) can be evaluated in linear time in the size of the database. By combining
this with the techniques of [62] it can be shown that, in general, k-ary queries can be evaluated in
time O(n*) for databases of size n.

4.3.2 Relational calculus over Sj.,

We have seen that query evaluation for relational calculus over S has low complexity. However,
many useful queries of low complexity, such as the query that appends a fixed string on the left
of a given column, are not expressible in S. Hence we examine the addition of the equal length
predicate, that is, relational calculus over Sj;,. Throughout this section, we again assume that the
alphabet has at least two symbols (as over the one-symbol alphabet, equal length is simply equality
and thus does not give us any extra power).

To analyze the expressive power and complexity of Sie,, we again make use of a normal-form result
for queries. In this case it is no longer sufficient to quantify over prefixes of strings in the active
domain; however a different restricted quantification suffices.

We introduce quantifiers 3 |z| < adom and V |z| < adom to be interpreted as follows. Given a
formula ¢(7), a database D and an interpretation @ for ¢, a subformula 3 |z| < adom «a(x,-) is
satisfied if there exists a string ¢ satisfying a(c,-) such that the length of ¢ does not exceed the
length of the longest string in adom (D) and a. We call these length-restricted quantifiers. Note
that they are just a notational convenience, as they can be expressed in RC(Sje,). Moreover, they
capture the expressiveness of RC(Sjen):

4.8 Proposition Every RC(SC, Sie,) formula is equivalent to a formula that uses only length-
restricted quantifiers.

Proof. For an SC-database D and a tuple of strings §, we use the notation | (D, 3) for {s' | 3s €
adom(D) U 3 : |s'| < |s|}, and S[D, §] for the structure with the universe | (D, 3) in the language
of Sien plus the SC-relations, plus constants for the elements of 5. We write Sj, (D, ) for the
structure in the same language whose universe is 3*. Let m be the maximum arity of any relation

name of SC.

We write (D1, 81) =k (Da, 39) if the duplicator has a winning strategy in the k-round Ehrenfeucht-
Fraissé game on Sien(D1,51) and Sien(D2, §2), and (Dq, §1) EZ (Do, §9) if the duplicator has a
winning strategy in the k-round Ehrenfeucht-Fraissé game on S[Dq, 8] and S[D2, 53]. We claim
that Ez+m+1 refines =;. By the Ehrenfeucht-Fraissé theorem (cf. [27, 47]), this implies the result,
as both equivalence relations are of finite index, each class of Ez +mo1 18 definable with length-
restricted quantifiers, and each RC(Sje,) query of quantifier rank k is a union of =-classes.

We now describe the winning strategy for the duplicator for £ moves in the game on S, (D1, S1)
and Sjen(D2,352). Let [; be the maximum length of a string in S[Dj,3}],5 = 1,2. In response to
each move, say a; € Sien (D1, 81) by the spoiler, the duplicator produces, in addition to his response
bi € Sien(D2,52), two extra elements a, € S[D, 5] and b, € S[Ds,35]. This is done as follows.
Suppose the rounds 1,...,7 — 1 have already been played, and the spoiler plays a; € Sien(D1, 51).

There are two cases. If a; € S[Dy, 5], then a, = a;, and the duplicator looks at the position
(ay,...,al_y,ab), (by,...,b;_|) in the game on S[D1, 3] and S[Ds, 53], and selects b, € S[Ds, 53]

[
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according to his winning strategy. He then sets b; = b}.

In the other case, we have a; ¢ S[D1,31], that is, |a;| > 1. Let a! be the prefix of a; of length
l1. As before, the duplicator now looks at the configuration (a},...,al_y,a}), (b},...,b;_;) in the
game on S[Dy, §1] and S[Ds, $5], and selects b, as the response to a. Note that b, is of length [s.
Indeed, since the duplicator can play in the game on S[D1, §1] and S[D3, §5] for k4 m+ 1 moves, for
every move up to k his response to a string of length [y must be a string of length [o, for otherwise
with the next m + 1 moves the spoiler would be able to choose an extension b;; of b; and strings
bita, ..., birmy1 such that b; 9 has the same length as b; 11 and is in 33 or Dy. The latter might
be witnessed by the strings b;y3,...,biym+1. The duplicator would have no suitable response in
S[Dy, §1]. We now set b; = bl - =, where = = a; — a, that is, z is the relative suffix of a} in a;. It
follows immediately that this strategy ensures the win by the duplicator in the k-round game on
Slen(Dla §1) and S]en(DQ, §2) O

Prefix-restricted quantification does not suffice for RC(Sje,). Indeed, consider the following query
@ on a unary relation U: Q(U) is true iff U contains a single element, which is from 0* and of even
length. This is expressible in RC(Sje,) by

lx U(x) AVz(U(z) — (z € 0%) Az € (01)%el(z, z)),

where 3lzU(z) expresses that there is exactly one z with U(x). Note that the predicates z € 0* and
z € (01)* can be expressed even over S: recall that S can define any star-free language and Sy, any
regular language. However, this query @ is inexpressible with just prefix quantification: if it were,
then over single-element databases contained in 0*, the predicate el could be replaced by equality.
Hence the set of strings from 0* of even length would be definable over S. But this language is not
star-free, and this contradicts the fact that the languages definable over S are exactly the star-free
languages (Corollary 3.7).

As with Theorem 4.3, from Proposition 4.8 we get us a rough upper bound on the complexity of
RC(Sjen), which should be compared with Corollary 4.11 and Proposition 4.12 below:

4.9 Corollary The data complexity of RC(Sjey) is in PH.

Proof. To check if D |= ¢(@), it is enough to quantify over strings whose length does not exceed
N, where N is the maximum length of a string in adom (D) U @ (see Proposition 4.8). If ¢ has
alternation depth £ this can be done by a polynomial time alternating Turing machine with k
alternations, hence in PH. O

The result below establishes two bounds. The first one is for complexity of generic queries in
RC(Sien). That is, the complexity of the language {enc(D)#enc(t) | D = ¢(t)} for a generic ¢.
The other complexity bound is very useful for proving expressibility results. A relational (Boolean)
query is a set of isomorphism types of SC-databases (w.r.t. the SC-relations only). A relational
query is in AC? if it is in AC? under the usual relational encoding enco: elements of a k-element
active domain are encoded by 1,...,k, in binary (cf. [1]). A relational query @ is expressible in
RC(Sen) if there is a RC(Sje,) sentence ® such that the SC-isomorphism type of D is in Q iff
D = 9.

4.10 Theorem The data complexity of generic queries in RC(Sen) is in TCY. Furthermore, any
relational query that is expressible in RC(Seq) is in ACP.
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Proof. Without loss of generality, we consider Boolean queries and assume that ¥ = {0,1}. For a
string s € ¥*, let N(s) be the number which is 1- s in binary. Let s <y s iff N(s) < N(s'). Note
that for strings of length k, N(s) ranges from 2% to 2¥*! — 1, and |s| < |s| implies N(s) < N(s').
We call a database nice if the set {N(s) | s € adom(D)} is of the form {1,...,n} for some n > 1.
Note that the maximum length of a string in such a database is I(n) = [logy(n + 1)] — 1.

Now we claim that every Boolean generic query ® can be evaluated in AC? over nice databases. By
Proposition 4.8, without loss of generality, all quantifiers in ® are assumed to be length-restricted.
With a nice database D, we associate a new database D’ of the same schema with the universe
{1,...,n} = {N(s) | s € adom(D)}, such that (¢1,...,tx) € Rin D iff (N(¢t1),...,N(tx)) € R
in D'. We next show that ® can be expressed in FO(BIT, <) over structures of the form D’
where D is nice. This will suffice to prove the claim, as the encodings of D and D’ are identical,
and FO(BIT, <) captures uniform AC? [7]. Recall the definition of BIT from Section 2. We also
recall that the usual arithmetic predicates (+ and x, given as ternary predicates) are definable in
FO(BIT, <), and so are many other helpful predicates, for example, a predicate for the powers of
2 [47].

There are two main problems: first, quantification in @ is restricted to the maximum length
of a string (that is, over nice databases, quantifiers in ® range not over {1,...,n} but rather
{1,... ,2lm)+1 1}); second, we must show that the operations of Sj, can be expressed.

To deal with the first problem, we assume that @ is in prenex form, and replace each quantifier ds
with two quantifiers 3i,34,. Each string s of length not exceeding [(n) can be represented uniquely
by two numbers i, i’ such that:

. | N(s) if N(s) <mn, g 2m) i N(s) < n,
s T n if N(s) > n, 's T\ N(s)—n if N(s) > n.

Note that i,,i, < n, and for N(s) > n, i’, < 21" if |s| < I(n). For each new pair of quantifiers
Jis3i’, we add a formula stating that iy, satisfy the following conditions: either iy < n and
it =2/ or iy = n, and 7, < 2!(™), This can be done in FO(BIT, <), as the condition z = 2{™)
is expressible (it says that z is the largest power of 2 that does not exceed n, which is expressible
with BIT).

Next, we must show how to translate the atomic and negated atomic subformulae of ®. Each
subformula of the form R(s1,. .., sx), where R € SC, is translated into R(is,, ..., is)AN; i, = 2!,
Checking Lg(s) is simply =BIT(is, 1), and L(s) is BIT(45,1). For el(s,u), one has to check that
the largest power of 2 not exceeding is + i’ and 4, + 4}, is the same. This happens iff either both
i',i! are less than 2'(") (in this case |s| = |u| = I(n)), or both equal 2/ (in which case both s and
u are in the active domain), and for each p < max(is, 4, ) which is a power of 2, pfi, <> p#i,, where

f ranges over the comparisons <, > and =. These conditions can be expressed in FO(BIT, <).

We now consider the predicate s < u. There are four cases. If both i/, 1, < 2l(n)  this is false, as s, u
are not in the active domain, and hence of the same length. Similarly if i, < 2/(") and i/, = 21",
then s < u is false.

The third case is when i, = i!, = 2!("). In this case both s and u are in the active domain, and the
formula below states that s < u:

dp,p’ FirstBIT(is, p) A FirstBIT (i,,p') Ap < p'A
Vg < p' BIT(is,p — q) > BIT(iu,p' — q),
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where FirstBIT(u,p) is the formula
BIT(u,p) AVq (p < q < (n)) = ~BIT(u, q)

expressing that v has length p.

The last case is when ¢, = 21" and i/ < 21" (that is, s is in the active domain, u is not). We
reduce it to the previous case as follows: s < w iff s = v or s < v, where v is the immediate
predecessor (in the < relation) of u. Note that for u of length [(n), its predecessor is in the active
domain, so if we can state this condition, then the previous case applies to test if s < v. To check
that a number m is such that v with N(v) = m is an immediate predecessor of u, we consider two
subcases. In the first subcase, n + i}, is odd (this can be tested with BIT). In that case, one should
test if 2m + 1 = n+4),. Note that in FO(BIT, <) we can only quantify over numbers not exceeding
n, so this test is done by
Jk (k+m=n)A(k+i,=m+1).

In the subcase when n + i/, is even, one should test if 2m = n + i/, which is done by 3k (kK + m =
n) A (k+ i, =m).

Thus, we have shown that every Boolean query can be evaluated in AC? over nice databases. Now
let @ be a Boolean relational query @, that is expressible in RC(C) by a query ¥. There is a family
of circuits C that computes ¥ on nice databases. Now, for a relational database, let enco(D) be
the standard encoding under which elements of the active domain of size k are coded as integers
1,...,k in binary. Given an arbitrary relational database D, consider ency(D) as the input to C.
Let Dy be a (nice) database over strings obtained from D by replacing the ith element of the active
domain with the string s such that N(s) = i. Then enc(Dy) = enco(D), and thus when it is given
to C, C returns ¥(Dy). But by genericity, we have Q(D) = Q(Dy) = ¥(Dy), which implies that @
is in AC?,

It remains to show that the data complexity of generic queries in RC(Sje,) is in TCP. Let ¥ be a
generic query definable in RC(Sjen). For each database D, let nice(D) be a database obtained from
D as follows: let adom (D) = {s1,..., Sk}, where s1 <jex ... <jex Sg- Then in nice(D), each s; from
D is replaced by a string s, with N(s!) = 4. Note that this transformation can be carried out in
TCP, as <jex is in AC? by Corollary 4.5, and counting the number of elements satisfying a formula
can be done in TC [7]. Furthermore, by genericity, D = ¥ iff nice(D) = ¥. The latter can be
checked in AC?, which gives us a TCY upper bound on the data complexity of generic queries. The
theorem is proved. O

One cannot draw any definite conclusions from the first statement of Theorem 4.10, as TC is
not yet separated from NP (although widely believed to be properly contained in DLogSpace).
However, the second statement, and known lower bounds for AC® [2, 35] give us:

4.11 Corollary Parity test and connectivity test are not definable in RC(Syey,).

We now prove lower bounds that show the complexity of Sien, queries, although within PH, may be
prohibitively high. Let MSO(SC) be the class of queries over SC expressible in monadic second-
order logic. This includes queries of high-complexity, namely for each level of the polynomial hier-
archy, PH, complete queries [3], in particular, NP-complete and coNP-complete ones (3-colorability
and its complement). Such queries cannot be expressed over arbitrary databases in RC(Se) (e.g.,
not over nice ones); however, they can be expressed under some additional assumptions.
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We say that the width of the active domain of an SC database D (over ¥*) is k if k is the maximal
size of a subset of adom (D) whose elements are pairwise incomparable by the prefix relation. It
should be noted that every database D can be transformed into a database D’ of width 1 which is
isomorphic to D with respect to the SC-predicates.

4.12 Proposition For every fixed k, all MSO(SC)-expressible queries can be expressed over
databases of width at most k in RC(SC, Siep).

Proof. Assume without loss of generality that 0,1 € Y. For a database D of width k, the set of
=<-maximal elements {s1,...,s;} of adom (D) has cardinality I < k, and thus prefiz (D) is the union
of chains prefiz(s1),..., prefiz(s;), where prefiz(s) = {s’ | s’ < s}. The idea of the proof is this: a
subset Z of prefiz(s) can be modeled by a string sz € {0,1}* of the same length as s, such that
s’ < sisin Z iff the prefix of sz of the length |s'| ends on a 1.

Now suppose an MSO(SC) query @ is given. We assume it is expressed by an MSO sentence @ in
which all quantified second-order variables are distinct. Let m,...,my be fresh first-order variables
(to be interpreted as maximal elements of adom(D)). We then associate with each second-order
quantifier 37 new first-order variables slz, ceey s’%, and define the following transformation ¢ — ¢°
of subformulae of ®:

Every atomic subformula other than Z(z), where Z is a second-order variable, is unchanged.

Every subformula Z(z) is replaced by (Z(xz))° defined as

k
\/ z < m; Ay < sy el(y,z) A Li(y).
i=1

(p1 % @2)° = @] x5, where * is A or V, (—¢)°® = —¢°, (3up)® = Jup®, where u is a first-order
variable.

A subformula 3Z ¢ is replaced by (3Z¢)° defined as

k
3sh, ..., 8% /\ el(sy, m;) A ¢°.
i=1
The result of this transformation is an open RC(Sjen) query ®°(myq,...,my). We now define a

Boolean RC(Sjen) as

Imi €adom . .. Im € adom VuEadom\/u <m; AN ®°(my,...,my),

1

stating that my,...,my list all (not necessarily distinct) maximal elements of adom (D), and that
®°(myq,...,my) holds. For a database of width at most k, this means that ®°(mg,...,my) holds
for the list of all maximal elements in adom(D), which happens iff D |= ®. 0

Thus, while not computationally complete as RC oneat, RC(Sjen) can express some queries that
normally would not be expected to be expressible in a first-order language.
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Recall that we had a linear time bound for the evaluation of Boolean RC(S)-queries on unary
databases. We show next, that this might not be the case for RC(Sje,). Even worse, there might
be even no fixed polynomial bound.

We consider ordered graphs as finite structures with a universe U of the form {1,...,n}, the natural
order relation < on U and a binary relation E. Let SC be the database schema with one unary
relation name R.

4.13 Lemma For every first-order formula ¢ on ordered graphs there is a RC(SC, Siep)-formula
¢" and an algorithm which computes for each graph G an SC-database D¢ such that G = ¢ if and
only if Dg |= ¢'. Furthermore, the algorithm works in time O(n?logn) on graphs with n vertices
and the maximum length of a string in D¢ is 2[logy n| + 1 and, consequently, the size of D¢ Is
O(n?logn).

Proof. We give the proof for ¥ = {0,1}. Let an ordered graph G with n vertices be given and let
m := [logyn]|. We define Dg as follows. Let ay,...,a, denote the lexicographically first n strings
of length m. We define the set R as

{ar,...,an}U{a;-0-a; |i <n}U{a;-1-a;| (j,i) € E}.

Intuitively, the strings ai,...,a, represent the vertices of G. There is an edge from vertex j to
vertex 4 if and only if a; - 1 - a; € R. The vertices a; - 0 - a; are used to get a; from a; - 1 - q;.

It is straightforward to check that D¢ has the desired size and can be produced in time O(n? logn)
assuming a suitable representation of G.

The formula ¢’ is obtained from ¢ as follows. First, all subformulas of the form 3z1)(z) are replaced
by 3z € adom(—-3Jy y < = A R(y)) A ¢(x). Intuitively, the quantification is restricted to minimal
elements of the active domain of Dg, i.e., to ay,...,a,. Note however that the next two steps will
introduce new unrestricted quantifiers.

Next, atomic formulas z < y are replaced by
Az,20,21 l0(2) =20 AN11(2) =21 N2 R A2y Ry
Finally, atomic formulas E(z,y) are replaced by

z1,22,y1,y2 lo(x) =21 Ali(y) =yi Az 222 Ayr 2 ya A R(22) A R(y2)A
Va3, ys(z1 < 23 2 22 Ayr < ys 2 ya Ael(zs, y3)) = (Lo(z3) < Lo(ys))

which states the existence of strings x5 and yo of the form z0z and y1z’ and such that, second line
of the formula, = z'. Tt is straightforward to check that G = ¢ if and only if Dg = ¢'. a

It follows from the lemma that a linear (or fixed polynomial) bound for the evaluation of Boolean
RC(Sien)-queries on unary databases would imply a fixed polynomial bound for the data complexity
of first-order sentences on ordered graphs. It would imply further a fixed polynomial bound for
the evaluation of first-order sentences on BIT-structures (cf., [6]). This, in turn, would separate
first-order logic from least fixed point logic on such structures and therefore imply the validity of
the ordered conjecture [49] with various consequences in complexity theory (see [6] for a discussion).

We cannot conclude from this connection that linear time evaluation for RC(Sje,) queries on unary
databases is impossible. But we cannot expect a proof as simple as that of Proposition 4.7 for
RC(S).
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4.3.3 Relational calculi over Sief, Sreg and Sieg ef

These calculi behave similarly to RC(S), although some complexity bounds are slightly different.
From the isolation property shown for all the structures and from QE results we conclude the
following;:

4.14 Theorem RC(Sjeri), RC(Sreg), and RC(Syeg left) admit the restricted quantifier collapse.

Furthermore, RC(Sty,), RC(Syy), and RC(S;"eg’left) admit the natural-active collapse.
4.15 Corollary RC(Sies;) queries have AC’ data complexity, while RC(Seg) and RC(Sreg,left)

queries have NC' data complexity. Furthermore, every generic query expressible in RC(Sjeft) or
RC(Sreg) is expressible in RC(<).

Proof. The proof of the AC? bound is the same as for Corollary 4.5 except that we need to show
that each fixed Sjegt formula can be evaluated in AC°. By the quantifier elimination result quoted
in the proof of Theorem 4.14, it suffices to show that every fixed quantifier-free formula in Sngft can
be evaluated in AC?. For that, we notice that every S;"; term can be evaluated in AC (since both
x —a and a - x operations are available), and the rest follows the proof for S.

For S,., we again use the collapse result and the proof that RC(S) queries with active-domain
quantification can be evaluated in AC (and hence NC!). The only difference is in evaluating the
Py, predicates, which can no longer be done in ACY as L may not be star-free. However, every
regular language is in NC! [65], and thus Pf, can be evaluated in NC! on its inputs, showing that
the data complexity of RC(S;eg) is in NC!. The proof for Sreg,left combines the proofs for Sier; and

Sreg-
The last statement follows from the collapse result and [10]. O

Note the contrast of the above with Proposition 4.12, which implies that relational calculus over
Sien contains problems complete for each level of the polynomial hierarchy. Theorem 4.14 is the
key for obtaining low data complexity. It follows from the isolation property of the underlying
structure, which fails for Sy, as it does not have finite VC-dimension (recall Proposition 3.2).

4.4 Safe Queries

All the relational calculi we study here contain queries that sometimes produce infinite output.
Thus one of our goals is to syntactically capture the safe queries in these languages, and to be able
to analyze safety properties of a query — for example, given an arbitrary query and a database,
to tell whether the output of the query on that database is finite. We saw that this cannot be
done if the set of operations includes concatenation. In contrast, for our five structures, we can
syntactically describe safe queries, give an algebra that captures these queries, and extend the
major decidability results for query safety analysis that hold for pure relational calculus.
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4.4.1 Effective syntax for safe queries: defining finiteness

The simplest way to show that safe queries in RC(M) have effective syntax is to show that one can
test if a given query returns a finite result on a given database. To do so, it is enough to ensure
that finiteness is definable in RC(M). Formally, finiteness is definable in RC(M) if there exists a
sentence ® in the language of M and SC expanded with a single new unary predicate symbol
U such that for any query o(z) and any database D, (D, p(D)) = &% iff (D) is finite. For
example, finiteness is easily definable in RC(Sje,) by

JyVz(U(z) — 3z < y el(z, z)).

Once finiteness is definable, an enumeration of safe queries can easily be obtained. Given a query
@(Z), let 1, (x) be another relational calculus query that defines the active domain of the output of
@. Let @fpafe be the Boolean query obtained from ®% be replacing U(-) by ,(-). Then ¢() /\<I>fp"j‘fe
lists all safe queries.

For traditional relational calculus, and for its analogs over order constraints, linear constraints, and
polynomial constraints, finiteness can easily be shown to be definable [11]. It is thus surprising that
for RC(S) this approach does not work:

4.16 Proposition Finiteness is not definable in RC(S).

Proof. We prove the proposition for ¥ = {0,1}; it is straightforward to generalize this for any
alphabet. We consider databases with one unary predicate U. We show by an Ehrenfeucht-Fraissé
game argument that, for each k, there are databases Ay and By such that U is a finite set in Ay
and an infinite set in By but Ay and By can not be distinguished by a RC(S)-formula of quantifier
rank k.

Let k& > 0 be fixed.

Let T; denote the set of strings of length at most 7. Intuitively, T; is the full binary tree of depth ¢
(and formally it is the same as X<%).

We use =, to denote equivalence in the k-round Ehrenfeucht game on structures based on S and
=; to denote equivalence in the k-round Ehrenfeucht-Fraissé game on strings.

We will use the following Claim.

Claim 1 There exist N and n > 0 (depending on k) such that for each i > N it holds that
(S, T;) =k (S, Ti1n). Without loss of generality we can choose N as a multiple of n.

Proof of the Claim: For every k, =; has finitely many equivalence class. Let N be this number.
By the pigeon-hole principle there exists two integers 4,5 such that s < N 4+ 1 and j < N+ 1 and
T; =i Tj. We show that for any two integers u,v, T, = T, implies T}, = T,y1, the claim will
then follow with n = j —i. To prove the latter notice that T4 is simply |X| copies of T}, plus one
node. Similarly T, is simply || copies of T, plus one node. The FOy, strategy on T, 41 and T4
mimics the strategy for T3, and T, on each copy separately and the root is played as soon as the
other root is played. O

Let m = 28n and M = 2% kn + N. Let A, be (S,Ty).
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Next, we define an infinite set S such that Ay and (S, S) can not be distinguished by a formula of
depth k. Let h be the string homomorphism which maps 0 to 0™ and 1 to 1™. We call a string w
normal if it is of the form h((01)?), for some i > 0. We call w semi-normal if it is h(v) for some
string v. The set S is defined as the set of all strings of the form uv, where u is a normal string
and v is a string of length at most N 4+ 2m. We set By, = (S, S). Note that S is prefix-closed and
that all maximal strings in By have a length which is a multiple of n.

For two strings v and w such that u is a prefix of w we write Ag[u, w] for the substructure of Ay that
consists of all strings v such that u is a prefix of v but w is not a strict prefix of v and analogously
for By. Let Mod,, denote a sequence Zjy, ..., Z,_1 of unary relations over (initial segments of) the
natural numbers such that Z;(j) holds if and only if (j mod n) = i.

For later use we need the following lemma.

4.17 Lemma (a) Let v,w be semi-normal strings and v',w' normal strings such that v is a
prefix of w and v' is a prefix of w' and |{w| < M — N. Let u = w —v and u' = w' —'. If
(u, Mod,) =}, (v, Mod,) then A[v, w] = Biy[v', w'].

(b) (h(0), Mody,) = (h(00), Mody,) and (h(01), Mody) =}, (h(001), Mod,,).

(¢) For each i > 2F +1 it holds that (h((01)2'*1), Mod,) =5 (h((01)%), Mod,,).
Proof of Lemma 4.17.

(a) Intuitively in the tree Ty, [v, w] consists of the path from v to w and of trees branching off
the strings on that path. By definition of Ay the tree branching off a string z of the path has
depth M — |z| — 1 which is at least N and congruent to N — |z — v| — 1 modulo n, as M, N
and |v| are multiples of n. More precisely, we refer here to the tree that is rooted at the child
of z which is not a prefix of w. Analogously, if 2’ is a string of the path from v’ to w’ in By,
there is a tree of depth (2m+ N) — |z’ —y'| — 1 branching off ', where /' is the longest normal
string which is a prefix of 2. Hence, the depth of this tree is at least N and it is congruent
to N — |2/ — /| — 1 modulo n. We can conclude from Claim 1 that the branching trees at z
and 2’ are k-equivalent, whenever |z — v| and |2’ — v'| are congruent modulo n.

By combining the winning strategy of the duplicator on (u, Mod,) and (u', Mod,,) with the
winning strategies on the off-branching trees we get (a).

(b) The first statement is shown by a standard game argument using the fact that A(0) is the
concatenation of 2¥ strings of length n. Each of these substrings is identically labeled by
Mod,,. In a k round game this can not be distinguished from the concatenation of 2 - 2¥ such
strings. The second statement follows directly from the first one.

(c) This can also be shown by a standard argument.

Next, we have to show that (S,Ty) = (S, 5).

Claim 2 The duplicator can play the k round Ehrenfeucht-Fraissé game in a way that guarantees
that the following holds after | rounds of the game.
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Let d = aq,...,q; denote the selected elements of Ay, and let b= bi,...,b denote the corresponding
elements in By.

There is a semi-normal string p; and a normal string q; (the pivot strings) such that

1. None of the a; has p; as a prefix and none of the b; has q; as a prefiz.
2. (A — prx, @) =¢ (Bx — qi*,b).

3. |py| < 12%n.

Here, Ay — p;* denotes the substructure of A; in which all strings that have p; as a strict prefix are
omitted and in which p; is a distinguished constant (and analogously for By — q;*).

Proof of the claim. It should be noted that, as ¢; is normal, By — ¢;* only contains a finite part of
S. In the proof, it will always be the case that p; is a prefix of p;+1 and ¢; is a prefix of ;4.

Because of condition (1) we can conclude from (2) that there is a partial S-isomorphism from @)

-

to b) at the end of the game. Hence the claim implies the statement of the theorem.
We prove the claim by induction on [. For | = 0 we choose py = gp = €. This guarantees (1)-(3).

Now assume that, for some [ < k, [ rounds have been played and there are p; and ¢; such that
(1)-(3) hold. We show that the duplicator can play in a way such that, for suitable choices of p;11
and ;11 (1)-(3) also holds for [ 4 1.

We distinguish 3 cases.

Case 1. The spoiler chooses a vertex in Ay — p;* or By — ¢;*. Then we simply set p;,1 = p; and
qi+1 = q and (1)-(3) follow directly.

Case 2. The spoiler chooses a string a;4+; which has p; as a prefix. Let u = a;+1 — p;.

e If v is of the form h(01) - v, for some v then we set p;; = p;-h(001) and g1 = ¢;- h(01).
e Otherwise we set p;r1 = p; - h(01) and ¢;41 = ¢; - h(01).

In both subcases, p;11 is not a prefix of a;y1. As |py1]| < |p| +3m < M — N it follows
from Lemma 4.17 (a) and (b) that in both subcases Ag[p;, pi+1] =k Bklai, ¢i+1]. Therefore
the duplicator can choose a string b1 in Bg[q, q+1] that guarantees a winning strategy
on Aglp;,pi+1] and Bglg;, qi41] for K — 1 more rounds. By combining this winning strategy
with the winning strategy on (A; — p*,d@) and (B — q*,b) we obtain a k — [ — 1 round
winning strategy on (Aj, — piy1%, @, a;41) and (B, — qip1%, b, biy1). Hence, we can conclude
(2). Furthermore, of course, (1) and (3) hold.

Case 3. The spoiler chooses a string b;.1 which has ¢; as a prefix. Let ¢ be maximal such that b,
can be written as g, - h((01)?) - v, for some string v. We choose q;41 = q; - h((01)**!) and

pr - h((01) 1) if i < 2%,
Pi+1 = 2k 41 .
pi - h((01) ) otherwise.

The choice of g1 guarantees that it is not a prefix of b;;1. From Lemma 4.17 (c) and (a)
it follows that in both subcases Ag[p;, pi+1] =k Brlai, q1+1]- This implies the existence of an
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appropriate a;1 in Ag[p;, pi+1] such that (2) holds again. By the choice of p; 1 and induction
we also get (1) and (3).

This completes the proof of the proposition. O

4.4.2 Effective syntax for safe queries: range-restriction

While post-checking finiteness is a way to obtain effective syntax for safe queries, one often wishes
to have a more explicit representation of safe queries. It turns out that we can get natural repre-
sentations for safe queries in RC(S) and RC(Sjen) and other calculi. The technique we use derives
from work on safe languages with linear or polynomial constraints [11]: for each query @, we ef-
fectively construct another safe query @' that gives an upper bound on Q(D), if it is finite. Such
explicit constructions are used to prove the theorem below, as well as to provide relational algebra
extensions.

We follow the idea of range-restriction as presented in [11]. A formula ~y(z,z) over M is called
algebraic if for every b, the set {a | M | y(a,b)} is finite. An RC(M) query in range-restricted
form is a pair @ = (y(z,y),¢(x1,...,2y,)), where ¢ is an arbitrary query and « is an algebraic
formula over M. The semantics is given by ¢(Z) A 3y€ adom (A, v(zi,yi)). That is,

Q(D) = ~y(adom(D))" N (D),
where v(X) = {a | v(a,b) for some b € X}. Clearly, every query in range-restricted form is safe.

4.18 Theorem Let M be S, or Sieft, Or Sreg, OF Syeg left, OF Sien. Then there is a recursive set I' of
algebraic formulae over M such that, given a query ¢(Z) in RC(M), there is y(x,y) € T' with the
property that the range-restricted query ) = (v, ) coincides with ¢ on all databases over which
@ Is safe.

Proof. The proof is based on a number of lemmas, which show that if a query ¢(z) is satisfied
by an element that is sufficiently far from adom(D), then ¢ returns an infinite result on D. The
definition of “sufficiently far” depends on the particular structure.

First, we need two observations. The first one is a generalized version of the pumping lemma for
finite automata.

4.19 Lemma For each sequence L1, ..., L,, of regular languages there is a number k such that for
each string z, |z| > k, there are strings u, v, w, with z = uvw and |v| > 0, such that for each string
x, each j € {1,...,m} and each i > 0,

ruvw € L < Tuviw € L;.

Proof of Lemma 4.19. Let, for each i < m, A; be a deterministic automaton for L; with transition
function §;. Without loss of generality we assume that all automata have the same set {1,...,n}
of states with 1 as the initial state. Let k := n™ and z be a string with |z| > k. For each j < m,
a < nand ! < |z|, let gjo) be defined as d;(a, 2[1,1]), where 2[1,1] is the prefix of z of length I.
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Le., gjo is the state of A; after reading the first I symbols of z starting from state o. As |z| > k
there must be l; # I3 such that gja;, = gja,, for all § < m and o < n. Let u,v, w be chosen such
that z = wvw, u is the prefix of z of length /; and v is of length Iy — ;. We claim that for every
Jj < m, every i« > 0 and every string z, zuvw € L; if and only if zuviw € L;. Indeed, let o be the
state §;(1,z). Then, as gjal, = gjal, We have §;(a,u) = §;(c, uv) = §;(e, uv®). Therefore zuvw is
accepted by A; if and only if zuv'w is accepted by Aj. O

Using this lemma, we show:

Claim. Let M = (X*,Q) be such that all operations in Q are definable in Sien. Then, for every
r > 0, there exists k > 0 such that for any string s with |s| > k, there are infinitely many strings
s’ satisfying (M, s) =, (M, s').

Proof of the claim. Indeed, let ay(z),...,q(z) list formulae (of quantifier rank r) that define all
the r-types of a single string over M. Since each «; is definable over Sj,, there is a DFA A; which
accepts a string s iff M = «;(s) [14]. In particular, the set of strings s which make a;(s) true is a
regular language L;. From Lemma 4.19 it follows, that there is a k such that, for each string s with
|s| > k there are infinitely many strings s’ that are contained exactly in the same languages L; as
s, i.e., make the same formulas «; true, which implies (M, s) =, (M, s'). This proves the claim. O

Given C' C ¥* and s € ¥*, let d(s,C) be |s| — [Meet(s, C)|, that is, the length of the relative suffix
of Meet(s,C) in s.

Given a database D, let prefiz(D) = {s | s < §',s' € adom(D)}.

4.20 Lemma Let p(z) be a RC(S) query. Then there exists a number k > 0, such that the
following holds. If D |= ¢(s) for some s with d(s, prefiz (D)) > k then there are infinitely many
strings ¢ such that D = ¢(c). If ¢ only uses prefix-restricted quantification then k can be effectively
computed.

Proof of Lemma 4.20. By Corollary 4.4 we may assume without loss of generality that all quan-
tification in ¢ is prefix-restricted. Let r be the quantifier rank of . We show that we can find &
such that the following holds. Let D be a database, and s a string with d(s, prefiz (D)) > k. For a
string u, let Cy, = prefix(D) U {s' | s < u}. Then there are infinitely many strings u such that the
duplicator has a winning strategy for the r-round Ehrenfeucht game on Cs and C,, (with the partial
isomorphism being with respect to the operations of S, and with s mapped to u); moreover, in
the winning strategy, the duplicator simply copies the spoiler’s moves on prefiz (D). Note that this
condition implies that in the final position all the SC-relations are preserved, and hence D |= ¢(s)
iff D |= ¢(u), thus implying the lemma.

To prove the above condition, let £ > 0 be given by the claim. Consider s with d(s, prefiz(D)) > k,
and let s’ be the relative suffix of Meet (s, prefiz(D)) in s. We have |s'| > k. We then have infinitely
many strings «’' such that (S,s’) =, (S,u'). Take any such string ', and form a new string
u = (Meet(s, prefiz(D))) - u'. It is clear that the required strategy exists for the duplicator on Cj
and C,,.

To show that £ can be found from ¢, note first that the conversion into a query with prefix-bounded
quantification is effective, and the claim is effective too, as any Sj., formula can be effectively
converted into an automaton. The lemma is proved. O
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Next we define | D = {s | |s| < |s'|,s' € adom(D)}.

4.21 Lemma Let ¢(x) be a RC(Sien) query. Then there exists a number k > 0 such that the
following holds. If D = ¢(s) for some s with d(s,] D) > k then there are infinitely many strings
¢ such that D |= p(c). If ¢ only uses length-restricted quantification then k can be effectively
computed.

Proof of Lemma 4.21. By Proposition 4.8 we may assume without loss of generality that in ¢(x)
all quantification is length-restricted. Let r be the quantifier rank of ¢. For any string s, let S},
be the structure (| s, <, (Lg)qex,el, s). By the Claim, we can find a number & such that for any
string s of |s| > k, there exist infinitely many strings s’ of |s'| > k with S{ =, S . Note that &

len =7 “len*
can be found effectively for a given .

Now assume that for some D and s, D = ¢(s) with d(s,| D) > k. Let m be the maximum length
of a string in adom(D), and sg the prefix of s of length m. Then s = sy - s; for a string s; of
|s1] > k. We now show that there are infinitely many strings s’ of length greater than m + k such
that the duplicator has a winning strategy in the r-round Ehrenfeucht game on Sj, and Sfén such
that the play is the identity function when restricted to strings of length not exceeding m. Clearly,
this suffices to prove the lemma, since |z| < m for all z € adom (D) and thus (D, s) =, (D, s') and

D = o(s').

. Sfeln (we know that there are infinitely many of them),

and let s’ be sq - 7. We prove that the duplicator wins the r-round game on S, and Sf;n. The

Consider any string s} such that S

strategy is as follows. The duplicator maintains (for his memory) a separate game on S and Sfeln.
If the spoiler plays a string of length not exceeding m, the duplicator’s response is the same string.
Assume that the spoiler plays x of |x| > m. Let © = z - 1 with z¢ being the length m prefix of

x. Assume that the spoiler plays it in S;,  (if the spoiler plays in Sfén, the proof is identical). The

len
duplicator then looks at the current position of the auxiliary game on S} and Sfeln (which is empty
until the spoiler makes the first move of length > m), and extends it by one move: spoiler’s move

. . . . s . .. s
is 1 on S;} , and the response is a string z} in S, according to the winning strategy S;} =, S, .

Having done that, the duplicator returns to the game on S}, and Sfén, and responds by z¢ - 2 in
Ss

len*

We now show that the duplicator wins the game. Clearly all L, predicates are preserved. Assume
that in S;, , u < v, where u and v are two moves in the game. Let v’ and v’ be the corresponding
moves played on Sfén. If both u and v are of length at most m, then v’ = u,v’ = v and v’ < v'.
If lul < m and |v| > m, then u' = u, and v is of the form vg - v}, where vy is the prefix of v of
length m, and thus «' < v'. If |u|,|v |> m then u/ < v’ by the winning strategy on Sf,_ and S
and the fact that v and v have the same prefix of length m. Next, assume el(u,v) holds. The case
of the length < m is trivial. If |u|, |v| > m, then u = ug - u1,v = vy - v1, where ug, vy are length
m prefixes, and by the description of the duplicator’s strategy, u' = ug - v} and v' = vy - v}, where
uy, v} are moves taken from the auxiliary game on S}! and Siselln. Since the duplicator wins the
auxiliary game, we have |u;| = [u}] and |v1| = |[v}|, and thus el(«/,v") holds. This completes the

proof of the lemma. O

For any set X, let NJ(X) = {s—s14s2 | s € X, [s1],]s2| < p}, and let N,(X) = prefiz(NJ(X)) (that
is, the prefix-closure of NI(,)(X)). Note that N, (X) = Nl?(preﬁw (X)), and Ng(Np, (X)) C Nk (X).
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4.22 Lemma Let ¢(z) be a RC(Sier;) query. Then there exist numbers [,m > 0 such that the
following holds. If D = ¢(s) for some s with d(s, Ny, (prefiz(D))) > [ then there are infinitely many
strings ¢ such that D = ¢(c).

Proof of Lemma 4.22. This follows from the normal form for Si (Corollary 3.15) and Lemma
4.20. O

4.23 Lemma Given a RC(Seg) query ¢(z), there exists k > 0 such that whenever D = ¢(s) with
d(s, prefiz (D)) > k, there are infinitely many strings ¢ such that D = ¢(c).

Proof of Lemma 4.23. To show this, assume by the restricted quantifier collapse and quantifier-
elimination for S}, that ¢ is of the form

Qy1 € adom...Qy; € adom \//\aij(x,gj’),
(]

where each «;; is either an atomic or negated atomic SC-formula, or an Sye; formula not involving
the variable x, or a formula of the form Py (t1(z,¥),t2(x,%)), where t; is either € or a M-term.
Let Ly,..., Ly, be the regular languages such that the formulae P, appear in ¢. We denote the
quantifier-free part (that is \/; A; ci;) by B(z. 7).

Let ¢+ > 1 and D [ ¢(s) with d(s,prefiz(D)) > k. We apply Lemma 4.19 to z = s —
(Meet (s, prefiz(D))), and let ¢ = (Meet(s, prefiz(D))) - uv'w,i > 1. We now show that for ev-
ery o € (adom(D) U {e})!, it is the case that D = B(s,%0) iff D = B(c, ). This will imply
D |= p(s) <> p(c) (see [10]) thus proving the result. To prove D = (s, 7o) <> B(c, o), it suffices
to show that D |: PL(tl(C,go),tQ(C,go)) <~ PL(tl(S,go),tQ(S,gjg)), where L € {Ll, . ,Lm}, as for
all other types of formulae a;; the equivalence is trivial.

We now fix iy € (adom (D) U {e})! and consider the atomic formula x(z) = Py (¢1 (2, %0), t2(z, 7))
If t;, 5 = 1,2 involves meets of z with some of the components of %, then the value of ¢; will be
the same on s and on ¢, as Meet(s, prefiz (D)) = Meet(c, prefiz(D)). Thus, if both ¢; and ¢5 involve
such meets, we have D = x(s) + x(c).

The other case is when £ is simply z, and in this case t; is either € or z N yél M...m yép, for some
components of 7y (we can include z in the M-term without loss of generality, since its value must be
a prefix of z, by the definition of Pr,). Since Meet (s, prefiz (D)) = Meet(c, prefiz (D)), t1(s) equals
t1(c) and belongs to prefiz(D). To prove D = x(s) <> x(c), it then suffices to show that s — sy € L
iff c—sg € L, which follows immediately from Lemma 4.19. This completes the proof of the lemma.
O

Finally, we need a lemma for S,eg jeft. Its proof follows from the normal form for S,eg jefy (Corollary
3.25) and Lemma 4.23.

4.24 Lemma Let p(x) be a RC(Syeg lert) query. Then there exist numbers [,m > 0 such that the
following holds. Assume that D = ¢(s) for some s with d(s, Ny, (prefiz(D))) > I. Then there are
infinitely many strings ¢ such that D |= ¢(c).

Proof of Theorem 4.18, completed. To prove the theorem, take an arbitrary query (%) and form
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¢(z) that defines the active domain of the output of ¢, that is, ¢(x) is

HyQa"'aynw(xayQa"'ayn) V...V E‘yla"'vyn—lw(yla"'ayn—lﬂx)'

It then suffices to prove the theorem for ¢(z), since 9 is safe for D iff ¢ is safe for D, and thus for
any v such that (v, ¢) is equivalent to ¢ on all D for which ¢ is safe, the same would be true for

(7,) and 9.

Having reduced the problem to queries on one variable, simply apply the corresponding lemmas.
For RC(S), given ¢(z), find the number k as in Lemma 4.20, and let y(x,y) say that z is a prefix
of the string of the form y - s with |s| < k. From Lemma 4.20 it follows that (v, ¢) is equivalent to
w on any D for which ¢ is safe. Finally, « is clearly algebraic, and expressible over S for any fixed
k.

For RC(Sien), given ¢(x), we get k from Lemma 4.21 and let y(z,y) be an Sjen formula saying that
the length of z is at most the length of y plus k. Clearly, this is expressible for each fixed k, and
(7, ¢) coincides with ¢ on any D for which ¢ is safe. This completes the proof of the theorem.

The proof for Sieg is similar: one gets [, ¢ from Lemma 4.22, and the formula ~(z,y) says that z
is at the distance at most [ from a prefix of a string of the form y — e + f, with |e|,|f| < ¢. The
proofs for S;eg and Syeg jefr follow the same idea. This concludes the proof of Theorem 4.18. O

4.25 Corollary For each of

the classes of range-restricted and safe queries coincide, and safe queries have effective syntax.

Note that for queries in RC(S) and RC(Sjen) that use a restricted form of quantification (prefix or
length), the proof gives us a stronger result: namely, the formula v can be effectively found for a
given ¢.

4.4.3 Relational algebras

It is a classical result of relational database theory that the set of safe relational calculus queries
is precisely the set of relational algebra queries [1]. This result extends to string calculi considered
here: safety theorems proved earlier can be used to show that safe queries in RC(S) and RC(Sjen)
can be captured by appropriate extensions of relational algebra.

Let safe_ RC(M) be the class of all safe queries in RC(M). To define algebras capturing safe_RC(M)
for the previous two structures, we need a number of operations extending the usual relational
algebra (that is, selection o, projection 7, cartesian product x, difference —, union U):
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R,: is the constant unary relation {€}.

04 foraformula a(zy,...,z,). Onan n-attribute relation R, it returns the set of tuples (s1, ..., s,)
from R such that a(sq,...,s,) holds.

prefix;: On an m-attribute relation R, it returns the m + l-attribute relation {(s1,...,Sm+1) |
(S15-+-y8m) € R, Sm41 = 8i}-

addly, a € ¥: On an m-attribute relation R, it returns the m+1-attribute relation {(s1,..., Sm+1) |
($15+-+,Sm) € R, Smy1 = 8; - a}.

lit Given an me-attribute relation R, |;(R) returns {(si,...,Sm+1) | (S1,.-.,8m) € R, |smy1| <
[sil}-

addf{, a € ¥ : On an me-attribute relation R, it returns the m + l-attribute relation
{(s1y-+y8m+1) | (S15-++8m) € R, Sm+1 = a - Si}.

trim{, a € ¥ : On an m-attribute relation R, it returns the m 4 I1-attribute relation
{(s1y-++y8m+1) | ($1,.+.,8m) € R, Smy1 = 8i — a}.

It should be pointed out that the formula « in o, does not refer to the database.

We now define the relational algebras:
RA(S) extends relational algebra with R., 0, where a ranges over FO(S) formulae, prefix; and
add1?.

RA(Sien) extends relational algebra with R, o,, where « ranges over FO(Sje,) formulae, |,
prefix,, and addly{.

RA(Sieft) is the extension of relational algebra with o, (where o ranges over Segt formulae), prefix,
addf{ and trim{.

RA(S;e) extends relational algebra with R,, 04, where o ranges over FO(S,s) formulae, prefix;
and addlf.

RA(S;egleft) extends relational algebra with R, 0o, where a ranges over FO(S,eq 1ef;) formulae,
prefix;, addl} and trim!.

4.26 Theorem e safe RC(S) = RA(S);

e safe RC(Sien) = RA(Sien);
e safe RC(Sie;) = RA(Sieft);
o safe RC(Sreg) = RA(Sreg);
o safe RC(Sieg teft) = RA(Sreg teft)-
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Proof. We start with RA(S). Every RA(S) expression produces a finite result, and the standard
translation from algebra to calculus (extended with rules for addl and prefix) shows RA(S) C
RC(S).

For the converse, let ¢(Z) be a safe RC(S) query. By Theorem 4.18, on every database D, the
active domain of the output of ¢ on D is contained in the set Vy[D] = {z | d(z, prefiz (D)) < k} for
some k > 0.

We first note that Vi[D] is definable by an RA(S) expression. Indeed, the active domain of D is
definable in relational algebra. Next, for each fixed string s and a finite set S, there is an expression
addl® that defines the set {(s',s’ - s) | s’ € S} simply by composing add1® operations. Thus, for
S = adom(D), we define S’ = J ;< add1°(S), and note that Vi[D] = m3(prefix,(5’)).

Let Dy, p) be the extension of D by one unary predicate interpreted as Vj [D]. Since g is safe, every
element of every tuple in p(D) belongs to Vi[D]. We know that in order to evaluate (%), it suffices
to restrict quantification to the prefix-closure of adom(D) and Z. Since Vi[D] is prefix-closed, this
implies that there is an active-domain query ¢'(Z) over the schema extended with one unary symbol
such that ¢'(Dy,p)) = ¢(D) (here active-domain means that all quantification is restricted to the
active domain, and that the output is only considered within the active domain of the input). By
[10], ¢' can be expressed by relational algebra extended with o,, for « ranging over S formulae.
Since Dy, [pj is expressible in RA(S) and (D) = ¢'(Dy,[p)), we conclude that ¢ is expressible in
RA(S).

The proof for Sie, is almost identical, except that one defines Vi[D] as {z | |z| < |y| + k,y €
adom (D)}, which is expressible in RA(Sjen) using the add1® operations and the operations | ;.

The proof for S,e, is identical to the proof of for S, as the set Vi[D] is expressible in RA(S,eq).
For Sjeft, the proof again follows the same lines: all that is needed is that the set N,(adom (D)) is
expressible in RA(Sjer) for a fixed p. But this follows from the fact that adom (D) is definable in
relational algebra, using prefix,addf! and trim{ it is then possible to define Nj(adom(D)). The
proof for S 1efi follows from the expressibility of V;[D] and Ny(adom(D)). 0

One of the operations in RA(Sjeq), |, is very expensive, as it may create sets whose size is ex-
ponential in the size of the input. This seems, however, unavoidable, as there are very expensive
(e.g., NP-complete) safe queries in RC(Sien).

4.4.4 Deciding Safety Properties of Queries

Although query safety is undecidable for pure relational calculus (and hence for any extension),
state-safety (given a query ¢ and a database D, is ¢(D) finite?) is decidable [64]. State safety is
also known to be decidable for various extensions of the form RC(M) (for example, for the natural
numbers with successor [64] or the real field [11]). For RC(S) and RC(Sjen ), this decidability holds

as well:
4.27 Proposition State-safety is decidable for RC(M), where M is one of

S, Slefta Srega Sreg,lefta Slen-

Proof. Given a query ¢(Z) and a database D, we obtain a formula ¢'(Z) by replacing each occurrence

-

of a schema predicate S(Z) by a disjunction Z = #; V...V Z = {,,, where {t1,...,t,} is the
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interpretation of S in D. Since the formula z = s is definable in all the structures for every fixed s,
¢’ can thus be viewed as a formula over Sje, such that Sy, = ¢’ (%) iff D | ¢(%). We now consider
the sentence ® defined as

3G VE (' (%) = IZ(N 2 < yi Ael(zi,3:))).
i
Then (D) is finite iff {@ | Sien = ¢’ (@)} is finite iff Sje,, = @, and thus the state-safety is decidable,
since the theory of Sy, is decidable. O

As query safety is undecidable, one often considers restrictions for which decidability can be ob-
tained. Here we look at one of the most fundamental classes of queries — conjunctive queries. We
take their definition in the context of interpreted operations from [11, 46]. A conjunctive query in
RC(M) is a query of the form

i=1

where k& > 0, each S; is a schema relation, @; is a subtuple of (Z, %) of the same arity as S;, and 7y is an
M formula. A Datalog-like notation for such a query would be ¢(Z) — S1(1), ..., Sk(ix), Y(Z, ).
In [11], safety of conjunctive queries was shown decidable for RC(M), for various structures M
on the reals with numerical operations. We now show a general result from which the decidability
results for string structures S, S, as well as those considered in [11] follow. We say that finiteness
is definable with parameters in M if for each formula (%, ) in M, there exists another formula
Pfin (7) such that M |= ¢gn (@) iff the set {b| M |= 4(b,d@)} is finite. Furthermore, 4, (7) can be
computed effectively.

4.28 Theorem Assume that M can be expanded to M' such that the theory of M' is decid-
able, and finiteness is definable with parameters in M'. Then safety of Boolean combinations of
conjunctive queries in RC(M) is decidable.

Proof. We start with a few easy observations about Boolean combinations of conjunctive queries in
RC(M). First, if (%) is a conjunctive query, it can be represented in the form 32'€ adom A; S;(@;) A
(@, Z). Indeed, given a query 3y A, Si(d;) A+ (Z,7), let Z be the subtuple of ¥ that consists of
y;s appearing in the S; atoms. Then the query can be rewritten to the one with active-domain
quantification only, where (%, Z) = 37/(Z, ) — here ¥ lists those variables in 7 that do not belong

to Z. We also note that every conjunctive query is monotone.

Next, every Boolean combination of conjunctive queries is equivalent to a union of queries of the
form a(Z) A =B1(Z) A ... AN =p(Z), where k > 0, and «a, (1, ..., are conjunctive queries. Indeed,
one puts a given Boolean combination in DNF, and observes that a conjunction of two conjunctive
queries is a conjunctive query again, and since true and false are by definition conjunctive queries,
we can assume that £ > 0 and that one conjunctive query is present without negation.

Thus, we must show that it is decidable whether a query ¢(Z) of the form a(Z) A=51(Z)A. . . A=Sk(Z)
is safe. Let a(Z) be 3Z€ adom /\é:1 Si(d;) Ny (Z, 2).

We show the following claim: if there exists a database D such that ¢(D) is infinite, then there
exists a database D’ with at most [ tuples such ¢(D’) is finite. This in turn follows from the
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Model Data complexity | Data complexity | Effective syntax | Relational | Safety of CQ
of generic queries | for safe queries algebra
RC(S) ACP FO(<) yes yes decidable
RC(Sien) PH AC? yes yes decidable
RC(Siett) AC? FO(<) yes yes decidable
RC(Sreg) NC! FO(<) yes yes decidable
RC(Sreg,left) NC! FO(<) yes yes decidable
RC concat undecidable undecidable no no undecidable

Table 2: Summary of results on query languages

following: let D; be the set of all databases D’ with at most [ tuples such that D’ C D. Then
a(D) = Uprep,a(D’'). Indeed, the D inclusion follows from monotonicity, and the C inclusion from
the fact that to witness @ € a(D), it suffices to find b such that /\é:1 Si(iZ;) A ~(@,b) holds; if such
b exists, the [ tuples S;(i;) form a database D’ for which @ € a(D').

Now, suppose ¢(D) is infinite, and D has more than [ tuples. We have a(D) = UD’E'D; a(D'"), and
thus ¢(D) = Upiep, (@(D') NN; =Bi(D)) € Uprep, (a(D') NN; =Bi(D')), since =f;s are antimono-
tone. Since ¢(D) is infinite, for some D’ € Dy, ¢(D') = a(D") N(; ~Bi(D’) is infinite. This proves
the claim.

Let t stand for t_}, e ,t_ll, e ,t_zl’, . ,t_f, where p is the number of relation symbols in SC, and # is
a tuple of variables of the same length as the arity of S;. For a query q of the form «(%) A =81(Z) A
... A=Bi(Z), let ¢(Z,t) be the M formula obtained by replacing each S;(i) with Vé-:l U= t_; Then
M = ¢'(7,t) iff Dg = (%), where Dy is the database in which S; is interpreted as {#},...,#}. By
the assumptions on M, we know that in the expanded model we have a formula qgn(E) such that
M' = g (t) iff the set of & such that ¢/(#,t) holds is finite. In other words, it holds iff ¢(Dy) is
finite. Hence, the sentence Vtg} (t) is true in M iff ¢(D) is finite for every database with at most
[ tuples, which by the previous claim means that ¢ is safe. The decidability of the theory of M’
now implies the decidability of the safety of g. The theorem is proved. O

We know that Th(Sje,) is decidable [14]. Moreover, finiteness is definable with parameters: for
Y(Z,9), PYan(Y) is FE(VTY(Z, §) — IZN\,; 2i < u; el(z;, 7;)). Thus:

4.29 Corollary The safety of Boolean combinations of conjunctive queries in RC(S),
RC(Siett), RC(Sien), RC(Sreg) and RC(Seglery) is decidable.

Table 2 summarizes the results of the section.

5 Conclusion

There has been significant interest in theoretical computer science in understanding the structure
of the regular languages, and in identifying subclasses of the regular languages that have special
properties [67, 65]. Our work can be seen as an extension of this program, where we consider
subclasses of the regular n-ary relations rather than the regular sets. In our approach, however, we
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do not focus on properties that hold of one particular regular relation by itself, but rather look at
some desirable properties of a whole algebra of relations within the structure Siey,.

We have shown a sharp contrast between the behavior of the full algebra of regular relations of Sy,
and those of various submodels such as S, Sief;, Sreg, and S,eg jeri. We show that the latter are more
tractable in many respects. Furthermore, we show that the behavior of an algebra of relations is
not at all determined by the one-dimensional sets (subsets of ¥*) in the algebra: for example, one
can have fairly complex binary relations definable, yet still maintain the property that all definable
subsets of X* are star-free. Figure 1 summarizes the relationships between the star-free and regular
algebras we considered here.

We have also studied extensions of the standard relational calculus with various sets of string
operations. We were interested in languages that were not computationally complete, but rather
shared the attractive complexity-theoretic and static analysis properties of relational calculus.

The language RC(S) can be seen as a nice foundation over which other languages should be built.
It covers the most rudimentary string operations, but its expressive power is quite limited. The ex-
tension RC(Sien) is too powerful (but still not computationally complete). We therefore considered
the languages in between — RC(Sieft), RC(Sreg), RC(Sreg lert) — that can express some important
operations found in RC(Sje,), but still have low data complexity. All the calculi have effective
syntax for safe queries, and corresponding relational algebras.

A key question is how many relations one can add to the models Sief or Sy and still have the
attractive properties like QE, finite VC-dimension, and a nicely-behaved relational calculus. Is
there a model that is somehow maximal with respect to these properties? We would very much like
to know the answer to this question. There are also several natural candidate models that would
seem amenable to the approach taken here, and where one would expect the same results to go
through: for example, if one allows the operation of concatenating a fixed sequence “in the middle”
of a string, rather than on the left or on the right, is the resulting model still tractable?
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