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We use sheaf models to undertake a constructive
analysis of the effects of admitting non-construc-
tive choice sequences to mathematics.

§1 PREAMBLE

"A choice sequence is an infinite sequence of
natural numbers whose terms are generated in
succession; inthe process of generating them,
free choices may play a part. At one extreme,
the selection of each term may be totally de-
termined in advance by some effective rule: a
sequence generated by such a rule is a lawlike
sequence. At the other extreme, we have a se-
quence the selection of each term of which is
totally unrestricted: these are the lawless se-
quences. In between are those choice sequences
the selection of whose terms is partially re-
stricted in advance, but not completely deter-
mined." Dummett (Elements, p. 418)

The general notion of choice sequence allows that future choices need
not be entirely free: they may be subjected to effective restrictions
laid down at any stage. For example, we may impose the condition

that the finite initial segments of our sequence should belong to

some subtree S of the tree of all finite sequences, or that they
should be generated by applying some function to the results of some
other generating process. Different notions of choice sequence arise
from differing types of restriction. Following Troelstra (CS) and
Dummett, we shall consider in turn various different notions.

Our analysis starts, not from a conception of a particular notion of
choice sequence but rather, from a particular conception of the data
which may be available at some stage. This then determines a notion
of choice sequence. Our aim is to provide a formalization for various
notions of data which will allow the informal but rigorous discussions
found in Troelstra and Dummett to be replaced by calculations. For
those who understand the jargon, we say immediately that sites codify
particular conceptions of data. Formally, a type of data 1s a site; a
category equipped with a Grothendieck topology. The forcing definition
for these sites formalizes the type of conceptual analysis described
by Troelstra. We give the basic definitions below. For the general
theory we refer the reader to Makkai & Reyes (1977) and Kock (1981).

1.1 Representation of data by a site. A category is a collection
of states  (objects) and arrows representing incoming data:
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Note that, incoming data may transport one from one state to another -
backwards along the arrow, or may leave one in the same state. 1In a
given state only certain items of data may be received. Data may be
received cumulatively (provided the associated states match up) so we
have a partial operation *, obviously associative. The identities
required by the definition of a category correspond to giving no
information <>: V -+ V. We normally call the arrows morphisms.

By introspection, we may recognize a truth whose verification seemingly
requires more data by observing that, no matter which of an exhaustive
collection of possibilities for extra data transpires, the verification
will occur. We call such exhaustive collections of possibilities for
future data covering families. Formally we require that these satisfy
the axioms for a Grothendieck pretopology:

1) {<>} covers U for each state U,
2) I£K={f:V, »U]| feK } covers U, and e: W ~ U
then { g | e*xg factors through some feK } covers U.

These are clearly valid for the intuitive notion to hand.

1.2 Remarks. Our models are similar to the familiar Beth and Kripke
models. Formally, the forcing definition for sites is that for Beth
models with bars replaced by abstract covers, and passage to a later
stage, <, replaced by arrows representing incoming data, -.

We make a distinction between a constructive explanation of meaning,
given in terms of a notion of proof, and an intuitionistic explanation
of meaning which we shall give in terms of data. Unlike Dummett,
(Elements p. 403) we do not view these as rival accounts. We assume
a basic conception of the mathematics of lawlike or constructive
objects. (We discuss later the minimum demands we make on this
metatheory - which may be classical.) We introduce various notions
of data and representations for non-contructiwe objects based on
these notions. Our analysis of the meaning of predicates involving
non-constructive parameters leads us to the justification of various
intuitionistic principles; it does not affect the mathematics of law-
like objects. Technically the theory of non-constructive objects is
a conservative extension of our metatheory.

Our project is not novel: Beth models were introduced to formalize
just such an explanation of meaning. Our use of categories in place
of posets arises from a basic philosophical difference. We aim, not
to give a model of the activities of a single idealized mathematician,
but rather, to analyse the objective mathematical truths which may be
justified on the basis of a particular conception of data. Thus, for
us, the information to hand at a particular time is not, in general,
part of the state, but part of the representation of a particular non-
constructive object.
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Two extreme examples of categories are posets and monoids. In a poset,
there is, for each pair of objects <p,g>, at most one morphism p<g
from p to g. Posets represent a totally subjective conception of

data, which identifies the state with the information to hand. A
monoid is a category with only one object, only the morphisms and the
(total) operation of composition matters. We use them to represent
objectively conceptions of data for which we can recognize that

future possibilities for data are independent of the information to
hand.

Some types of restriction on future data compel us to consider sepa-
rate states to represent the differing data which is acceptable. 1In
these cases an objective viewpoint amounts to being able to juxtapose
two states given independently to give a single process. Formally,
given two states A and B, there is a state A x B accessible from A
and B by morphisms
TA TB

A +——A X B—— B
which are covers and for each pair e: C— A and f: D—— B there is
a unique e x f making the diagram commute

A—— C

e x f

o - X —>
w
Q
ge—— x —

l

Note that, A x B is not a categorical product since we have no pair-
ing in general. The requirement that the "projection" maps cover
says that, we can always introduce a new process independent of that
under consideration.

1.3 Definitions. A spread is a subtree S ¢ N$N with every branch
infinite: if aeS then a+neS for some neN. For a:N— N, we say aeS
iff Va.(xeda — aeS). If S and T are spreads, a neighbourhood
function F: § = T is a monotone function such that for each neN, the
set of nodes aeS such that Lth (F(a))>n is an inductive bar of S.
Given aeS and F: S— T we define F(o) by cea — F(a) € F(a).

Spreads represent subsets of 1B, neighbourhood functions represent
continuous functions. Composition of neighbourhood functions gives
the composition of the associated functions. Some functions are
canonically represented: in particular, the open inclusion corres-
ponding to a finite sequence e is represented canonically by la.e*a
(and in many other ways by merely deferring the information); more
generally, if f is an open map it has a canonical representation

Fla) = Al b | acf t() }.

Countable dependent choice and a suitable form of Bar Induction imply
that every continuous function has a neighbourhood function. We
write B for the universal spread of all sequences.

§2 TYPES OF DATA

The examples which follow should make clearer the translation from
the informally rigorous description of a notion of choice seguence to
the appropriate site.
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2.1 Open Data. The simplest data we shall consider, open data,
consists of finite sequences a of natural numbers. We can construct
a sequence o from such data in many ways, the simplest of which is

to consider the information thus far received as an initial segment
acea. We have decided in advance that, having received the informa-
tion a we will treat subsequent data (another finite sequence, b) in
a particular way: we concatenate axb. Thus there are various states
which in this example may be identified with the information to hand.
Incoming information takes us from one state to another.

j%_ a i} a*b

A b

Abstractly, we have a category whose objects are the states and whose
morphisms represent finite amounts of information. In our present
example this structure is represented abstractly as the tree of
finite sequences or, more concretely, as the category of basic opens
of Baire space and open inclusions between them.

Since, to recognize that ceaxn for some neN it suffices to recognize
that oeca, we must let { a*n | neN } cover a for each finite sequence
a. These covers generate the open cover topology for formal Baire
space (see Fourman & Grayson (this volume)). Our analysis has merely
served to reconstruct the Scott (1968) - Moschovakis (1973) model.

From a more objective view of mathematics the distinction between
various states seems unjustified: it portrays the activity of a
particular idealized mathematician rather than the mathematics which
results from reflection on the general nature of such activity. A
more satisfactory model (from this point of view) is given by the
monoid of finite sequences. We can picture this concretely. as the
monoid of neighbourhood functions canonically representing open
inclusions. Again the appropriate topology is the open cover topol-
ogy. This model corresponds to the liberation of the idealized
mathematician: realizing her situation, she can transcend it and is

free.
: &

This conception of open data allows that all possible data can be
coded up in a single choice sequence.

2.2 Independent Open Data. We modify our model to consider not a
single generating process but a potentially infinite collection. It
is essential to distinguish this from a potentially infinite sequence
of processes, which we could code as a single choice sequence. The
force of this distinction is that, at any stage, the information we
have is just the collection of initial segments to hand. They are
not taken in any particular order.

The subjective states for this notion consist of finitely much infor-
mation about finitely many sequences. Concretely we represent such a
state by a basic open Ug BR modulo any action by a permutation of n.



Notions of choice sequence 95

Actually it is more convenient to consider basic opens as states. At
any stage we may introduce finitely many independent generating
processes as well as obtaining more information about those already
considered. We represent such information by a map

Jg——m Vv

il m
Bm BU

which is induced by the projection corresponding to some injection
n o m. The morphisms induced by permutations of n have the effect
of identifying states which represent different orderings of the
same collection. In addition to allowing open covers as before, we
stipulate that the projection

U —— 7T{U)
ni ni

BM ——— BN

is a cover. This reflects the possibility of adding finitely many
independent processes to any discussion. In general, a family of
morphisms covers iff the union of the images is an (open) cover of
V. All the morphisms here are open maps and we shall later consider
them as represented canonically by neighbourhood functions.

Again, we have arrived at a well-known model: according to Hyland
(personal communication), the forcing definition for this model
corresponds to the Kreisel-Troelstra elimination of lawless sequences.

A more objective representation of this type of data is obtained by
identifying states in which the same number of generating processes
are considered. The site we use to represent this type of data has
as objects, the various BR, and as morphisms, compositions of pro-
jections Bm—— BN induced by nc—— m and open inclusions Bn—> Bn
induced by n finite sequences. Once more, all the morphisms are open
maps canonically represented by neighbourhood functions and we use
the topology in which a family of morphisms covers iff its images
cover.

2.3 Lawless Data. This conception of data was motivated by the
following passage from Troelstra (CS p. 16):

"Suppose we have started two lawless sequences o
and B, alternately selecting values: a0, RO,

al, BRl, o2, B2, ... . Now we may also regard this
as a single process Yy, with y(2n) = an, y(2n+l) =
An. However, we cannot regard o,B8,Y as all being
lawless within the same context: either we have
to decide o and B to be lawless, and then y is a
sequence . . . which is not itself lawless . . .;
or we consider Yy as lawless, inwhich case o,B are
sequences (not lawless ones) constructed from vy."

This discussion cannot be expressed in the Kreisel-Troelstra
formalisation of choice sequences. This is because, their notion of
lawlessness is not an objective one. In our previous example, all the
states are, in fact, remarkably similar: B" is homeomorphic to B.
Essentially, the differences between the states arise because we have
chosen a coding B = Bl in term of which we choose which maps to put in
our category. We now take the point of view that different codings
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simply reflect different ways of considering the same reality. Thus
the controversy as to which of a, B and y are lawless, in our
example above, arises from the difference in viewpoint formalized

by the pairing B = B X B.

We now consider an abstract view of the same kind of data, which is
independent of such codings. We call this lawless data, it consists
of those endomorphisms e: B + B which can be decomposed as "pro-
jections modulo some coding”:

e = j_l.n,i g —T . pn
for some homeomorphisms Ul u
i and j. U - v
AN /]
B

As usual, all our morphisms are open maps and we use the topology in
which surjective families cover.

We shall see that lawless sequences for this conception of data
behave more sociably than is traditional. For example, two views of
the world may at some stage turn out to be the same so equality is
not decidable. To formalize our discussion of this type of lawless-
ness, we shall introduce a notion of independence: basically, o and
B are independently lawless iff y = <a,B8> is lawless. Returning to
Troelstra's example, a, B and Y are lawless o and B are independent
and vy is independent of neither of them.

2.4 Spread Data. Here we attempt to formalize Brouwer's description
of the generation of a free choice sequence.

. . . the freedom of proceeding, without being
completely abolished, may at some time p, undergo
some restriction, and later on further restric-
tions."

Brouwer (Cambridge p. 13)

The restrictions discussed by Brouwer demand that future choices be-
long to some spread. Spreads correspond to certain sublocales of B.
We consider such sublocales F & Bn and morphisms between them induced
by projections. We take as covers projections and open covers. This
gives us (in this example) the topology in which a family covers iff
the interiors of its images cover.

This topology involves no new insights, many stronger topologies
(more covers) are conceivable: It is certainly plausible that we
might justify the conclusion that every member of a spread S belongs
to one of the spreads T; without showing that the interiors of the T,
cover S, by appealing to particular properties of S. This would be
reflected in our models by adopting a stronger topology. What we
will show is that it is consistent to assume that the only covers are
those we have built into the definition of the topology.

The main insights justified by this conception of data are the
relativisation of ¥Ya 38 choice and continuity for lawless a to
lawless elements of some spread and the extension of Bar Induction
to give induction over arbitrary spreads.

Brouwer's conception of choice sequence has been criticizad for not
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being closed under continuous operations. The spreads we have intro-
duced are blank or naked spreads, which, for Brouwer, simply provide a
framework for the generation of mathematical entities. By attaching
"figures" to some nodes of a spread S we produce new objects. In
particular, any neighbourhood function F: S = T produces for each
choice sequence 0€S a sequence F(a)eT. The infinite sequences gen-
erated in this way are clearly closed under those continuous opera-
tions which have neighbourhood functions. We shall see that (in our
models) all lawlike functions have neighbourhood functions. Further-
more using such dressed spreads (with £e <S,F> interpreted as, for
some aeS, £ = F(a)), we shall see that an axiom of "spread data" is
valid for these sequences.

2.5 Continuous data. We start from Brouwer's 1933 description of

a dressed spread as reported by van Dalen (Cambridge p. 17 ). Here A
generates a lawless sequence 0 and B applies to it a neighbourhood
function to obtain a sequence F(a) as described earlier. We modify
this picture by no longer requiring that A's sequence be lawless:

it may in fact be generated as a continuous function of some sequence
generated by X who, in turn, refers to Y, and so on. We require that
although this chain of dependence may be potentially infinite, all
that B can be aware of at any given stage is a finite chain of de-
pendencies, resulting in the knowledge that 8 = I'(a) for some o
generated by someone down the line, and some neighbourhood function
r.

We represent such data by a neighbourhood function I': S =+ T between
spreads. Note that, although in principle we should want to consider
dependence on more than one sequence, such data reduces to dependence
on a single sequence by means of the pairing B x B = B. We give this
category the "open cover topology" in which the canonical representa-
tives of a covering family of open inclusions form a cover. Of all
our models we believe that this one best represents the notion of
choice sequence. Nevertheless, we discuss two variants.

Firstly, if we are concerned only with extensional properties, we can
use continuous functions in place of neighbourhood functions.
Secondly, if instead of using arbitrary spreads we consider the

monoid of continuous functions B -+ B, with the open cover topology,
we obtain a model for Kreisel and Troelstra's theory CS. (This was
observed independently by Moerdijk & van der Hoeven (1981),

Grayson (1981) and the author (1981)). The forcing definition for
this model corresponds to the elimination mapping for choice sequences
of Kreisel and Troelstra (1970).

In these models we verify full va 3B choice and continuity princi-
ples. The advantage of the extended model in which we allow arbi-
trary spreads as domains is to justify restricted versions of these
and extended Bar Induction as for spread data.

2.6. Other types of data. In our paper Continuous Truth (1982) we
consider more general types of data; in particular, data represented
by continuocus maps between opens of Rn, We also give a general treat-
ment of the "elimination mappings" associated with each type of data
and the relationships between various types of data mediated by geo-
metric morphisms between the corresponding topoi.
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§3 NON-CONSTRUCTIVE OBJECTS

We now embark on the analysis promised in 2.1. An understanding of a
collection of objects is merely an understanding of what it is to be
presented with such an object and of what it is to show that two such
objects are equal. This does not automatically give rise to a deter-
minate collection of predicates; rather we must introduce predicates
by explicitly giving their meanings. Other predicates may, of course,
be compounded from ones previously understood using the logical con-
nectives.

We suppose the meanings of statements involving lawlike parameters,
quantification over lawlike objects and the meanings of the logical
connectives applied to such statements, to be understood. Tradition-
ally, an explanation is given in terms of an informal notion of con-
struction (for example, Dummett (Elements p. 12ff.)). Our explain-
ation of the meaning of statements involving non-constructive objects
is independent of this (and, to a large extent, of its results),
similar to it in form, and different from it in content. The meaning
of a statement involving non-constructive objects is given in terms
of a constructive understanding of which items of data justify a
given assertion.

3.1 Non-constructive Objects. Our archetype is giyen by Brouwer's
notion of a dressed spread: A partial function ¢ assigning lawlike
objects to the nodes of some spread S. The idea is that any choice
sequence 0 of the spread S generates successive approximations, ¢(a)
for aea, to a non-constructive object ¢(a). Abstractly, we assume
that the constructive objects ¢(a) have a preorder, x <y if x contains
"more information" than y, and that ¢ is monotone, a <b implies that
¢(a) <¢(b). For example, any neighbourhood function ¥ represents such
a non-constructive object ¢ in that it says what information F(3)
about £ can be justified on the basis of the data ae¢B. Once the data
e has been assimilated, further data will be treated differently;
then,on the basis of data a, we may justify ¢(e(a)). The assimilation
of the data e causes us to change our repnresentation of £; we call
this change restriction along e and use %ee toO represent¢1e, as

(%ee) (a) = ¢(e(a)). This is why data should be represented concretely
by neighbourhood functions.

In general then, a non-constructive object given in state U is (re-
presented by) a monotone map £: U -+ P where P is some partially-
ordered domain of lawlike objects, and the assimilation of data is
represented by composition of functions. Abstractly, the non-construc-
tive objects based on a given poset of lawlike objects form a presheaf.
(For more examples of suitable domains of lawlike objects, see

Fourman & Grayson (this volume).) Constructive objects are represented
by themselves, as sections of constant presheaves.

3.2 Meaning. For a mathematician in state U, the meaning of a state-

ment ¢ involving non-constructive parameters is given by saying which

items of data e justify ¢. We write this relation el|l- ¢ and write

Ul ¢ for <>| ¢ . The definition is inductive.

Firstly, we have two basic properties of this notion of justification:
if K is a cover of U and e||- ¢ for each ec<K, then U||- ¢

if V|- ¢le then el]- ¢ ,

where e: V > U and ¢1e is the result of restricting each parameter,
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Secondly, we give the meaning of basic (atomic) predicates. The basic

statements we may make concerning non-constructive objects are few
(two) :

intensional eguality: if ale = Ble then e|l-az8

finite information: if o(e(<>))< p then ell-aep

For basic predicates involving only constructive parameters,
if ¢ then ell¢.

Finally, we explain the meanings of the logical connectives:

A if Ul¢ and |~V then |F¢ a v
v if U|l¢ or |F¢ then |Fo vy
E] if U|l¢(a) then Ul 3x.¢(x)

if for all e, if ell-¢ then el|l-v, then U|}¢ v
if for all e: V »U and each £ given at V we have
V|l¢le(a), then Ul vx.¢(x)

1 is never explicitly justified, although it may become
so at some nodes by virtue of the general clauses above
(this eventuality does not arise in our present models).

We claim that this definition reflects the intended meaning of state-
ments involving non-constructive parameters. It coincides with the
standard forcing definition for sites. We also define quantification
over independently generated free choice sequences: for e: V -B.

if  Uxv]4¢]wm;(e]T2) then U|l voece.¢
if  UxWl¢]m1 (B]T,) then Ul Jace.d
(for any B: W = B which factors through e)
(In §3.4 we see how to regard e in general as a subset of B .)

3.2.1 Lemma. 1) fllole iff exf|l¢
2) if ell¢ then exfll¢

3) ell¢ iff ¢, if ¢ has no non-constructive parameters
or quantifiers.

3.3 Basic Types. We have represented non-constructive objects
abstractly as (local) sections of certain separated presheaves. We
now see that this representation gives us the higher types defined
formally in sheaf models. To save space we then treat these

models more or less formally. We ask the reader to bear in mind that
the models are intended to reflect the meaning of non-constructive
mathematics as well as its formalism.

3.3.1 ILemma. If F, G: U - T represent non-constructive objects at
U theén

Ul F e &N  iff F is a neighourhood function
ul-F =¢ iff F and G represent the same function

Where = is extensional equality.

<

In any sheaf model the discrete spaces N and N N are represented by
.constant presheaves. In our present models, the (set of points of)
Baire space is represented by the separated presheaf of continuous
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Baire - valued functions (see CT). Thus the non—~constructive
sequences we have defined correspond extensionally to the abstract
sequences Yiven by the higher-order logic in sheaf models. The pre-
sheaf B (U) = (U,N‘N) of neighbourhood functions represents Baire
space intensionally. The representable presheaf @ (U) ¢ B (U)
represents the free choice sequences for the notion of data concerned.
The idea is that nothing more is known of them than can be given
directly by data.

Non-constructive objects are represented extensionally as continuous
maps to formal spaces (see Fourman & Grayson). Restriction is given
by composition. The basic predicates are given by

squality if ale = ale then elfa =
finite information if (ale)”!'(p) = T then e|Foep.

For consideration of extensional properties it suffices to consider
our sites extensionally as categories of continuous maps.

3.4 Lawlike Objects In general, we think of constant presheaves as
representing lawlike objects. 1In most sheaf models there is no can-
onical way in which to define "the" collection of lawlike elements
of a given sheaf. In our present models we define the collection of
lawlike elements of a sheaf X to be the subsheaf L(X)SX generated by
global sections of X. We claim that L(X) is a constant sheaf: Sup-
pose a and b are global sections if A | a=b then AxB | a=b whence
B | a=b (as projections are covers). (For monoid models of course
the topology is irrelevant and we always have a notion of "lawlike"
given in this way.)

. <
Of course, the discrete spaces N and N N

some other examples:

are lawlike. We now give

3.4.1. The lawlike elements of B are given by the constant functions
in B (U), which are canonical representatives of the constant func-
tions .

3.4.2. The collection Ky of lawlike operations (B =+ X is given by
the Yoneda Lemma: T (Ky) = X(B) with the action
U | F(a) B £ iff Flo = &

Note that these are given intensionally. However, every lawlike
operation with non-constructive objects as values is given as a
neighbourhood function and thus acts extensionally.

3.4.3. Lawlike data; Morphisms with codomain B may be viewed as
subobjects of B as follows: For e: U =+ B and £&:¢ V -+ B

if £ factors through e then V | £ee
In each model £ce is in fact definable: e may be viewed as an element
Fe of Ky and
"~V |l VE.(Eee+> 3ael.Fe(a) = E).
(Where U is the representable presheaf.)

If u: U>— B is monic then £eX(U) may be viewed as a lawlike function
defined for all aeu by

U |k F (u]8) = &18.
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§4 PROPERTIES OF THE MODELS

All sheaf models provide interpretations of HAH. These ones have
special properties. We view this as justifying certain intuitionistic
principles on the basis of particular conceptions of data. We assume
choice principles for lawlike objects, (which is constructively un-

exceptionable). This allows us to reduce existence on a cover of U
to existence on U itself for lawlike objects (as every open cover of
U has a disjoint clopen refinement). For continuous data, existence

on a cover always reduces to existence on U, as covering families of
monomorphisms generate the topology.

Below, &, [ range over non-constructive objects, a, B, y over free
choice sequences, e, £ over data a, b over B and n, m over N. We
use X, y as variables for lawlike objects in general, and write
£el to signify that £ is lawlike.

4.1 Choice Principles. We obtain countable lawlike choice with
non-constructive parameters.

ACN* |F¥Y A(vn3x.A(n,x) +3fvn.A(n,f(n))).

From the remarks above, this is standard. For continuous data, the
same proof gives

ACNB* |{F¥YA(Yn3E.A(n,E) + 3Ifvn.A(n,f(n))).

It is perhaps surprising that for open data (for example) this is not
justified. As ® is representable, we obtain, for those models in
which projections are covers, forms of Yo 3 x choice:

ACH I v AeL( ¥Yaeu. 3 x.A(a, x) - 3fel. Yaeu.A(a,f(x)))
AC®* | vA( Yoeu.3x.A(a,x) > 3V3fel Yoeu.Afa,f(a,¥)))

For ACQ , suppose A is lawlike and U | Ya3=xA(o,x), then

UxB |F v a3x.A(a,x) whence B |} A(id,a) for some ¢ X(B). This
a represents the required function as in 3.4. For ACB* if

Uxv T|— 3 x.A]m, (u]w,,x) then Uxv | Alm, (ulm,,a) for some a & X(UxV).
Now introduce parameters ¥ for U and view a as a function of these
and aeu as in 3.4. Note that, for continuous data, ¥ and V coin-'
cide.

For continuous data, the same proofs give v o 3% choice principles:
ACR& |F v 2cL( ¥ aeu,3E.A(a,E) +> 3. Fel, vacu.Ala,F(a)))
ACB®* |- vA(V oeu.35.A(a,E) > 3 FeL.aY.VYasu.A(a,Fla,{)))

For the monoid model for continuous data, in which we do not allow
restrictions to arbitrary spreads, we obtain a stronger form:

ACBB** |-V A(V 03E.A(a, &) +3feL. Va.A(a, F(a)))

Suppose B[ va3£.A(o, £) then B|F A(id, £), for some £eX(B) which
represents the required function.

In each case above, we may replace Va by V 0i1,...0n and Yaceu by.
¥ 01€U1,...,8p80, and obtain the corresponding choice principles with
the same proofs. The same remark applies to our principles below.

4.2 Continuity Principles. The first principle,we call Existence of

ED |F va. vaeL(a(o) + 3 eeD. (ace AVBee.A(B)))
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Given ae B(U) with U[FA(a), view o as an element of D to justify ED.
We also obtain a stronger form for data in which independent gener-
ating processes may be introduced:

ED* H_ \z@l,---,dp(A(Otl,...,ocp) +3u1,...,up

(M ajeui AVB1€U1, ..., BpElp.A(Er,...Bp)))

Suppose BPxU WXV|FA1n(u;,...,up) where W is a basic open and the uj
are components of the inclusion. These ui do the trick:
WXWXV|[FA(ui,...,up) as the two possible orders for considering W are
isomorphic.

The second general principle is that every lawlike functicn defined on
is given by a neighbourhood function. We have already see (3.4)
that elements of B (B) represent lawlike functions. By 3.2.1.(3) these

may also be viewed as neighbourhood functions in the model. The
application defined in 3.4 is just standard application of neighbour-
hood functions carried out internally. Thus,

K |F YFerL: & - B. "F is given by a neighbourhood function."

The same remark holds for functions to other non-constructive domains
and for those defined on subspaces of & given by monic data u. Note
that the F above are a priori given intensionally, it is a consequence
of K that they act extensionally. This remark is not deep, it shows
how little intensional information we have taken into account. We
finish this section with the remark that all objects are lawlike
functions of a finite number of free choice parameters

U |FvE3naFeL.3 a1,...,00-8 = F(O1,...,0p)

(U is for Uniformization).

This enables us to make good an earlier promise. Dressed spread data
holds in all our models as a consequence of the existence of data for

free sequences because if 3%,F.{ = F(T) then for any A we have
A(E)«+A(F(a)) .

4.3 Brouwer's Dogma of Bar Induction is also built into our models.
We show that

- vrke NN

(K monotone A K inductive > (Va3 neK.aen =+ <> gK))

Note that K is not required to be lawlike. Suppose that Ul "K is a
monotone, inductive bar". Consider

K = {<v,n> | V[F n K|V with Ve Gy, nen®

K is monotone and doubly inductive (i.e. XK is a closed crible in

Ny

© (UxB)). Thus if XK covers UxB then <U,<>> & K and we are done.
Now UxB |F‘Vm€K1ﬂ1.ﬂ2€m, by persistence of forcing so
K* = {<V,n> | Vxn | me K|m1 A 7,em for some m} covers UxB. But K*
S X because

vxn |- me K]m, iff V |- meK as projections cover
and Vxn li- myem iff n>m.

Thus we are done. Clearly, the same proof justifies bar induction
over any spread which occurs as a state in our representation of data.

4.4 Equality. We begin by considering open data, which models the
theory LS, lawless data and spread data, which give another kind of
lawlessness. For all of these, extensional and intensional equality
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coincide:
|Fva,B (a=8 +— a=8).

The major difference between them is that, for open data free se-
quences have decidable equality

|k ¥a,8 (a=Rv Ta=R)
Whereas for lawless and spread data,
-1 va,B (a=8v 1a= B).

In these models we can represent the notion of non-constructive
objects generated by independent processes. Given xeX(U) and
yeY (V) let

uxv |k x|m # y{m, "x is independent of y".
Then W |- x ¥ y iff locally there is a cover p: UXV - W with
x1p = xqm, and yﬂp = yﬂwz for some xe X(U) and ye Y(V).
For free sequences, independence 1s definable:

[k va,8 (0 3 B<++ 1o = B) for subjective open data,

[F va,B (¢ ¥ B <> 3y.y = <a,B>) for lawless and
spread data.

Note that for other types of data such a predicate becomes trivial
since a priori independent processes might later be found to be
related.

For these types of data, the qguantifiers V, 3 satisfy the axioms

and rules given by Troelstra (CS, p. 35). They have the effect of
quantifying over lawless sequences generated by processes independ-
ent of any under consideration

|- YOor,eeer Opl ¥ (Q1,4..,0p))
For lawlike predicates we have
|[F¥AeL (Y a.A(@) «>va ($(@)> A(a)))
Thus ED* coincides with the usual form of open data.

We conclude our discussion of these variations on open data by list-
ing some simple properties whose verification is left to the reader.

|F¥az3a.aeca Free sequences are dense.
IFveilva(l1E=a +~ £=0) Free sequences are very dense.
For open and lawless data, we also have,

|- va.lceL Free sequences are not lawlike.

For continuous data, extensional and intensional equality do not
coincide

Ik 30,8 (0 =Ba 10 = 8)
every sequence is free
- v £3a.E = o

4.5 Identification of Data. All the data we have used is given by
neighbourhood functions. As we remarked in 4.2, these just act
internally as lawlike neighbourhood functions. Thus data is given in
general as analytic data with a class of functions restricted appro-
priately for each notion of data. For open and lawless data, this
reduces internally to open data. For spread data it is Jjust spread
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data in the tradional sense. For continuous data it is analytic
data. We know the internal and external characterization coincide

by 3.2.1 (3). For each type of data, we have the property of density
D [F YeeD. 3 a.cce ,
trivially, as o can be taken equal to e.

§5 CONCLUDING REMARKS

5.1 Metatheory. We have been somewhat cavalier in our use of higher
types. In particular, we have stated many principles in universally
quantified form, using quantifiers which are constructively unaccept-
able. The corresponding schemata may be justified by our methods
using a metatheory equivalent to IDB,; (CS p. 31). For a discussion
of this see v.d. Hoeven & Moerdijk (l982).

5.2 The Other Kind of Lawlessness. The model we presented at the
Brouwer Symposium, we now view as ad hoc. We considered the monoid
of local homeomorphisms of Baire space with the open cover topology,
and picked out a domain of "lawless sequences" represented by the
local projections. We now view the lawless data presented in 2.3 as
a better representation of the notion we had in mind. The free sequ-
ences for this notion of data have all the properties we mentioned in
our abstract.

5.3 Other Models. Once this project was well-advanced, the author
realized that few of the ideas here are really new. The elimination
translations of Kreisel and Troelstra coincide with our models for

LS (open data) and CS (continuous data) as remarked above. Thus, it
cannot be said that there is anything more than a difference in view-
point distinguishing our approach. More concretely, Dragalin (1974)
uses essentially the same ideas as us to construct essentailly the
same type of model. We hopethat the presentation of these ideas as
sheaf models will at least aid progress by providing a mathematically
apt setting for comparing various notions of choice sequence. It is
on the level of philosophical analysis that we hope to have provided
something novel. For example, we claim that the verification of the
axioms of CS in the monoid model for continuous data, provides an
adequate conceptual basis for these axioms: acoherent notion of choice
sequence and a verification of the axioms based on this notion.

5.4 Acknowledgements. Dana Scott's suggestion, made while discussing
an early version of CT, that I consider lawless sequences as abstr-
actly "generic" elements in sheaf models, led to the present paper.
I am also grateful to Michael Dummett: both for his lectures which
introduced me to intuitionism, and for helpful comments on an
earlier draught of this paper. I hope his influence is discernible.
I wish to thank Dirk van Dalen and Anne Troelstra for their lectures
at Oxford while I was a student, their encouragement and hospitality
during many visits to the Netherlands, and a most stimulating conf-
erence. Finally, I wish to thank the ZWO and the NSF for their fin-
ancial support.




Notions of choice sequence 105

REFERENCES

Brouwer, L.E.J;, (Cambridge), Brouwer's Cambridge Lectures on Intuit-
ionism, van Dalen, D., ed.(Cambridge Univ. Press, Cambridge
1981).

van Dalen, D., An interpretation of intuitionistic analysis, Ann.
Math. Logic 13 (1978) 1-43.

Diaconescu, R., Change of base for toposes with generators, Journal
of Pure and Applied Algebra 6 (1976) 191-218.

Dummett, M., (Elements), Elements of Intuitionism (Oxford Univ. Press,
Oxford, 1978).

Dragalin, A.G., Constructive models for theories of intuitionistic
choice sequences, in: Investigations on formalised lang-
uages and non-classical logics (Nauka, Moscow, 1974) 214-
252 {(in Russian).

Fourman, M.P., (1981) A model for the theory of choice segquences (CS)
(abstract), Amer. Math. Soc. Abstracts, to appear.

- (1982) Continuous Truth, in preparation (abstract, Amer.
Math. Soc. Abstracts 2 (1981) 282).

- & Grayson, R.J., Formal Spaces, this volume.

Grayson, R.J., A sheaf model for choice sequences, manuscript,
Mlinster, 1981.

van der Hoeven, G.F. & Moerdijk, I., Sheaf models for choice sequ-
ences, to appear.

Johnstone, P.T., Topos Theory (Acad. Press, London,1977).

Kock, A., Synthetic Differential Geometry, London Math. Soc. Lecture
Notes 51 (Cambridge Univ. Press, Cambridge, 1981).

Kreisel, G., Lawless sequences of natural numbers, Comp. Math. 20
(1968) 222-248.

- & Troelstra, A., Formal systems for some branches of intuitionistic
analysis, Annals of Math. Logic 1 (1970) 229-387.

Makkai, M. & Reyes, G., First Order Categorical Logic, Lecture Notes
in Math. 611 (Springer-Verlag, Heidelberg, 1977).

Moschovakis, J.R., A topological interpretation of second order
intuitionistic arithmetic, Comp. Math. 26 (1970) 261-275,

Scott, D.S., Extending the topological interpretation to intuition-
istic analysis, Comp. Math. 20 (1968) 194-210.

Tierney, M., Forcing topologies and classifying topoi, in: Heller,
A. & Tierney, M. eds., Algebra, Topology and Category
Theory: a collection of papers in honor of Samuel Eilen-
berg (Acad. Press, New York, 1976) 211-219.

Troelstra, A., (CS), Choice Sequences, A chapter of intuitionistic
mathematics (Oxford Univ. Press, Oxford, 1977).



