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*A Compact Non-Iterative Poisson So1ver

O. Buneman

E1ectrical Engineering Department

Stanford University

Subroutine "XYPOIS" converts a two-dimensional array of M by N

charges Q into the corresponding array of potentials. It so1ves Poisson's

**equatiQn in the finite-difference form :

2~ - i -i
above be10w +

S 2~ - 11eft -fright 2Q

where S is the square of the ce11 ratio,

The.same array is used for the fina1 potentials as for the initia1 cha%ges.

More precise1y, one prescribes (M-1) by (N-1) interna1 charges,

and arbitrary boundary potentials "Q" are prescribed on the periphe=y

of the rectangul.ar charge domain. The peripheral Q-values w111 be 1eft

untouched and after ca11ing XYPOIS one has an (M+1) by (N+1) array of

potentia1s from the original. charges and 2(M-1)+2(N-1) bounda..-y va1ues.

M and N' must be powers of 2.

The doub1e array ~, with m from 0 to M and n from 0 to N for

* Work supported by AEC Contract AT(04-3) 326 PA 20

**Th~ factor 2 in front on the charge was chosen for convenience. The
correct scaling of the charge per unit 1ength depends on the user's
preference for units.
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potentials but m from 1 to M-l and n from 1 to N-l for charges, is listed

as a single array with the index I = mrn(M+l). The corner elements,

among them the element m = 0, n = 0 with I = 0, are never required -

which is fortunate, or, one might say, fortranate~ The total Q-array to

be declared in the main program should be (M+l)·(N+l)-2. The numbering

of elements is illustrated in figure 1.

The principle of XYPOIS is cyclic reduction in two directions:

The 'Zolumns 'i are related to Q by:

Ai = 2Q + 'ileft + 'iright

-where A is tri-diagonal, with 2 + 2/s in the diagonal, -liS on each side.

On left-multiplying with A one obtains:

where vector and matrix arrows have been omitted, 'rr' stands for the

subscript two to the right, '11' for the subscript two to the left and

where

A' A2
- 2 = (A - I2)(A + f2) ••• factors A - 2cos(odd nl2)

I
Q' = 2A-I Q + Qr + Ql(branch '26' and DO loops '27', '22', IPHASE = 3)

This has thrown out odd potential columns. On doing it again one throws

out twi~e-odd potential columns:

A":" = A"(Q"-Q' - Q' ) + 2Q" + if! + if!
~ 11. rr 1111 rrrr

with

A": (A- J2:+- I2)(A- 12- ~)(A+ /2- J2)(A+ J2+- (2) ...factors A-2coS°Ii:d:rc
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and

-1
~' = Q' -Q -Q +Q' +Q' + A' (2Q' + Q' +Q' -Q -Q -Q -Q )r 1 rr 11 rr 11 r 1 rrr 111

(branch '28' and DO loops '29', '22',IPHASE = 4)

This throw-ou~ or "MODE Z' operation is continued till the center column

is related to the two given lateral columns. Subsequent filling-in is

done in "MODE I" by going through branches '24' and '20', folloring DO

loops '25', '22' and '23', '22' respectively (IPHASE = 2 and IPHASE = 1).

The matrix inversions are by means of "cyclic reduction" Bnd the

reader w1.11 recognize the scheme above as the principle of cyclic reo-
,"'

ductio~ of G. H. Golub (private communication 1965) extended"from

scalars to vectors. An outer loop can IE built around XYPOIS which uses

the same principle at the next level and solves Poisson's equation in

three dimensions. See Varga (1962), p. 195 on cyclic reduction.

OUr algorithm is so arranged that one never multiplies by a matrix

A or A' etc. One only diVides. Otherwise one would run into very large

numbers. (A precaution against such large n.umbers has been built into

the inner cyclic reduction loop for scalars, which~ employ multi-

plica~ions - see the IF statement following DO loop 21. The multiplier

limitation should be raised if one desires higher precision than the

22-bit single precision of an IBM 360.) Some of the additions in the

formation of Q" could be eliminated if one kept separate potential and

charge arrays, however in the present algor!thm we overwrite all quan-

tities labeled Q, Q', Q" etc. and eventually place ip-s in the same

register.

- The number of multiplications is ~m 10g2N approximately and several

times that many additions. Typically it is like going over the entire
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grid With the direct Poisson operator about 10 times. One could compare

this·with 10 iterations in a relaxation scheme and ask how near to

machine accuracy one gets With zero apriori information on the charge.

The diagonal elements for cycliC reduction within each factor of

A', Ai' etc. are purely algebraic. That they can be expressed as

cosines of multiples of nlN is coincidenta~, but it shows that XYPOIS

. bears some hidden relationship to the method of Hockney (1967) emplo~ng

the Fourier analysis of Cooley-Tukey (1965). The quantities 2cosLnlN

are generated 1n the statements up to statement "~' in XYPOIS and stored

under the name TWOCOS, an array which must be allowed the length N.

They could be obtained from a cosine function instead but should always

ce prestored for speed. In repeated uses of XYPOIS the TWOCOS generator

can be taken outside the subroutine. The register RECIP must be M/2 long

and merely stores some recurring coefficients of the inner cyclic

reduction loop. The register P is also for temporary storage, namely

of that array of length M which is currently processed through this

inner loop.

The statements beginning with 'I = M + l' just before '5' and

ending in the following' IF' are concerned with transferring the given

boundary potentials at the top and bottom edges into adjacent surface

charges. This enables one to run the inner cyclic reduction With zero

terminal elements (note P(M) = 0 while P(O) is not referred to):

equation 1 shows the eqUivalence of a top edge potential t with a

charge just below of value i/2S and zero top edge potential. If, as in

m~n~ applications, the top and bottom "plates" are kept at zero potential,

the statements 'I = M+l' through '5' and down to the folloWing ',IF" may
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distributions.

be om:f.tted. At the lateral boundaries the 'transfer is unnecessary.

The core of the subroutine begins with the statement 'MODE = 2'. Timing

tests should begin there.

The ratio S is redundant in many applications and it pays, for the

sake of speed, to erase multiplications by S whenever one uses solely

S = 1. It is a useful parameter when one wants a poteritial array print-

out without distortion on standard IBM printers which have a cell ratio

of 3/5 or S = 0.36.

Such potential printouts (contour maps) have been found extremely

instructive for monitoring any calculation which involves potential

I
An illustrative "MAIN' pro~ is therefore shown below

whi.ch, after setting boundary potentials and six internal charges,

calls XYPOIS, determines potential maximum and minimum (00 loop 45), and

then prints out the potential, discretized into the 32 levels indicated

by the character declaration following the DIMENSION statement. Al-

ternate levels are left blank to give visual contour display. The

procedure for introducing boundary potentials, and the numbering, are
.~

exempiified here: the left and right boundaries have the potential

rising linearly to a maximum of 128.0 (00 loop 40) then going linearly

and more gently down to 32.0 at the top (00 loop 41). Across the top

edge th~ potential is ~ade to climb parabolically up to 64.0 in the

Imiddle (00 loop 43), while the potential is kept zero at the bottom. The

internal charges form a hexagon around the center m = SO, n = 20 after

zeroing the charge elsewhere (00 loop 42). The user might like to try

out this MAIN program together with the subroutine just as shown, and

5
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reproduce the contour pattern shown in Fig. 5.

The subroutine solves the difference equation to machine accuracy

as has been tested by injecting random charges and boundary potentials~

then differencing the output potentials as in our first equation and

making the comparison with the original charges.
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-----~---- _._ .._----

1 M+M1 M+NF*M1 1
-----+--------------------------------+--------

t·1F I I r·1F+~J*tn

I I
I I
I = m + n*M1 1
1 1

• 1 1
• 1 1 •
2 I 1 2+N*M1
1 I 1 l+N*~ll

-----+--------------------------------+--------
M1 NF*Ml 1

Fig. 1a. Numbering of mesh-points,
general case; definitions:
M1=M+1, MF=M-1, NF=N-1.

(128) 1 257 386 8255 1
-----+--------------------------------+--------

127 256 385 825~ 1 8383
1
I

= m + n*129 I
1
I

. . . . I .
2 131 260 8129 I 8258
1 130 259 8128 I 8257

-----+--------------------------------+--------
I 12~ 258 8127 1(8250 )

Fig. lb. Numbering of mesh-points,
case M=128, N=6~.

FIG. 1..
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SUBROUT)NE XYPO'SCM,N,S,Q,P,TWOCOS,RECIP)
DIMENSION Q(1),PCl),TWOCOSC1),RECIPC1)
TWOCOSCN/2)=O.
LO=N/2.

1 L=LO/2
TWOCOSCL)=SQRTC29+TWOCOSCLO»
LO=L

2 TWOCOSCN-L)=-TWOCOSCL)
L=L+2*LO
'FCC2*L/N)*C2*LO-3» 4,3,1

3 TWOCOSCL)=CTWOCOSCl+LO)+TWOCOSCL-LO»/TWOCOSCLO)
GO TO 2

4 LO=N/2
JU=CN-l)*Cf.1+1)
IU=M-!
1=t.1+1

5 QC(+1)=QC'+1)+.5*Q(I)/S
1=I+M+l
Q"-2)=QC'-2)+.S*Q('-1)/S
IFCI.LE.JU) GO TO 5
PCM)=O.
ID=1

FIG. 2.
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t·10DE=2
L1=2*LO
IPHASE=2*MOOE-LI/N
JO=(f.!+l)*N/LI
JH=(M+l)*(N/(2*LI»
JT=JO+JH
JI=2*JD
JO=JD*r·100E
DO 11 J=JO,JU,JI

Jl=J+l
JIU=J+IU
GO TO (20,24,26,28),IPHASE
DO 29 I=Jl,J IU

PI=Q(I)-Q(I+JTj-Q(I-JT)
Q( 1)=Q( I )-Q( I+JH)-Q( I '~'+Q( I+JO)+Q( I-JO)
P(I-J)=PI+Q(I)

GO TO 10
DO 27 I=Jl,JIU

P( I-J)=2.*Q( I)
Q(I)=Q(I+JO)+QCI-JO)

GO TO 10
DO 25 I=Jl,JIU

P(I-J)=2.*Q(I)+QCI+JO)+QCI-JO)
Q(I)=Q(I)-QCI+JH)-Q(I-JH)

GO TO 10
DO 23 I=Jl,J IU

P(I-J)=2.*QCI)+Q(I+JO)+QCI-JO)
Q(I)=O

DO 22 L=LO, N, LI
A=2.+S*C2.-TWOCOSCL»
RECI PC 10)=1./A
11=2*10
DO 21 I=II,IU,II

P(I)=P(I)*A+P(I+IO)+PCI-IO)
A=A*A-2.
10= 1I
IF(CA.LT.l.E8).AND.(10.LT.M/2» GO TO 19 '
A= S/A
DO 18 I= I I, 1U, I 1

PCI)=P(I)*A
10=11/2
A=RECIP(lO)
P(IO)=(S*P(IO)+PCII»*A
10=10+11
DO 17 1=10, 1U, 1I

PCI)=(S*PCI)+PCI+ID)+P(I-IO»*A
I I =I 0
IF(IO.GT.l) GO TO 16
CONTINUE

DO 11 I~Jl,JIU
Q( I ) =Q CI ) +PCI- J )

GO TO CI4,13,12,12),IPHASE
LO=LO/2
IFCLO.EQ.l) MODE=1
GO "0 15
LO=2*LO
IFCLO.LT.N) GO TO 15
RETURN
END
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45

47

44

50
ri§I!!.' 51

DIMENSION Q(8383)~P(128),TWOCOS(64),RECIP(64)

LOGICAL*l KP(129), STAR/'.'/,LIT(32)/'0',' ','1',' ','2',' ','3',
&' ','4',' ','5',' ','6',' ','7',' ','8',' ','9',' ','A',' ','B',
&' ','C',' ','0',' ','E',' ','-F',,' 'I

DO 40 1=1,32
Q(I)=4.*1
Q(I+8256)=Q(I)

DO 41 1=33,127
Q(I)=160.-1
Q( I+8256)=Q( I)

DO 42 1=128,8256
Q( 1)--=0.

J=O
DO 43 1=128,8255,129

Q{I)=64.-(32.-J)**2/32.
J=J+1

Q(78+20*129)=-20.
Q(79+21*129)=-20.
Q(81+21*129)=-20.
Q(82+20*129)=-20.
Q(81+19*129)=-20.
Q(79+19*129)=-20.
CALL XYPOIS(128,64,.36,Q,P,TWOCOS,RECIP)
PMAX=O •
Pt-11 N=O.
DO 45 1=1,8383

IF(Q(I).GT.PMAX) PMAX=Q(I)
IF(QCI).LT.pr~IN) PMIN=Q(I)
CONTINUE

WRITE(6,47)PMIN,PMAX
FORMATCIHO,2F20.6)
SC=31.99999/(PMAX-PMIN)
J=-l
KP(l)=STAR
KPC129}=STAR
10=2
1U=128
DO 48 J=IO,IU

KP(I)=LIT (l+IFIX(SC*(Q(I+J~-PMIN»)

\tJ RI TE( 6, 5 0 ) KP
J=J+129
10=1 .
IU=129
IF(J-8255) 49,44,51
FORMAT{lH ,129A1)
STOP
END-

FIG. 4.
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8888
8888

88888
88888
81888

181818
181988
....88
....18
881818
888188

88888
88888

888B
B888

881
88

5555
5555S

ISS55
555

US
55555

55lS
5555

6666
66666
66666
6666666

6666666
666666666

68666666666
6666666686666

66666666666
6666566

66
666666

11666666
66166666

1116666
666666

86666
66666

66666
6666

01 2 ) ~ 5 6 11 8 9 A B·C U E F FFFF EEEE Dono eeec BBBB AAAA 99999 8188 71111
I' 2 ) ~~ 5 6 7 8 9 A B ee 0 EE EEEEEE nonD eeee BBBRB AMAA 99~99 18888 7777
1 2 JJ ~ 5 6 7 8 99 A BB C DO 000000 ecccc DBRBD AAMA 99999 18888 77777
1 2 J ~ 55 6 77 8 99 A B ee DDDDDDDnD eeeeee BRBB AAAAA 999q9 888188 77177
1 22 J ~~ ; 66 7 89M BB eeeeee eeeeeeeee BB8BB MM 99999 B88888 7111177
1 22) ~ 55 6 7 8 9 AA 8BB BBBBBB MAM 99999 8888818 17177177
1 2 JJ ~ 5 6 7 8 99 AAA BBB6BDBBBBBBBBRBRBB AAAAA 99999 8888888 7777777777
1 2 J ~ 55 66 7 88 99 MA MMhA 9999 888888 7777777777711
1 2 ) ~ 55 66 I 88 99 MMAM MAAAMAA 99999 88888 77777777777/777
11 22 3) ~~ 5 66 17 18 999 AMMAAMAA 999999 BI8I8 77777777777
11 22 n ~~ 55 66 77 88 99999 9999999 88888 771777
11 22 H ~~ 55 66 777 9188 99999999999999999999 8888 7777 666666666666
II 2 H ~~ 55 66 77 B888 999999 88888 7777 6666666666666666666666666
11 22 3) ~~ 555 66 717 888888 8888888 7777 6666 66666666666 777
11 22 H ~~ 555 666 777 888888888888888888888 711 666 5555555555555 6666666666 171117
11 22 H ~~~ 55 666 77711 :888888888888 7117 6M 555 5555 666666666 771177711
11 22 53 ~~ 55 666 77177 77117 666 555 ~~~ H~ 5555 66666666 7777777711
11 222 H ~~ 55 6666 1171177 -117777 666 55 ~~ JJJ 53J H 555 66666666 777777777
11 22 JH ~~~ 555 6666 77777771777777777777777 666 55 ~ H 2 7 J ~~ 555 6666666 77777777
11 22 H ~~ 555 6666 7717777177177J1J17 666& 55 ~)J2 1000 2) ~~ 5555 6666666 77777777
111 22 H ~~~ 555 66666 771777771177 6666 55 ~~ J 2lDOnOnl H ~~ 555 666666 77777777
III 222 JH ~~~ 555 666666 6666 55 44 J 2 000 2 JJ ~~ 555 66666 7711717
III 222 H ~~~ 5555 66666 UU6 555 4~ JJ 2 2 J ~~ 555 666666 1777777
III 222 )JJ ~~~ 5555 666666 661186 555 "J H" 5555 666666 7777777
III 22 JH ~~, 5555 6666666 6666666 5555 ~,~ JUJJ) ~~ 555 66666 7777717
111 21 3JJ ~'" 55555 666666666 66666666 555 H~ ~H~ 5555 666666 7777777
111 211 3JJ3 ~" 5555 6666666666 6666666666 5555 ~H'~4H~~ 5S555 666666 7771777
III 222 JJJ '" 55555 666666666666666666666666686 55555 55555 666666 7777777
III 221 HJ "" 5555 666666666666666666666666666 5555555 555555S 6666666 7777777
III 222 HJ "" 5555 6666666666666666666666668666 5555555555555555 6666866 7771177
111 221 '3) "" 55555 66666666666666666666686666866 55555555 66666666 77777771
111 222 33) ,,~ 55555 66666666666 66666666666666 66666666 7777117
111 222 JJJ ~~,~ 55555 6666666666 66666666666666 66668666666 17771777
III 222 H3 ~~~~ 5555 866868886 6666666666666666666666666686666666 777777177
III 222 JH ~H' 5555 66666886 66666666666666666666666666 777777177
111 122 JH ~~~~ 55555 6666666 6666666666666666 77771177717
III 222 JH ~H 5555 6666666 177717771777
III 222 nJ ~~~ 5555 6666~66 71717717 1717777771711
111 22 JJJ ~~~~ 5555 68666 1777777777717777777777 7777777771177777
III 22 5H ~~~ 5555 68868 777777777777777177771777777771777717 77777717777777777777177
111 222 H3 ~~~ :i555 66666 7777777777717177717177177777771771771117711777777777777777777777777777
111 222 n ~~~ ;555 6666 777777777177 17777777177777777777771117777777777777777771177
111 222 H3 4~~ 555 6666 777777777 77777777777771717777777777777777777777
111 22 JJ ~~4 555 6666 7777777 7.77717777777777777711177717777
11 22 JJ ~~ 555 686 777777 8888888888 777171171111177771777117
11 22 553 ,,~ 555 6666 11777 8888888888888888888888888 77777777777777777777
11 22 55 ~~ 55 6666 77777 8888888888U88888888888888888888888 1111777777777777777
11 22 55 ~~ 555 666 7777 88888888888 88888888H8888888A 777777771111777777777
11 22 n ~~ 555 666 1777 8888888 88888888888888 777711117711777777117777
11 22 JJ ~~ 555 666 177 888888 8188888888888 771177711777777717777717
11 22 H ~~ 55 686 777 8888 9999999999999999999999 88888888888 77711777711777777117777
11 2 H ~~ 55 886 777 8888 9999999999999999999999999999999 88888888888 711177117/777711777711/
11 22 )3 ~ 55 666 77 888 9999999 999999999999 8888888888 17771111111171111
11 22 J ~~ 55 66 77 888 9999 9999q99999 888888888 117777777777
11 II H ~ 55 66 /77 88 9999 AAAAMAAAAAAAMAAMhAA 99999999 888UI881 1777117777
I 22 53 ~~ 55 66 17 888 999 . AAAAAAA MAAAAMAM 9999999 8888881 7777771711
I 2 J ~ 5 66 77 88 999 MAA AAMAAAM 99999n 8888888 71111111
I 2 I ~~ 55 66 11 88 99 AAA B8BDBBBBBRBBBBBRBBBI MAAAM 999999 888888 1111711
I 2 H ~ 5 6 / 8 99 AA BBBB BRBBBBBB MAAMA 999999 818188 7777717
I 22) ~ 55 6 7 19M BB eeeeeeeeeeeee RBBBRRR MAAA 999999 888181 117777
I 21 3 " 5 66 / 8 99 AA B eee ecce ecce RB88B MAM 999~9~ 18888 7777/
I 2 } ~ 55 6 7 I 99 A B ee 000000000000 eceeee RBRBBB AAAM 99999 88888 777/1
I 2 II ~ 5 6 7 8 99 A BB C DO 00000 eecee 8BB8B AAARA 9999 18888 7777
I 2 J ~~ 5 6 7 8 99 ABC 0 f.E ([EEE nDDDO ecce RBBB MM 9999 unl 77771

01 2 J ~ 5 6 77 B 9 ABC 0 E F FFFF EEEE DODD ecce BRBB MBA 99999 8888 777/1

'>j
l-1
l;)

\.J1

t-'....

/ ..........
,,//.#

.-

..


