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—— Abstract

Real root isolation is a fundamental subroutine in computer algebra, with applications ranging

from algebraic number arithmetic to solving polynomial systems. Modern implementations typically
employ subdivision methods based on root counting via Descartes’ rule of signs. In contrast, most
existing formally verified root isolation procedures rely on Sturm’s theorem for root counting, leading
to a noticeable gap between practical implementations and formally verified approaches.

We take an initial step toward efficient verified real root isolation by formally verifying two simple
algorithms based on Descartes’ rule of signs: a classical bisection procedure and a Newton-accelerated
variant. In this paper, we describe the algorithms, present formal proofs of termination, soundness,
and completeness, and discuss efforts made for code generation. Brief experiments show promising
performance improvements over existing formally verified algorithms in Isabelle/HOL.

2012 ACM Subject Classification Theory of computation — Logic and verification
Keywords and phrases Isabelle/HOL, Real root isolation, Descartes’ rule of signs
Category Short Paper

Supplementary Material Software (Source Code): https://github.com/Aeacu2/Dsc

1 Introduction

Isolating the real roots of an integer univariate polynomial is a fundamental task in computer
algebra, with applications in algorithms ranging from complex root finding [8] to quantifier
elimination [7]. Although present in almost every modern computer algebra system [2, 5, 30]
and leading SMT solvers like Z3 [1], an implementation of a subdivision algorithm based
on Descartes’ rule of signs is not yet available in any proof assistant. Existing verified
root isolation algorithms have largely relied on Sturm sequences [17, 10, 24, 25], whose
core computations are based on polynomial remainder sequences rather than the cheaper
coefficient sign variation reasoning when using Descartes’ rule of signs. Various empirical tests
and theoretical complexity analysis have demonstrated the superiority of Descartes-based
algorithms over those based on Sturm sequences [13, 16, 15]. Moreover, Newton iteration has
been used to accelerate state-of-the-art Descartes-based algorithms for difficult polynomials,
making them even faster [18].

While Descartes-based algorithms have not been developed in interactive theorem provers,
key mathematical ingredients are already present in many theorem provers [34, 4, 29, 33].
Prior work in Isabelle/HOL [26] includes the formalisation of Descartes’ Rule of Signs [23, 11]
and the Theorem of Three Circles [32]. Leveraging these results and a range of existing
libraries, we have verified a classical bisection algorithm Dsc and a Newton-accelerated
NEwDsc. The algorithms are executable via Isabelle’s code generator [14] and show strong
performance against existing verified algorithms based on Sturm sequences. To the best of
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our knowledge, these are the first verified Descartes-based real root isolation algorithms in
any theorem prover.

An eventual goal is to produce a verified root-isolation procedure whose performance
approaches that of unverified state-of-the-art algorithms and which can replace corresponding
procedures in existing Isabelle work [10, 17, 22]. Probably the best performing of these is in
Li, Passmore, and Paulson’s work [22], where root sets are computed by an external unverified
untrusted program and then certified correct in Isabelle. Our approach has the potential to
leverage the recent progress on Isabelle-LLVM [20, 12] — which has produced verified code
on par with hand-optimised C/C++ — to build a verified yet performant procedure that
removes both the external-tool dependency and the kernel-side certification overhead.

The rest of the paper will explain the algorithms, their verification, and code generation
in Isabelle. First, Section 2 reviews Descartes’ rule of signs and its existing formalisations in
Isabelle, leading to the formal definition of the classic bisection algorithm. Its termination,
soundness, and completeness proofs are explained in Section 3. Then, we introduce the
Newton-accelerated algorithm in Section 4, and discuss challenges in verifying its completeness.
Section 5 explains efforts made to generate efficient code and presents experimental data
comparing the performance of our algorithms against the best verified alternative. In the
end, Section 6 concludes by detailing directions for future work.

2 Descartes’ Rule of Signs and the Algorithm Dsc

Before presenting the algorithm Dsc, we briefly describe Descartes’ rule of signs. Its proof
can be found in Basu, Pollack, and Roy’s textbook [3].

2.1 Descartes’ Rule and Coefficient Sign Changes

» Theorem 1 (Descartes’ rule of signs). Suppose we have a nonzero real polynomial P(x) =
Y gcixt € Rlz]. Let Varp be the number of sign changes in the coefficient list (cy,,. . ., co)
after removing zeros, and No(P) be the number of positive real Toots of P, counted with
multiplicity. Then, Nso(P) < Varp and Varp — N5o(P) is even.

As an immediate corollary, N~ o(P) = Varp when Varp is 0 or 1. In its classical form, the rule
tells us about the number of positive real roots of a polynomial by the number of sign variations
in its coefficients. To apply this reasoning to an arbitrary interval (a,b), modern algorithms

use a coordinate transformation x +— ‘?jlb, sending R+ bijectively to (a,b), and consider
the coefficient sign changes of the associated polynomial P, (z) := (z +1)" - P(%) .

Eberl was the first to prove Descartes’ rule of signs in Isabelle [10], while Li independently
formalised the rule and the derived Varp, , to bound the number of roots in any interval
(a,b) [21, 23].

Polynomials of degree at most p form a vector space with, as one basis, the monomials
20, ..., zP. Bernstein polynomials of degree p with real-valued parameters a, b serve as an
alternate basis [3], and it can be convenient to express polynomials of degree at most p in
one of these bases. Thompson and Li [32] defined Bernstein_changes p a b P as the number
of sign changes of the coefficients of a polynomial P when expressed in the Bernstein basis
of degree p for parameters a, b. Similar to the case with the monomial basis, they proved
results that relate Bernstein_changes p a b P to the number of roots in the interval (a,b).
Moreover, we proved that Bernstein_changes p a b P is equal to Li’s formalisation of Varp,
when p = degree P, bridging existing work.
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2.2 The Classical Bisection Algorithm

Using Descartes’ rule of signs, the classical real root isolation algorithm DSC recursively
bisects intervals until Bernstein_changes p a b P is 0 or 1, in addition to checking whether
the midpoint is a root. Our formalisation is straightforward in Isabelle:

function (domintros) dsc :: "nat = real = real = real poly = (real X
real) list"
where
"dsc p a b P =
(let v = Bernstein_changes p a b P in

if v = 0 then []
else if v = 1 then [(a, b)]
else
(let m = (a + b) / 2 in
(if poly P m = 0 then [(m, m)] else []) @
dsc p amP @ dsc pm b P))"

The main inputs a b P correspond to the endpoints of the interval (a, b) and the polynomial P.
A list of isolating intervals (some are roots in the form (m, m)) is produced as the algorithm
runs, and it will terminate as long as the polynomial is square-free. Future work can also
wrap this function with formalisations of polynomial factorization [31, 9] and Cauchy bound
computation to isolate all real roots for non-square-free polynomials, as in [17].

3 Verifying Dsc

3.1 Termination

Dsc terminates if and only if repeated bisection is guaranteed to eventually reach intervals
on which Bernstein_changes returns 0 or 1. The key bridge from interval width to this
“0/1” situation is the Theorem of Three Circles, proved in Isabelle/HOL by Thompson and
Li [32]. The theorem considers a polynomial P and an open interval (a,b), and defines three
overlapping discs in the complex plane, each of which has the segment (a,b) on the real line
as a chord. It states that, if P has at most one complex root in the region defined by the
discs, then the sign-changes count Bernstein_changes p a b P < 1.

Building on this theorem, we formalised the following termination proof. When the
polynomial P input to dsc is square free, there is some minimum distance between the
distinct complex roots of P. If we make b — a sufficiently small, then at most one complex
root fits into any of the three circles of the Three Circles theorem, and the theorem guarantees
that Bernstein_changes p a b P < 1. Hence, as bisection will eventually produce recursive
calls with sufficiently small b—a for any original a, b input with a < b, we have the termination
statement:

theorem dsc_terminates_squarefree:
fixes P :: "real poly"

assumes "P # 0" "degree P < p" "p # 0" ‘"square_free P"
shows "/\a b. a < b = dsc_dom (p, a, b, P)"

Here, dsc_dom is a predicate on tuples (p,a,b,P) of dsc’s input parameters that characterizes
the values where the function terminates. It is automatically generated by Isabelle from dsc’s
definition, along with associated induction and simplification rules [19].

3.2 Soundness and Completeness

To verify the correctness, we need to first show that the algorithm is sound. In other words,
every output element is correct: either a root (m,m) with poly P m = 0, or an isolating interval
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(u,v) with exactly one root in (u,v). We package this as dsc_pair_ok P (u,v):

definition dsc_pair_ok :: "real poly = (real X real) = bool" where
"dsc_pair_ok P I <«
((fst I = snd I A poly P (fst I) = 0) V
(fst I < snd I A roots_in P (fst I) (snd I) = 1))"

and then prove:
theorem dsc_sound:

assumes "dsc_dom (p, a, b, P)" "degree P < p" "P # 0" "a < b"
shows "VI€set (dsc p a b P). dsc_pair_ok P I"

Next, we verify that the algorithm is complete, i.e. it does not miss any root inside (a, b):

theorem dsc_complete:

assumes "dsc_dom (p, a, b, P)" "degree P < p" "P # 0"
shows "/\x. poly P x = 0 = a < x =— x < b =
(dI€set (dsc p a b P). fst I < x A x < snd I)"

Both proofs are by induction on the recursive structure of dsc.

4 Newtonian Acceleration

Sagraloff’s NEwWDsC algorithm [28] accelerates the classical bisection method by combining
Descartes’ rule with occasional Newton steps. Intuitively, when an interval I = (a, b) contains
a tight cluster of roots, bisection may require many subdivisions before the Descartes test
drops to 0 or 1; NEWDSC tries to “jump into” the cluster using a Newton-style step, and
otherwise falls back to bisection.

4.1 Block Selection, Newton Windows, and Fallback

As in Dsc, each recursive call computes v = Bernstein_changes p a b P. If v = 0 we discard
the interval, and if ¥ = 1 we output (a, b) as an isolating interval. For v > 2, NEWDSC tries
two additional moves before bisection:
Block selection (try_block). With width w = b — a and a parameter N > 2, consider the
two boundary blocks By = (a,a + w/N) and By = (b — w/N,b). If one block also has
variation count v, then it already provably contains all roots of P in (a,b), so we keep
that block and increase N quadratically, replacing it by N?2.
Newton windows try_newton. If block selection fails, we take one Newton step from an
endpoint, using v as a “multiplicity proxy” to estimate the correction. The Newton step
from endpoint a calculates A = a + vP(a)/P’(a) as an estimate of the location of a root
or root cluster, and checks whether the variation count for an interval of width w/N
around A is also v. If so, the interval is returned and recursed on. Similarly, a Newton
step from endpoint b explores A = b — vP(b)/P’(b). On recursion, N is again increased
to N2,
The block selection step captures root clusters that lie very close to the endpoints of (a,b),
where the Newton step would not find them [28]. If both attempts fail, we fall back to
bisection (including the midpoint-root check as in Dsc) and update N more conservatively.
In the formalisation, this fallback update sets N to max(4, |v/N|): taking the square root
undoes the previous aggressive squaring after a failed jump, while the maximum keeps the
block parameter from becoming too small to be useful.
Our Isabelle formalisation follows this structure directly:

function (domintros) newdsc
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"nat = real = real = nat = real poly = (real X real) list"
where
"newdsc p a b N P =
(let v = Bernstein_changes p a b P in
if v = 0 then []
else if v = 1 then [(a, b)]
else
(case try_blocks p a b N P v of
Some I = newdsc p (fst I) (snd I) (N * N) P
| None =
(case try_newton p a b N P v of
Some I = newdsc p (fst I) (snd I) (N * N) P
| None =
(let m = (a + b) / 2; N’ = max 4 (nat [sqrt (of_nat N)|);
mid = (if poly P m = O then [(m, m)] else [])
in mid @ newdsc p a m N> P @ newdsc pm b N> P))))"

4.2 Completeness and Sign Variations in the de Casteljau Triangle

Termination and soundness proofs of newdsc are similar to those of dsc, while completeness is
a genuinely new difficulty. In dsc, the v > 2 branch recurses on both halves, so a root can
never be “thrown away”. In newdsc, the block/Newton branches recurse on a single chosen
window I and discard the rest. To justify this step, we prove the splitting lemma from [3]:

lemma Bernstein_changes_split:
assumes "a < c¢" "c < b" "degree P < p"
shows "Bernstein_changes p a ¢ P + Bernstein_changes p ¢ b P <
Bernstein_changes p a b P"

Suppose one of the block/Newton branches succeeds with a chosen window I = (u,v) and
preserves the global variation count. Applying Bernstein_changes_split first at w and then at v
ykﬂdSBernstein_changes p a u P 4 Bernstein_changes p u v P -+ Bernstein_changes p v b P <
Bernstein_changes p a b P. By construction of the chosen window, Bernstein_changes p u v P
= Bernstein_changes p a b P, hence Bernstein_changes p a u P + Bernstein_changes p v b P
< 0. Since Bernstein variation counts are nonnegative, both discarded gaps have variation
count 0, and therefore contain no roots. Now let = be an arbitrary root of P in (a,b). The
preceding argument rules out = € (a,u) and x € (v,b), while the boundary cases = = u
or x = v are excluded using a strengthened lemma. Thus z lies strictly inside the chosen
window, and the induction hypothesis on the recursive call yields an output interval covering
x. The splitting lemma can be proven by inspecting a triangle generated by the de Casteljau
subdivision algorithm for Bernstein coefficients (as in Chapter 10.2 of [3]). As illustrated in
Figure 1, the algorithm constructs a triangular array of coefficients where each intermediate
element is a convex combination of its parents: bg»i) = abg-i_l) + 565-3__11) with a, 5 > 0 and
a + B = 1. The geometric intuition behind the splitting lemma relies on the observation
that inserting a convex combination between two adjacent real numbers can never introduce
additional sign changes.

béo) b(lo) b1<00) Figure 1 De Casteljau subdivision triangle.
N N W The top row contains the initial coefficients b, while
by . ppfl the left boundary (blue, dashed) and right bound-
N e ary (red, dotted) yield the resulting coefficients for

Abgm the left and right sub-intervals, respectively.

It is worth noting that while there are no existing Isabelle formalisations of the de
Casteljau algorithm, the algebraic correctness of the de Casteljau algorithm has been verified
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in Rocq [4]. Their formalisation relies on point-wise recursive functions to compute sub-
interval coefficients on the fly. While ideal for elegantly establishing algebraic equivalence,
it appears to us that this functional formalisation is not well-suited for reasoning about
the combinatorial properties of the coefficient lists, which is what we need. Therefore, we
represent the two-dimensional triangle layer-by-layer as a list of lists, and prove that row
transitions do not increase sign variations by strong induction on the coefficient list. The
splitting lemma is then proven with another induction on the triangle.

5 Code Generation and Performance

Generating code directly from types like real poly or the underlying rat poly introduces a
significant performance overhead, primarily stemming from the expensive greatest common
divisor computations required for exact rational arithmetic. We decomposed the Descartes
root-counting test into a sequence of operations, and adapted them to eliminate fractions.

5.1 Decomposing the Transformation

Recall that the coordinate transformation mapping the positive real line R+ bijectively to an
arbitrary open interval (a,b) is defined by the mapping P, ) () := (z +1)" - P (‘f—jlb) In
the theory file Dsc_Taylor, we formalise the observation that this monolithic transformation
can be broken down into a sequence of four simpler operations [28]: (1) an initial Taylor
shift by the lower bound a, yielding P(z + a), (2) a linear coordinate scaling by the interval
width (b — a), (3) a reciprocal transformation via polynomial reversal, which replaces = with
1/x and multiplies by =™ to restore proper degrees, and (4) a final Taylor shift by 1. Our
implementation works over coefficient lists and includes a list-based Ruffini algorithm for (1)
and (4), and an iterative mapping loop for (2).

5.2 Eliminating Fractions

Instead of clearing fractions after each rational arithmetic step, we modified the components
above by injecting scaling factors directly before each operation where a fraction would
otherwise be introduced:

Taylor shift by lower bound: When shifting the polynomial by the lower bound a, we
consider its numerator and denominator (a = n4/d,). Rather than performing a rational
shift, a function pre-scales each integer coefficient ¢; by a corresponding power of the
denominator (d*~%, where k is the degree). This neutralizes the fractional denominators
before they occur, allowing the subsequent shift to run exclusively as an integer operation.
Scaling by interval width: Scaling the polynomial by the interval width (b—a) introduces a
new rational factor. Because the polynomial has already been scaled by d,, the algorithm
extracts the numerator and denominator of the adjusted width component directly:
(b—a)-dy, = ny/dy. The integer list is then multiplied by the numerator n,,. To clear
the remaining denominator d,,, another pass of coefficient scaling is performed.

With these changes, all steps safely run without producing fractions, allowing us to verify an
integer version of the Descartes’ root test. It is then used in the construction and verification
of dsc_int and newdsc_int, the partial tail-recursive integer versions of dsc and newdsc, suitable
for code generation into SML.
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5.3 Experimental Evaluation

For comparison against existing verified real root isolation algorithms, we extracted a Sturm-
based function isolate developed by Joosten, Thiemann, and Yamada [17], which is the
best performing verified real root isolation algorithm we are aware of in Isabelle. To ensure
fairness, we customized their algorithm to remove extra steps in their original code, such as
square-free factorization and packaging algebraic numbers.

For benchmarks, we reused 4 polynomials (P;—P;) randomly-generated in [23]. Moreover,
we chose 4 Mignotte-type polynomials defined by M, (z) = 2" — 2(27x — 1)2. They are
known for tight root clusters that make isolation very difficult. The tests were run in Poly /ML
5.9.2 on an Apple M4 CPU with 16 GB Memory. The results are shown in Table 1, with
bold blue highlighting the fastest methods. The dsc_exec and newdsc_exec columns are for
versions without the optimisations described in Sections 5.1 and 5.2. The numbers show
these optimisations give a 10-200x speedup on our benchmarks.

Table 1 Wall-clock runtime (ms). Median of 5 runs or average of 100 runs (if runtime < 10ms).

dsc newdsc dsc dsc newdsc newdsc

degree isolate _int _int _exec isolate _int _int _exec

Py 29 24200 1.7 8.7 34 | Mis,32 3171 538 56 2195
Py 29 826 0.5 1.5 6.7 | M32,16 14676 2311 174 15690
Ps 44 1115012 7.2 28 301 | M3z 32 63228 10248 449 88617
Py 44 3059 0.8 1.9 10 | Mg,128 2500 493 39 731

The Sturm-based isolation algorithm struggled heavily because coeflicient sizes explode during
polynomial remainder operations. Our algorithms beat isolate on these randomly generated
polynomials by several orders of magnitude. For Mignotte polynomials, the extremely tight
clustering of roots forces a pure bisection approach like dsc_int to undergo an immense
number of tree subdivisions. By generating occasional Newton steps to jump directly into
the center of tight root clusters, newdsc_int collapses the depth of the subdivision tree,
outperforming dsc_int on all Mignotte benchmarks. The extra steps introduce an overhead
on simpler tasks (P;—P,) compared to pure bisection.

6 Conclusion and Future Work

We have fully verified a classical and a Newton-accelerated Descartes-based algorithm for real
root isolation, proving their termination, soundness, and completeness. Brief experiments
show promising performance. In future work, we wish to explore further optimisations such
making use of an approximate model of computation [18]. In the end, we want to explore
the possibility to refine the optimised algorithm into efficient LLVM code [20], achieving
performance comparable to that of an unverified state-of-the-art algorithm.

7 Large Language Model Usage

LLMs helped us reduce a small amount of manual verification effort. We tried ChatGPT
5.1 Thinking on chatgpt.com when producing proofs for newdsc, giving it the corresponding
proofs for dsc for reference. In particular, the soundness proof it generated was in very good
shape with only a few errors that could easily be fixed with Sledgehammer [27, 6]. Other
proofs it generated were less valuable and overall not worth trying. The SML program that
was used to run the brief experiments in Section 5 was written with the help of ChatGPT.
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