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Rippling: A Heuristic for Guiding Inductive Proofs �Alan Bundy Andrew Stevensy Frank van HarmelenzAndrew Ireland Alan SmaillAbstractWe describe rippling: a tactic for the heuristic control of the key part of proofs by math-ematical induction. This tactic signi�cantly reduces the search for a proof of a wide varietyof inductive theorems. We �rst present a basic version of rippling, followed by various exten-sions which are necessary to capture larger classes of inductive proofs. Finally, we present ageneralised form of rippling which embodies these extensions as special cases. We prove thatgeneralised rippling always terminates, and we discuss the implementation of the tactic andits relation with other inductive proof search heuristics.Key words and phrases. Automated theorem proving, mathematicl induction, proof plans,tactics, rippling.1 IntroductionIn [Bundy 88] we introduced the concept of proof plans and gave a simple example proof planfor guiding inductive proofs. A proof plan is an outline of a family of proofs which can be usedto guide the search for proofs in this family. Many simple inductive proofs �t the outline of ourinductive proof plan. Figure 1 describes its basic structure.The key idea of this inductive proof plan is a tactic for manipulating the induction conclusionto enable the induction hypothesis to be used in its proof. Following Aubin, [Aubin 75], weinitially called this tactic ripple-out. In [Bundy et al 91] we described an implementation of thisinductive proof plan withinOyster-CLAM , a theorem prover for a higher-order, intuitionist, typedlogic, and we reported its performance on various standard example inductive theorems. Oyster isa reimplementation in Prolog of the Nuprl interactive proof editor, [Constable et al 86]. Tacticsare Prolog programs which drive Oyster by applying its rules of inference. A proof plan is atactic together with its method. The method of a tactic is a partial speci�cation of it consistingof preconditions under which it is applicable and the e�ects of its application. These are writtenin a meta-logic. CLAM is a plan formation program which uses these methods to build a special-purpose proof plan for each theorem from a set of general-purpose proof plans.In [Bundy et al 89] we described the relationship between our inductive proof plan and thetechnique used by Boyer and Moore, [Boyer & Moore 79], to choose an appropriate induction rule�The research reported in this paper was supported by SERC grant GR/F/71799, an SERC Senior Fellowshipto the �rst author and an SERC Postdoctoral Fellowship to the second author. We wish to thank our colleaguesin the Edinburgh Mathematical Reasoning Group and three anonymous CADE-10 referees for feedback on thispaper. An earlier, much shorter version of this paper appeared in the proceedings of CADE-10.yCurrent a�liation: Oxford University Computing Laboratory.zCurrent a�liation: Department of Social Science Informatics (SWI), University of Amsterdam.1



ind strat(IndTerm(X),X) �induction(IndTerm(X),X) then[ sym eval,ripple then fertilize]X is the induction variable and IndTerm is the wave front introduced into theinduction conclusion by the induction rule of inference. Induction rules are indexedby their IndTerms. The application of the induction tactic exchanges the originaltheorem for a list of base and step cases: only one of each is shown in the �gure. Thesym eval tactic is applied to the base case. This tactic is a combination of symbolicevaluation, tautology checking, equality substitution, etc. The ripple tactic is applied�rst to the step case. This creates a copy of the induction hypothesis within the in-duction conclusion. The fertilize tactic then uses the induction hypothesis to prove theinduction conclusion. Any remaining subgoals are proved recursively using sym evaland ind strat. Figure 1: The Inductive Proof Planand induction variable. We showed how we rationally reconstructed the Boyer-Moore techniqueas a process of look-ahead whose purpose is to maximise the chances that rippling-out wouldsucceed.We have tested our implementation extensively on a large number of inductive theorems, mostof which are drawn from the Boyer-Moore corpus, [Boyer & Moore 79, appendix A], adapting theoriginal proof plan as necessary. This paper reports the result of that study. The spirit of theproof plan has survived these tests, with rippling-out remaining the central idea of the proofplan. However, the tests have suggested principled extensions to the proof plan, which preservethe essential intuition behind it while increasing its range of application. The main result is ageneralisation of the ripple-out tactic. Since this generalisation includes rippling in other directionsthan `out', we have named the generalised tactic, ripple.In this paper we give a complete account of rippling which supercedes earlier accounts in[Bundy et al 91, Bundy et al 90b]. We start with a simple introduction to the original ripple-out tactic and then motivate and explain various extensions, �nishing with a description of thegeneralised ripple tactic, which embodies all these extensions in a uniform framework. We showthat ripple terminates. The extensions to rippling-out reported below are: rippling with multi-wave-rules, rippling with conditional wave-rules, rippling-in, rippling-sideways, rippling-across andrippling under existential quanti�ers. Each extension is illustrated with simple examples of proofswhich require them. We argue that the extensions are natural improvements of the original idea.2 The Basic Rippling-Out TacticIn this section we brie
y introduce the main idea of rippling-out and the role it plays within ourinductive proof plan. 2



To understand rippling-out imagine a loch1 in which the induction conclusion appears as are
ection of the hypothesis. The re
ection is not a perfect image of the original because whereverthe induction variable appears in the induction hypothesis, the induction term appears in theinduction conclusion. The expressions which appear in the induction conclusion, but not inthe induction hypothesis, we call wave-fronts. The rest of the induction conclusion, i.e. theexpressions which do appear also in the induction hypothesis, we call the skeleton, following[Hutter 90]. Wave-fronts are like ripples on the surface of the loch, which spoil the re
ection.Consider, for instance, a simple proof of the associativity of +:28X:nat:8Y :nat:8Z:nat: X + (Y + Z) = (X + Y ) + Zby successor induction on X. The induction hypothesis isx+ (y + z) = (x+ y) + z (1)where x, y and z represent skolem constants3. The induction conclusion iss(x) + (y + z) = ( s(x) + y) + z (2)The induction term is s(x) and the s(: : :) constructor function is the wave-front. x + (y + z) =(x+ y) + z is the skeleton.2.1 Wave-Fronts and Wave-RulesMore generally, a wave-front is a term from which a proper subterm is deleted, i.e. a sequenceof nested functions with the innermost argument removed. This innermost argument (the x in(2)) is the wave-hole. When the wave-hole is �lled by a term the wave-front is said to dominatethe term. We adopt the convention that wave-fronts are indicated by boxes with the wave-holesunderlined, as in the example above. An alternative graphical representation of wave-fronts isgiven in �gure 2.Initially, the wave-fronts are functions which immediately dominate the induction variable.The role of rippling-out is to move them outwards | just like the ripples on a loch | leavingbehind them an unspoilt re
ection of the induction hypothesis. Rippling-out works by backwardsreasoning from the induction conclusion to the induction hypothesis using wave-rules. A wave-ruleis a rewrite rule of the form: �( �(�) ) ) �(�(�)) (3)where �, � and � are terms4 with one distinguished argument. � is usually a variable, but canbe any term. � may be empty, but � and � must not be. � and � are called the old and newwave-fronts, respectively. Note that the e�ect of applying such a rule is to move the old wave-front�, in the induction conclusion, outwards past the � and to turn it into a new wave-front �.We adopt the convention that) stands for rewriting and! stands for implication. Recall thatrippling-out reasons backwards: from the theorem towards the axioms . To apply the implication� !  it uses the rewrite rule  ) �. Thus the left/right orientation of implication is oppositeto that of rewriting.1The Scottish word for `lake'.2To improve readability we have translated the type-theoretic logic used by Oyster-CLAM into a more conven-tional notation.3We adopt the Prolog convention that identi�ers starting with upper case letters indicate variables and thosestarting with lower case letters indicate constants.4We adopt the convention of using greek letters for meta-symbols, e.g. for describing the patterns of wave-rules.3



s(U ) + V ) s(U + V ) (4)s(U ) � V ) U � V + V (5)even( s(s(U )) ) ) even(U ) (6)U + ( V +W ) ) (U + V ) +W (7)( U + V ) +W ) U + (V +W ) (8)Wave-rules (4), (5) and (6) are formed from recursive de�nitions. Wave-rules(7) and (8) are both formed from the associative law of +, which is not a recursivede�nition. Note that the wave-front of rule (6) is compound, i.e. contains more thanone function symbol, and that the � part of this rule is empty. Note also that rules (7)and (8) show that an equation can give rise to several di�erent wave-rules and thatthese can be oriented in di�erent directions provided that the wave-front annotationsare di�erent. Table 1: Examples of Wave RulesThis general form includes all rewrite rules formed from the step cases of recursive de�nitions.Restricted to such recursive rules, rippling-out is a constrained version of unfolding or symbolicevaluation. But, as we will see, wave-rules can also be formed from non-recursive de�nitions andfrom lemmas, so rippling-out extends unfolding. CLAM analyses all the de�nitions given to, andlemmas proved by, Oyster and transforms them into wave rules in as many ways as possible.Examples of wave rules can be found in table 1.De�nition 1 (Preconditions of Applying Wave-Rules) The preconditions of applying a wave-rule to rewrite a sub-expression of the induction conclusion are that:� the left hand side of the rule matches the sub-expression;� the sub-expression contains at least one wave-front; and� this wave front in the sub-expression is matched with the old wave-front in the rule.These preconditions ensure that wave-rules always move wave-fronts outwards towards the rootof the skeleton. Thus wave rules are applied selectively, not exhaustively.Repeated application of rule (4) from table 1 to induction conclusion (2) ripples the two wave-fronts to right outside the left and the right hand terms of the induction conclusion, as follows:s(x) + (y + z) = ( s(x) + y) + zs(x + (y + z)) = s(x+ y) + zs(x + (y + z)) = s((x+ y) + z) (9)A graphical representation of this rippling-out is given in �gure 2.4



+ s+ ss *x s���TTTsy����LLLLszBefore
+ ss *+ sx s����LLLLsy���TTTszDuring

s+ s+ sx s����LLLLsy����LLLLs zAfterThe three trees show the term before, during and after rippling-out. Each treerepresents the term as an expression tree. The nodes of each tree are labelled by afunction or predicate symbol or a constant or variable. A function or predicate ofarity n has n descendent subtrees: one for each of its arguments. Wave-fronts areindicated by square nodes and all other nodes by dots. Note that the three trees di�erfrom each other only in the position of the square nodes. These square nodes are higherin each successive tree; the `After' one being beached at the top. The *s in the squarenodes indicate the direction of rippling-out.Figure 2: Rippling-Out (s(x) + y) + z2.2 Kinds of TerminationThe basic version of rippling-out outlined in this section applies only to induction conclusionsthat are equations or equivalences. Wave-fronts are rippled-out until they dominate the left- andright-hand sides of these induction conclusions.The movement of wave-fronts can terminate in three ways.� If a wave-front is moved to dominate the left- or right-hand term of the induction conclusionthen we say it is beached. No further rippling-out of this wave-front is then possible ornecessary. Two examples can be found in equation (9), above.� If a wave-rule is applied in which � is empty then there is no new wave-front. We say itpeters out. Two examples can be found in equation (21), x3, below.� If a wave-front is not beached, but no wave-rule applies to it, then we say the wave-front isblocked. An example can be found in equation (25), x4, below.If all wave-fronts in a term are beached or peter out then then we say it is fully rippled. Otherwise,we say the rippling-out is blocked.When no further rippling-out is possible then the induction hypothesis can often be used as arewrite rule to produce an equation between two identical terms. Following Boyer and Moore, wecall this tactic fertilize. The induction hypothesis may be used either way round. In our example5



we can use it left to right on the left hand side of the induction conclusion, (9), to produce theequation: s((x + y) + z) = s((x+ y) + z)which is readily proved, so completing the step case of the inductive proof.2.3 Search ControlBoth rippling-out and fertilization are subject to careful control by our overall inductive proofplan.� Rippling-out is applied to the induction conclusion immediately after the application ofinduction. The precondition of rippling-out ensures that it is applied only to move wave-fronts outwards. This greatly restricts the search space of rippling-out. It also ensures thetermination of rippling-out, since the wave-fronts can only be moved outwards, through anunchanging skeleton, a �nite number of times. This remains true even if the same equationis used as a wave-rule in di�erent left/right orientations, cf. rules (7) and (8) in table 1.� Fertilization is applied to the induction conclusion when no further rippling-out is possible.It uses the induction hypothesis as a rewrite rule either left to right to the left-hand side ofthe induction conclusion or right to left to its right-hand side. If the wave-fronts on bothsides of the induction conclusion are fully rippled then either one of these is su�cient. Ifonly one side is fully rippled then this side is rewritten. If neither side is fully rippled thenfertilization is not possible.2.4 Merging and SplittingNote that the general wave-rule format allows for wave-fronts to be compound terms. This opensup the possibility that compound wave-fronts might be split into several sub-wave-fronts and eachof these rippled-out separately. For instance, suppose the following compound wave-front appearsin the induction conclusion: : : : even( s(s(x)) + y) : : :as it stands this wave-front is blocked as none of the wave-rules we have considered so far meetsthe preconditions of rippling-out. However, if we split the wave front into two:: : : even( s( s(x) ) + y) : : :then wave-rule (4) will apply twice to produce �rst:: : : even( s( s(x) + y) ) : : :and then: : : : even( s( s(x + y) ) ) : : :Now once again rippling-out is blocked because no wave-rule meets its preconditions. This timethe two adjacent wave-fronts must be merged into one:: : : even( s(s(x + y)) ) : : :6



so that wave-rule (6) will apply and produce:: : : even(x + y) : : :Splitting a compound wave-front and rippling each sub-wave-front separately can result innested non-adjacent wave-fronts, e.g.: : : :even( s(x) + y) : : :Note that the inner wave-front must always be in the wave-hole of the outer one. We say thatthe inner wave-front is beneath the outer one.In CLAM this splitting and merging of wave-fronts is done on demand. First rippling-outis attempted with the current wave-front annotation. When this has been completed (eithersuccessfully or unsuccessfully) all possible splittings and mergings are made and rippling-out istried with each of these in turn.An alternative mechanism would be to hold all wave-fronts in a normal form, e.g. maximallysplit or maximally merged. The maximally split normal form is particularly attractive as itallows us to continue to use regular matching to ensure wave-front agreement. If the maximallymerged normal form is used then the matcher must be modi�ed to dynamically split wave-frontsas required. The INKA system records wave-fronts by annotating each symbol as either in thewave-front or in the skeleton, [Hutter 90]. This solution has some similarity to the maximallysplit normal form.2.5 Branching RatesIn practice, the branching rate of rippling-out is very low. The rippling-out of one wave frontis independent of the rippling-out of the others, so that they can be dealt with in a �xed orderand redundant branching can be avoided5. Genuine branching happens only when more than onewave-rule applies to the same wave front. But this is rare.To see why this is so consider how it might happen. Suppose the wave-front occurs in thecontext : : : �( �(�) ) : : : In the simplest case there might be two wave-rules which both ripple �out through �, i.e. �( �(�) ) ) �1(�(�))�( �(�) ) ) �2(�(�))Suppose, without loss of generality, that these rules are both based on equations. Since theleft hand sides of the rules are equal, the right hand sides are also equal, i.e.�1(�(�)) = �2(�(�))So �1 and �2 are equal over the range of the function �. If we keep wave-fronts on the right handsides of wave-rules in a simple normal form then in most cases �1 and �2 will be identical. Thus itis rare to have distinct wave-rules with identical left hand sides, as required for this simple formof branching.The general wave-rule format allows for both � and � to be compound. In these cases branchingis possible. However, the alternative branches will often lead to similar proofs. Consider, for5This is not implemented in the current version of CLAM .7



instance, the situation where �(�) has the compound form �0(�00(�)) and we have the alternativewave-rules: �( �0(�00(�)) ) ) �1(�(�))�( �0(�) ) ) �2(�(�))leading to two branches in the rippling-out search space. Note that if the second branch is not toimmediately become blocked, there must also be a wave-rule of the form:�( �00(�) ) ) �3(�(�))So, by a similar calculation as in the simple case:�1(�(�)) = �2(�3(�(�)))So that the alternative routes will lead to similar proofs. In this case it is not usually possible toremove the duplication of wave-rules by normalising the right hand side wave-fronts.As an example of this kind of branching consider the pair of wave-rules:even( s(s(U )) ) ) even(U ) (10)even( s(U ) ) ) :even(U ) (11)where �1 is empty and both �2 and �3 are :. Note that neither �2 nor zeta3 can be normalisedon their own, but in combination they normalise to �1, as expected.The extensions to ripple-out described below will introduce new possibilities for branching.Nevertheless, this will remain a relatively rare phenomenon, so that, in practice, the search spaceof rippling is very small.3 Multi-Wave Rules and Strong FertilizationOur �rst extension to rippling-out is to allowwave-rules which ripple out more than one wave-frontat once. We call these multi-wave-rules. They are highly desirable if one side of the inductionconclusion contains more than one wave-front | as it will do if it contains more than one occur-rence of the induction variable. They allow rippling to transform several wave-fronts into one and,hence, continue rippling beyond the point at which the old version of rippling-out would have be-come blocked. They also allow us to strengthen rippling-out and fertilization and, thereby, applythem to induction conclusions that are not equations or equivalences.3.1 General Wave Rule FormatWhile we are making this extension we will also extend wave-rules to cope with wave-frontscontaining more than one wave-hole and to the introduction of multiple skeletons. This leads tothe generalisation of wave rule format (3) to the following:�( �1(�11; : : : ; �p11 ) ; : : : ; �n(�1n; : : : ; �pnn ) )) �(�($11; : : : ; $1n); : : : ; �($k1 ; : : : ; $kn)) (12)8



s(U ) = s(V ) ) U = V (13)s(U ) � s(V ) ) U � V (14)U11 + U21 = U12 + U22 ) U11 = U12 ^ U21 = U22 (15)max(U11 ; U21 ) � min(U12 ; U22 ) ) U11 � U12 ^ U21 � U22 (16)(U + V ) �W ) U �W + V �W (17)max ht( tree(U; V ) ) ) s(max(max ht(U );max ht(V ))) (18)min ht( tree(U; V ) ) ) s(min(min ht(U );min ht(V ))) (19)binom( s(U ) ; s(V ) ) ) binom(U; s(V ) ) + binom(U; V ) (20)Note the occurrence of multiple �s, multiple �s and even multiple �s in these rules.The �rst �ve rules are further examples of wave-rules not formed from recursive de�-nitions. Note that rules (15) and (16) are sound because the orientation of implicationis right to left. Note also that in rule (20) the wave-fronts are only partially removedfrom one of the new skeletons.Table 2: Example Multi-Wave Ruleswhere each $ji is either an unrippled wave-front, �i(�1i ; : : : ; �pii ) , or is one of the wave-holes,�li. For each j, at least one $ji must be a wave-hole. As before, �, the �is and � are terms withdistinguished arguments. � may be empty, but the �is and � must not be. The �is are the oldwave-fronts and � is the new wave-front. Note that the application of a multi-wave-rule with k�s in the right hand side will replace one skeleton with k skeletons in the induction conclusion.Some example multi-wave-rules are given in table 2.The advantages of multi-wave-rules of format (12) with simple wave-rules of format (3) are asfollows.� The generalisation of the single � in (3) to the multiple �is in (12) enables the simultaneousrippling-out of multiple wave-fronts. However, not all these �is have to ripple-out | cf. rule(20).� The generalisation of the single � to the multiple �is enables the rippling-out of wave-frontscontaining more than one wave-hole. However, we may sometimes want to treat some ofthese holes as part of the wave-front | see x3.4 below.� The generalisation of the single � argument of � to the multiple � arguments enables severaldi�erent induction hypothesis to fertilize the induction conclusion.These last two extensions go together; multiple �s tend to create multiple �s, each one making adi�erent selection of �s for its arguments.Following this generalisation of the wave-rule format it is necessary to revise the last item ofthe preconditions of wave-rule application (de�nition 1).9



De�nition 2 (Preconditions of Applying Multi-Wave-Rules) The preconditions of apply-ing a wave-rule to rewrite a sub-expression of the induction conclusion are that:� the left hand side of the rule matches the sub-expression;� the sub-expression contains at least one wave-front; and� each wave-front in the sub-expression is matched with an old wave-front in the rule.3.2 Strong FertilizationWe can now revisit and reconsider the associativity of + example from the last section x2. In-stead of applying fertilization to the induction conclusion (9), we can use multi-wave-rule (13) tocontinue the rippling-out and infer:x+ (y + z) = (x+ y) + z (21)which is identical to the induction hypothesis, (1), i.e. the wave-fronts have petered out. Theproof thus terminates by direct appeal to the induction hypothesis. This direct use of the inductionhypothesis constitutes a new form of fertilization which we will call strong fertilization. The formof fertilization described above in x2 we will rename weak fertilization. Since strong fertilizationapplies to induction conclusions of any form (and not just to equalities and equivalences) itis more generally applicable, and its application will normally be the purpose of rippling-out.However, weak fertilizationmust still be retained to cope with equational or equivalential inductionconclusions that get blocked on one side.3.3 A Worked ExampleTo illustrate the use of multi-wave-rules to prove non-equational theorems with the aid of multipleinduction variables and multiple induction hypotheses, consider the following example.8T :tree: max ht(T ) � min ht(T )where max ht(T ) is the length of the longest path in a binary tree, T , and min ht(T ) is the lengthof the shortest. Trees will be built from the constructor functions leaf(T ) and tree(T1; T2). Thisexample has been designed to exhibit all the features of multi-wave rippling, and as a consequenceis rather arti�cial.Our proof will use the standard, structural induction rule on binary trees, i.e. the theorem isproved for the empty tree and then assumed for the left and right sub-trees and proved for thewhole tree. Thus, in the step case we will have the following two induction hypotheses:max ht(l) � min ht(l) max ht(r) � min ht(r)and must prove the induction conclusion:max ht( tree(l; r) ) � min ht( tree(l; r) ) (22)in which both l and r are induction variables.To ripple this induction conclusion out we will use the multi-wave-rules from table 2.s(max(max ht(l);max ht(r))) � s(min(min ht(l);min ht(r))) (23)max(max ht(l);max ht(r)) � min(min ht(l);min ht(r))max ht(l) � min ht(l) ^ max ht(r) � min ht(r)10



to which strong fertilization applies, �nishing the proof of the step case.Note the following points from this proof.� Because the constructor function tree contains two induction variables, l and r, it forms awave-front with two wave-holes. This situation is inherited by subsequent versions of theinduction conclusion, with max, min and ^ also having two hole wave-fronts.� The theorem is not an equation or equivalence, so strong fertilization must be used tocomplete the rippling-out.� The skeleton is duplicated by the �rst wave-rule. This eventually leads to two copies of theinduction hypothesis, which are fertilized independently.� The two wave-fronts in line (23) are compound terms. They are each split into two wave-fronts and rippled-out separately.� The last wave-front is a logical connective. Rippling-out can proceed through predicatesand connectives as well as functions.3.4 Rule WeakeningIt is sometimes desirable to use multi-wave-rules at less than their full strength, i.e. to treat someof the wave-holes as part of the wave-front. We can see two examples of this in the following proofof the associativity of �,8X:nat:8Y :nat:8Z:nat: X � (Y � Z) = (X � Y )� ZThe rippling of the step case uses the rules (5) from table 1 and (15) and (17) from table 2.s(x) � (y � z) = ( s(x) � y) � zx� (y � z) + y � z = ( (x� y) + y ) � zx� (y � z) + y � z = (x� y) � z + y � zx� (y � z) = (x� y) � z ^ y � z = y � zNote that wave-rules (15) and (17) are used as if their wave-fronts were:U11 + U21 = U12 + U22 ) U11 = U12 ^ U21 = U22(U + V ) �W ) U �W + V �Wi.e. with the second wave-hole merged with the wave-front on both left and right hand sides ofeach rule. This is called wave-rule weakening. We currently implement weakening at compiletime, i.e. when it is storing a new wave-rule CLAM also calculates all its possible weakenings andstores these as well. We are also exploring the implementation of weakening by modi�cation ofthe matcher, i.e. by allowing it to ignore wave-fronts in the wave-rule.The weakening of wave-rules can result in the capture of an inner wave-front nested beneathan outer one. The inner one goes from being in the wave-hole of the outer one to being within itswave-front proper. We say the inner wave-front is inside the outer one. Contrast this situationwith the nesting beneath described in x2.4. Inside wave-fronts are merged with the outer wave-front| all their wave-front annotation being dropped.11



3.5 Simpli�cation of Wave FrontsSome of the multi-wave-rules call for identical wave-fronts at di�erent positions with the inductionconclusion, e.g. rule (13) in table 2 calls for each side of an equation to start with s(: : :) . As aresult of earlier rewriting it sometimes happens that an induction conclusion has equal, but notidentical, wave-fronts at these positions. An example occurs during the proof of the distributivitylaw of � over +. x� (y + z) + (y + z) = ((x� y + x� z) + y) + zwhich prevents the application of rule (15).To reduce the chances of this problem blocking a ripple, CLAM regularly simpli�es wave-frontsby applying a simple normalisation tactic to them. The details of this normalisation are beyondthe scope of this paper, but it consists of symbolic evaluation with recursive de�nitions and othercomplexity reducing rewrite rules. Note that this normalisation process must be applied to thewave-fronts without perturbing their wave-holes. These wave-holes form part of the skeleton andany perturbation will prevent the application of strong fertilization, unless it is applied uniformlyto all skeletons and to the induction hypothesis.4 Weak Fertilization and Rippling-In4.1 Example of a Blocked RippleWeak fertilization is useful when a rippling process gets blocked on one side of an equation orequivalence and strong fertilization is not possible. Consider, for instance, the theorem 8X :nat: half (X +X ) = X , where half is the half integer function de�ned by:half (0 ) = 0half (s(0 )) = 0half (s(s(U ))) = s(half (U ))This de�nition provides the wave-rule:half ( s(s(U )) ) ) s(half (U )) (24)Suppose we try to prove the theorem with s(x) induction, so the induction hypothesis is:half (x + x ) = xand the induction conclusion is: half ( s(x) + s(x) ) = s(x)The rule (4) applies to the left hand side of the induction conclusion, which ripples the left-mostwave-front once. The induction conclusion becomes:half ( s(x+ s(x) ) ) = s(x) (25)At this point no further wave-rules apply and the ripple is blocked. Note that the wave-rulerequired to unblock this ripple is:U + s(V ) ) s(U + V ) (26)12



a commuted version of (4). For the sake of this example we are assuming that this rule is notavailable.Fortunately, the right hand side of (25) is trivially fully rippled, so we can apply weak fertil-ization to get: half (s(x + s(x ))) = s(half (x + x )) #After strong fertilization, wave-fronts are removed since they have fully completed their job. Afterweak fertilization they may still have a role to perform on the unblocked side of the equation, i.e.the right hand side in this example, so we have left them in place on this side. Their residualrole is to be rippled-in by applying reversible wave-rules right to left. We have indicated this byannotating the wave-front with the direction in which it should be rippled: inwards6. Wave-frontsthat should be rippled outwards will be annotated by an upwards arrow. Rippling-in is our secondextension to rippling-out.4.2 Why Rippling-In is a Good IdeaTo see why rippling-in is a good idea, consider the following generic induction step case. Theinduction hypothesis has the following schematic form:+ ++ ++ ++ = � � � � � � �and the induction conclusion is:+ + + ?+? " + ++ = � � � ?�? " � � � (27)Suppose that the right hand side of the induction conclusion can be completely rippled but theleft hand side becomes blocked.+ + ?++ +? " ++ = ?� � � � � � �? " (28)Fertilizing the right hand side gives:++? + ++? ++ = ?+++ + ++ +? # (29)Note that the + + + + + + + skeletons on either side of the = are identical, but that the ??wave-fronts may di�er. The intuition is that since the two sides of equation (29) are so similar itwill be easier to prove than the original equation, (27), in which the two sides may be completelydi�erent.If the wave-front surrounding the right hand side can be rippled-in towards the inductionvariable then the induction conclusion can be transformed to the form:++? +++? ++ = +? ++ +++?+where the wave-front has been dropped since no further rippling-in is possible. At this pointthe outermost function symbols on the left and right are bound to be identical since they eachbelong to identical +++++++ skeletons. Thus, they may be cancelled, reducing the inductionconclusion to: +? + ++?+ = ? + ++ ++? (30)6Or downwards in the graphical representation. 13



The aim of rippling-in is to enable this cancellation to take place. In CLAM , rippling-in andcancellation are interleaved until no further cancellation is possible. The intuition is that equation(30) is even easier to prove than equation (29) because it is syntactically simpler, while retainingthe property that the two sides of the equation are very similar.Another way to look at rippling-in is as a technique for bi-directional rippling-out. Ideally,both sides of the equation would ripple-out fully. The left hand side would then have the form:?+ + ++ ++ +? ", which is the same form as the right hand side after fertilization, cf. equation(29). Unfortunately, the left hand side gets blocked at: + + ?+ ++? " + +. Rippling-in startsfrom ?+ + ++ ++ +? # and performs what would have been the last few rippling-outs in reverseto get: + ?+ ++ ++? #+. Note that the �nal subgoal, equation (30), could be made into a wave-rule. In fact, if this wave-rule were available the rippling-out would not have been blocked, sinceit is just what is needed to continue rippling the left hand side of equation (28). It is the missingwave-rule | or, more accurately, an instance of one such missing wave-rule.4.3 Example of Rippling-In and Lemma DiscoveryTo illustrate rippling-in we return to our half integer example just after weak fertilization.half (s(x + s(x ))) = s(half (x + x )) #Rippling-in can be performed by applying wave-rule (24) right to left. This gives:half (s(x + s(x ))) = half ( s(s(x + x)) #)after which further rippling-in would not assist cancellation. The wave-fronts are now droppedand the outermost function symbols cancelled to give:x+ s(x) = s(x+ x) (31)This remaining subgoal is proved by generalising the second occurrence of x on each side of theequation to y and then using s(x) induction. The details of this generalisation step are beyondthe scope of this paper.Note that the subgoal (31) that remains, after weak fertilization and rippling-in, is an instanceof the missing wave-rule (26). This is not a coincidence. In fact, we can see from the aboveanalysis that if a ripple is blocked for the lack of a single wave-rule, and if weak fertilization andrippling-in succeed, then the subgoal they leave is bound to be an instance of the missing rule. Inproving this subgoal, CLAM often starts by generalising it into the missing wave-rule. After theproof it is added to CLAM 's stock of wave-rules for future use, so ripples will not block for thelack of this rule in future. We will refer to this phenomenon as the `in-line' proof of wave-rules. Itshows the power of our proof plans technique to conjecture and prove lemmas needed to completea proof.4.4 Controlling Rippling-InControlling rippling-in raises a couple of complications that are not already present in rippling-out.� Firstly, there may be a choice between di�erent inwards directions. For instance, an expres-sion �(�(�; �)) # may be rippled-in to either �( �0(�) #; �) or �(�; �00(�) #). Fortunately,14



we can be guided by the shape of the other side of the equation. For cancellation to bepossible this should have either the form �(�; : : :) or the form �(: : : ; �), and whichever it iswill determine which rippling-in we perform.� Secondly, we need to know when to stop. Again, we only ripple-in if this will allow can-cellation to take place. For instance, if the equation is �(�; �00(�)) = �(�(�; �)) # and theonly available wave-rule will ripple-in the right hand side to �( �0(�) #; �) then rippling-inis stopped.� Thirdly, not all wave-rules can be legally applied right to left, e.g. if they are formed fromimplications then they can only be used left to right on sub-formulae of positive polarityand right to left on sub-formulae of negative polarity. Similar remarks hold for inequalities.We call such wave-rules irreversible. On the other hand, wave-rules formed from equalitiesand equivalences are always reversible. For irreversible wave-rules CLAM uses a generalnotion of polarity to determine in which orientation and to which sub-expressions they canbe legally applied. For instance, for wave-rules formed from implications the polarity of asub-formulae is the parity of the number of implicit or explicit negations within which it iscontained, e.g. in :p^ q ! r, p and r are of positive polarity and q is of negative polarity.For wave-rules formed from inequalities the polarity corresponds to the monotonicity of thefunctions containing the sub-expression.In x6.3 and 10.2.2 we will meet a variation of rippling-in that uses a di�erent kind of wave-rule.5 Conditional Wave RulesOur third extension is to allow conditional wave-rules, i.e. wave-rules that are only true undersome condition. They have the form:Cond ! LHS ) RHSwhere LHS ) RHS is a wave-rule and Cond is a formula.If the condition of a rule is provable from the current hypotheses then, clearly, we can use therule. But even if it is not currently provable we can still use the rule provided we divide the proofinto two cases using the condition and its negation. The condition is then trivially provable in the�rst case. So a major problem to be solved in the use of conditional rules is when to try to provethe condition within the current case (either immediately or later) and when to use the conditionto split the current case into two sub-cases.As a partial solution to this problem, related conditional rules are stored, by CLAM , incomplementary sets of the form:Cond1 ! �( �11(�11; : : : ; �p11 ) ; : : : ; �1n(�1n; : : : ; �pnn ) ) ) RHS1: : : : : : : : :Condk ! �( �k1 (�11; : : : ; �p11 ) ; : : : ; �kn(�1n; : : : ; �pnn ) ) ) RHSkwhere RHSi is either of the form:�i(�(�qi11 ; : : : ; �qinn ); : : : ; �(�ri11 ; : : : ; �rinn ))15



El = H ! El 2 ( H :: T ) ) trueEl 6= H ! El 2 ( H :: T ) ) El 2 TH 2 S ! ( H :: T ) \ S ) H :: (T \ S ):H 2 S ! ( H :: T ) \ S ) T \ SThese two complementary sets of conditional rules are taken from the de�nitionsof set membership and the intersection of two sets, respectively. Sets are representedas lists, so H :: T is the set formed by adding element H to the set T . Note that inthe 2 set only the second rule is a conditional wave rule, but that in the \ set bothrules are. Table 3: A Set of Conditional Wave Rules1 � qij; rij � pj for 1 � j � n and 1 � i � k, or is an expression not containing � and where werequire that: Cond1 _ : : :_Condkand where for each 1 � i � n there exists a wave-front, �i, which subsumes the wave-fronts �jifor all 1 � j � k, where the �is are the wave-fronts to be rippled-out in the induction conclusion.A wave-front, �, subsumes a wave-front �0 if � consists of nested copies of �0. For instance, thewave-front s(s(: : :)) subsumes the wave-front s(: : :). Note that two consecutive ripples of s(: : :)will ripple s(s(: : :)) once.Note that it is not always possible to form a complementary set from conditional wave-rulesalone. Some conditional rules in a complementary set will be conditional wave-rules and somewill be conditional, non-recursive de�nitions of �. See, for instance, the complementary set for 2in table 3.Now that wave-rules can be conditional it is necessary add an additional item to the precon-ditions of wave-rule application (de�nition 2)..De�nition 3 (Preconditions of Applying Conditional Wave-Rules) The preconditions ofapplying a wave-rule to rewrite a sub-expression of the induction conclusion are that:� the left hand side of the rule matches the sub-expression;� the sub-expression contains at least one wave-front;� each wave-front in the sub-expression is matched with a wave-front in the rule; and� the condition of the wave-rule is provable from the current hypotheses.Some examples of conditional rules are given in table 3.When applying conditional wave-rules CLAM proceeds as follows.� If the condition is a variant of one of the existing hypotheses of the current case then therule can be applied with no further work.16



� Else if the rule is a member of a complementary set then the current case is split intosub-cases using the conditions of that set.� Otherwise, the condition is set up as an additional sub-goal.In this way we avoid dividing into sub-cases unless each of the sub-cases is likely to succeed. Since,for each sub-case, there is a conditional rule whose condition is satis�ed, then one of the followingtwo situations will obtain.� If the rule for a sub-case is a conditional wave-rule, then rippling-out can continue.� If the right hand side of the rule for a sub-case does not contain � then the rule provides anon-recursive de�nition of � in this case and the proof proceeds by symbolic evaluation (see[Bundy et al 91]) rather than induction.This gives some assurance of success in each sub-case.This is only a partial solution to the problems of using conditional rules because we might notinvest enough e�ort into proving the condition in the current case before giving up and dividinginto cases. Thus we will create an unnecessary case split.To illustrate the use of conditional wave-rules consider the theorem:8A:nat:8B:set(nat):8C:set(nat): A 2 B ^A 2 C ! A 2 B \CThe induction conclusion of this theorem is:(a 2 e :: b ) ^ (a 2 c) ! a 2 ( e :: b \ c)Consider the second wave-front. Assume that the only matching wave-rules are the complementaryset for \ in table 3. We can use this complementary set to suggest a division into two cases, eachof which has some assurance of success. After dividing into these two cases and applying theconditional wave-rules we get:e 2 c ` a 2 e :: b ^ a 2 c ! a 2 e :: (b \ c):e 2 c ` a 2 e :: b ^ a 2 c ! a 2 b \ cThe remaining wave-fronts can be rippled-out once each with the wave-rule:X 2 H :: T ) X = H _X 2 TThis gives: e 2 c ` ( a = e _ a 2 b ) ^ a 2 c ! a = e _ a 2 b \ c:e 2 c ` ( a = e _ a 2 b ) ^ a 2 c ! a 2 b \ cand the wave-fronts introduced by this rule can be beached with various propositional wave-rules,e.g. the distributive law of ^ over _. The second case, for example, becomes::e 2 c ` (a = e ^ a 2 c! a 2 b \ c) ^ (a 2 b ^ a 2 c! a 2 b \ c)After strong fertilization this leaves the residue::e 2 c ` (a = e ^ a 2 c! a 2 b \ c) ^ truewhich can be readily proved. The �rst case is similar.17



6 Rippling-Sideways into SinksOur fourth extension is to consider a third way in which rippling can successfully terminate. In ourexamples so far we have transformed universally quanti�ed variables into skolem constants in bothinduction hypothesis and induction conclusion. However, universally quanti�ed non-inductionvariables can be transformed into free variables in the induction hypothesis and skolem constantsin the induction conclusion. These free variables are not constrained to be matched to theircorresponding skolem constants during fertilization | they can be matched to any expressions.This signi�cantly increases the options open to the theorem prover. Wave-fronts can be rippled-sideways to surround the skolem constants, which we will call sinks. These sinks absorb the newwave-fronts and the engorged sinks can then be matched to the corresponding free variablesduring fertilization. In principle, this rippling-sideways can always be done using ordinary wave-rules: �rst applied forwards then applied backwards. In practice, not all the required wave-rulesare likely to be available, and the central part of the rippling must be done by a new kind ofwave-rule. We will call these new kinds of wave-rule transverse wave-rules, and we will renamethe original wave-rules as longitudinal wave-rules. This terminology of sideways, transverse andlongitudinal is natural in the graphical representation of rippling, cf. �gure 3.6.1 The Format of Transverse Wave RulesA simple transverse wave-rule is a rewrite rule of the form:�( �(�) "; �) ) �(�; �(�) #)i.e. it moves a wave-front from one argument of the function � to another one. �, � and � areeach a non-empty term with a distinguished argument. If � were empty then the rule wouldbe a longitudinal wave-rule, cf. format (3) with � empty. Note the directional annotations onthe wave-fronts. These re
ect the fact that the purpose of applying a transverse wave-rule is toreverse the outwards direction of the original wave-front and send it inwards towards a sink.Just as for longitudinal rules, the simple transverse wave form can be generalised, to give themulti-wave form: Cond ! �( �1(�1) "; : : : ; �n(�n) "; �1; : : : ; �m) )�(�1; : : : ; �n; �1(�1) #; : : : ; �m(�m) #)although, we cannot generalise this to wave-fronts with multiple wave-holes or to multiple �s. Alongitudinal wave-front would be required on the left hand side to contain multiple �s. Withoutmultiple �s we require a 1-1 mapping between the �s and �s on the left and right hand sides, andthis prevents multiple wave holes. However, these restrictions are lifted when we consider hybridtransverse and longitudinal wave-rules in x8.Note that the format is reversible, i.e. if the left hand side and right hand side are exchangedand the directional annotations of the wave fronts are inverted then we get another transversewave rule. Thus each transverse wave rule has a dual obtained by this reversal operation. If atransverse wave-rule is irreversible, then if it can be applied to sub-expressions of positive polaritythen its reverse dual can be applied to sub-expressions of negative polarity, and vice versa. Theuse of both a transverse wave-rule and its reverse dual does not lead to looping because of thesense of direction imposed by the preconditions of rippling-sideways (see x6.3).The preconditions for applying both conditional transverse wave-rules are the same as those forconditional longitudinal wave-rules (de�nition 3) except that we must now check for the directionalannotation on the wave-front. 18



( U <> V ") <> W ) U <> ( V <> W #) (32)U <> ( V <> W ") ) ( U <> V #) <> Wqrev( Hd :: T l "; L) ) qrev(T l; Hd :: L #)qrev(T l; Hd :: L ") ) qrev( Hd :: T l #; L)Two pairs of transverse wave-rules are shown. The members of each pair arereverse duals. The �rst pair is formed from the associative law of list append, where<> is in�x append. This shows that associativity laws can be interpreted as transversewave-rules as well as longitudinal wave-rules (cf. rules (7) and (8) in table 1). Thesecond pair is formed from the step case of the tail-recursive de�nition of list reversal.Tail-recursive de�nitions which use accumulators are a major source of transversewave-rules. Table 4: Transverse Wave RulesDe�nition 4 (Revised Preconditions of Applying Wave-Rules) The preconditions of ap-plying a wave-rule to rewrite a sub-expression of the induction conclusion are that:� the left hand side of the rule matches the sub-expression;� the sub-expression contains at least one wave-front;� each wave-front in the sub-expression is matched with a wave-front of the same kind in therule; and� the condition of the wave-rule is provable from the current hypotheses.Some examples of transverse wave-rules are given in table 4.6.2 A Worked ExampleTo illustrate rippling-sideways, consider the following example. Let unary rev be the naive listreversal function and binary qrev be the tail recursive list reversal function, so that the followingrewrite rules are available. rev(nil) ) nilrev( Hd :: T l ") ) rev(T l) <> (Hd :: nil) " (33)qrev(nil; L) ) Lqrev( Hd :: T l "; L) ) qrev(T l; Hd :: L #) (34)The second argument of qrev is an accumulator. Note that (33) is a longitudinal wave-rule and(34) is a transverse wave-rule.Consider the following theorem connecting these two list reversal functions.8L:list(nat):8M :list(nat): rev(L) <> M = qrev(L;M )19



To prove this theorem let L be the induction variable. The other universally quanti�ed variable,M , will become a skolem constant in the induction conclusion (represented by m) and a freevariable in the induction hypothesis (represented byM ). Note that when the induction hypothesisis used to fertilize the induction conclusion it is not necessary for M to be instantiated to m. Mcan take any value, provided all occurrences ofM are instantiated to identical values. This opensthe possibility that wave-fronts can be rippled around the sink m so that fertilization will absorbthem into the instantiation of M . We will annotate the sink, m, with bmc, in order to signifythat it is a target for wave-fronts.So, by the discussion above, the induction hypothesis is:rev(l) <> M = qrev(l;M ) (35)where M is a free variable, and the induction conclusion is:rev( h :: l ") <> bmc = qrev( h :: l "; bmc)To make the induction conclusion match the induction hypothesis we will ripple the two wave-fronts sideways so that each surrounds an bmc. Applying rule (34) does this to the right handside wave-front in one step.rev( h :: l ") <> bmc = qrev(l;� h ::m #�)We draw the sink annotation outside the wave-front to show that it has absorbed the wave-front.Rippling the left hand wave-front is more di�cult. First, (33) is applied to ripple the wave-frontout. ( rev(l) <> (h :: nil) ") <> bmc = qrev(l;� h :: m #�)Second, wave-rule (32), the associativity of <>, is used to ripple the wave-front sideways to theleft hand bmc. rev(l) <> (� (h :: nil) <> m #�) = qrev(l;� h :: m #�)Third, normalisation is applied to simplify the wave-fronts in the sinks and make them identical.This rewrites (h :: nil) <> m to h :: m on the left hand side. This permits strong fertilizationto match the induction hypothesis, (35), to the induction conclusion, which instantiates M toh :: m, and completes the step case.6.3 Control of Rippling-SidewaysRippling-sideways is controlled as follows. Initially, all wave-fronts are annotated as outwarddirected waves. When a transverse wave-rule is applied the new wave-fronts are all annotated asinwards directed (cf. the general format of transverse wave-rules above). The wave-holes of each ofthese new inwards wave-fronts must contain a sink, otherwise the transverse rule application is notpermitted. Only rippling-in is permitted to move these inward directed wave-fronts. The versionof rippling-in used at this stage is controlled di�erently to the version described in x4. Instead ofwave-fronts being directed in order to enable cancellation, they are directed towards the sinks intheir wave-holes. Rippling-in terminates when all inward directed wave-fronts are absorbed intothese sinks. The e�ect of this control is that wave-fronts are �rst rippled-out, then -sideways andthen -in towards sinks. A diagrammatic representation of a simple case of this process is given20



in �gure 3. Finally, the engorged sinks are simpli�ed to facilitate fertilization. For fertilizationto succeed each occurrence of a universally quanti�ed variable in the induction hypothesis mustmatch against an identical sink. Simplifying wave-fronts can turn equal wave-fronts into identicalones, as in the third stage of the example above.s� s� s*s



JJJJs�����Before
s� s)� ss���TTTs�����Stage-1

s� s� ss���TTT +s�����Stage-2
s� s� ss���TTTs�����AfterThe four expression trees show the expression before, during and after rippling-sideways. Sinks are indicated by circle nodes and wave-fronts by square nodes, asin �gure 2. � is the least upper bound of the wave-front and sink. � and � are theimmediate daughters of � in the direction of the wave-front and sink, respectively. InStage-1 the wave-front has been rippled-out until it is between the � and � nodes. InStage-2 it has been rippled-sideways so that it is between the � and � nodes. In Afterit has been rippled-in to the sink.Figure 3: Stages of Transverse RipplingThe strong direction imposed on rippling by the directional annotation of wave-fronts preventslooping. Once a wave-front has started to move towards a sink it cannot move backwards justbecause there is a rule available to so move it. This explains why the presence of both a transversewave-rule and its reverse dual does not cause a loop. This is another example of how the useof wave annotations and the preconditions of rippling tame a potentially explosive set of rewriterules.However, the presence of both longitudinal and transverse wave rules does introduce a newcause of branching into rippling. It is now possible to have a longitudinal and a transverse wave-rule Both meet the preconditions of rippling, so that there is a genuine choice in the searchspace. Moreover, these choices do not lead to slight variants of the same proof, as in our previousexamples of such choice. If they do both lead to proofs they will be signi�cantly di�erent ones.An example of a pair of alternative wave-rules is:s(U ) " + V ) s(U + V ) "21



s(U ) " + V ) U + s(V ) #In x4 we described the use of longitudinal wave-rules applied backwards after weak fertilizationto enable cancellation of identical functions from either side of an equation or similar formula. Wecalled this rippling-in. There is an equivalent process for the backwards7 application of transversewave-rules. Wave-fronts are rippled sideways out of sinks to enable cancellation. The control ofthis process is almost identical to that described in x4.4. An illustration of this process can befound in x10.2.2.6.4 Tail-Recursion and Transverse Wave-RulesWe noted in the caption to table 4 that the step cases of tail-recursive functions which useaccumulators are a good source of transverse wave-rules. This is more than just a coincidence.The movement of a wave-front from recursion variable to accumulator is what de�nes the use ofan accumulator to achieve tail-recursive behaviour. This de�nition then provides a wave-rule thatmoves a wave-front from induction variable to sink. Each occurrence of an accumulator providesa sink. Moreover, the veri�cation, synthesis or transformation of functions using accumulatorsusually requires rippling-sideways during any inductive proofs. Otherwise, the function's recursivede�nition cannot be used in the proof. The qrev example above illustrates this.7 Rippling-Across and Destructor InductionsOur �fth extension is to adapt rippling to proofs by destructor induction. In all the proofsconsidered so far the induction rules have been in the constructor style, that is the inductionhypothesis has been of the form �(�) and the induction conclusion has been of the form �(c(X)),for some constructor function, c. This neglects proofs in the destructor style of induction, that iswhere the induction conclusion has the form �(�) and there are one or more induction hypotheses,each of the form �(d(�)) for some destructor function, d. Many functions can only be de�nedusing a destructor style of recursion, e.g. quicksort, and for these the destructor style of inductionis usually more natural.One approach to rippling in destructor induction proofs is to ripple forwards on the inductionhypotheses rather than rippling backwards on the induction conclusion. We have attempted thisapproach. It is described in [Bundy et al 90b]. The di�culty is in using a rippled inductionhypothesis, �(�(�)) , to prove the induction conclusion, �(�). Unless � is empty, no fertilizationis possible, so the overall inductive proof plan breaks down.In this paper we take another approach | we ripple the wave-front across from the hypothesesto the conclusion, and then ripple the induction conclusion as before. This rippling-across consistsof two stages:Creation: A new kind of wave-rule is applied to the induction conclusion which creates a wave-front and some anti-wave-fronts, where neither kind of wave-front existed before. We callthis new kind of rule a creational rule.Neutralisation: The new anti-wave-fronts in the induction conclusion neutralise the old wave-fronts in the induction hypotheses.The general format of creational rules is:7Except note that an inverted transverse wave-rule is still a transverse wave-rule, so this is a another kind ofripple-sideways. 22



U 6= 0 ! U ) s( p(U) �) +U 6= 0 ! U + V ) s( p(U � + V ) +x 6= nil ! conscells(U ) ) s(conscells( car(U ) �) + conscells( cdr(U ) �)) +x 6= nil ! len(U ) ) s(len( cdr(U ) �)) +Creational rules are mainly extracted from destructor style recursive de�nitions.For instance, the last three rules above are extracted from the destructor style recursivede�nitions of +, conscells and len, respectively. The �rst rule is from a lemma abouts and p. Table 5: Creational Wave RulesCond ! �(�1; : : : ; �m) )�(�( �11 (�1) �; : : : ; �1m(�m) �); : : : ; �( �k1 (�1) �; : : : ; �km(�m) �)) +where Cond is a formula and �, the �ji s and � are terms with distinguished arguments. � may beempty, but the �ji s and � must not be. The �ji s are the new anti-wave fronts and � is the newwave front. Both wave fronts and anti-wave fronts are indicated by boxes, annotated with a +for wave fronts and a � for anti-wave fronts8.The preconditions for applying creational wave-rules require two new items in addition tothose for conditional wave-rules (de�nition 4). We postpone giving these until x8, de�nition 5,where we give the �nal set of preconditions is given for a general form of wave-rule.Some examples of creational rules are given in table 5.Here is an example destructor induction step case from the proof of the associativity of +.The destructor-style de�nition of + is as follows:U + V = if U = 0 then Velse s(p(U ) + V )From this de�nition we can readily extract the following creational rule:U 6= 0 ! U + V ) s( p(U ) � + V ) +which is used in the �rst two steps of the proof as follows: (The induction hypothesis is to theleft of the ` and the induction conclusion is to its right.)p(x) + + (y + z) = ( p(x) + + y) + z ` x+ (y + z) = (x+ y) + z8All wave-fronts in previous sections of this paper should be regarded as annotated with an implicit +.23



p(x) + + (y + z) = ( p(x) + + y) + z ` s( p(x) � + (y + z)) + = s( p(x) � + y) + + zp(x) + (y + z) = (p(x) + y) + z ` s(p(x) + (y + z)) + = s(p(x) + y) + + zThe last step does not represent an object-level inference, but is just a rearrangement of themeta-level wave front annotations.Rippling-across is applied immediately after any application of destructor style induction. Itrewrites the induction conclusion into a form to which the other forms of rippling are applicableand neutralises wave-fronts in the induction hypotheses. Each of the wave-fronts in each inductionhypothesis is considered in turn. Let C be the set of creational rules with corresponding anti-wave-fronts. By `corresponding' we mean that not only must the wave-front and anti-wave-frontmatch, but they must occur at the same relative position in their respective expressions, i.e. if thewave-front, �(�) +, occurs within the induction hypothesis, �(�( �(�) +)), then the creationalrule must have the form �(�)) �(�( �(�) �)) +.If C is empty for some wave-front in some induction hypothesis, then this hypothesis is un-usable, so it is labelled `unviable' and is not considered further. Otherwise, each of the rulesin C is considered in turn. The subexpression, �(�), in the induction conclusion, �(�(�)), isrewritten with this rule. Each of the newly introduced anti-wave-fronts is neutralised with anycorresponding wave-fronts in viable induction hypotheses, i.e. their wave-front annotations areboth dropped. Note that we attempt to neutralise all new anti-wave-fronts and not just the onethat triggered the rule application. Note also that corresponding wave-fronts in several inductionhypotheses may be neutralised and not just the one that triggered the rule application. Note�nally that induction hypotheses may be discovered to be unviable after an anti-wave-front hasbeen neutralised with one of its wave-fronts. This neutralisation must be undone, and anotherway must be sought neutralise the anti-wave-front.This process succeeds if at least one induction hypothesis remains viable and all its wave-frontsare neutralised. If any anti-wave-front in the induction conclusion remains unneutralised then itis merged with the wave-front that immediately surrounds it.To illustrate this process, consider the following example, which has been chosen to exhibit allthe various complications. The theorem to be proved is:8L:list(nat): conscells(L) � len(L)where conscells counts the number of cons cells used in a list and len counts its length. Supposewe try to prove this with a car=cdr destructor induction on lists. The step case will be:l 6= nilconscells( car(l) +) � len( car(l) +)conscells( cdr(l) +) � len( cdr(l) +) ` conscells(l) � len(l)Note that there are two induction hypotheses. We will refer to them as the car induction hypoth-esis and the cdr induction hypothesis, respectively.The only relevant creational rules are: 24



x 6= nil ! conscells(U ) ) s(conscells( car(U ) �) + conscells( cdr(U) �)) +x 6= nil ! len(U ) ) s(len( cdr(U) �)) +We consider, in turn, each of the wave-fronts in each of the induction hypotheses. Considerthe �rst wave-front of the car induction hypothesis. The conscells rule has a correspondinganti-wave-front. Applying it produces:l 6= nilconscells( car(l) +) � len( car(l) +)conscells( cdr(l) +) � len( cdr(l) +)` s(conscells( car(l) �) + conscells( cdr(l) �)) + � len(l)Each of the two new anti-wave-fronts neutralises with a corresponding wave-front in one of thetwo induction hypotheses.l 6= nilconscells(car(l)) � len( car(l) +)conscells(cdr(l)) � len( cdr(l) +)` s(conscells(car(l)) + conscells(cdr(l))) + � len(l)Now consider the second wave-front of the car induction hypothesis. Note that neither of thecreational rules contains an anti-wave-front corresponding to this wave-front, so the car inductionhypothesis is labelled `unviable' and takes no further part in the proof. We will delete it. Thecar anti-wave-front created by the conscells rule was neutralised by a wave-front in this unviableinduction hypothesis. Since this car anti-wave-front cannot be neutralised in any other way inmust be reinstated. So the current proof state is:l 6= nilconscells(cdr(l)) � len( cdr(l) +)` s(conscells( car(l) �) + conscells(cdr(l))) + � len(l)Now consider the second wave-front of the cdr induction hypothesis. The len rule has acorresponding anti-wave-front. Applying it and neutralising the corresponding wave and anti-wave-fronts produces:l 6= nilconscells(cdr(l)) � len(cdr(l))` s(conscells( car(l) �)) + conscells(cdr(l))) + � s(len(cdr(l))) +25



The induction conclusion now contains an unneutralised anti-wave-rule. This must be mergedwith the wave-front that immediately surrounds it, to produce:s(conscells(car(l)) + conscells(cdr(l))) + � s(len(cdr(l))) +Constructor-style rippling can now be brought to bear on the induction conclusion using thelongitudinal wave-rules: s(U ) + � s(V ) + ) U � VU + V + � W ) V � WTo apply these rules it is necessary �rst to split the left hand side wave-front.s( conscells(car(l)) + conscells(cdr(l)) ") " � s(len(cdr(l))) "and ripple each wave-front out separately. Strong fertilization then applies, completing the stepcase.8 A General Format for Wave RulesWe have now introduced three di�erent kinds of wave-rule: longitudinal, transverse and creational,each of which can also be conditional. In the search for more power we have lost some of the originalsimplicity of rippling. There seems to be a danger that this complexity will grow inde�nitely. Inthis section we try to reduce the complexity by de�ning a general format which includes all threekinds of wave-rule.As a starting point we repeat below the forms of the three di�erent kinds of wave-rules.Longitudinal Cond ! �( �1(�11; : : : ; �p11 ) "; : : : ; �n(�1n; : : : ; �pnn ) ") )�(�($11 ; : : : ; $1n); : : : ; �($k1 ; : : : ; $kn)) "Transverse Cond ! �( �1(�1) "; : : : ; �n(�n) "; �1; : : : ; �m) )�(�1; : : : ; �n; �1(�1) #; : : : ; �m(�m) #)Creational Cond ! �(�1; : : : ; �m) )�(�( �11 (�1) �; : : : ; �1m(�m) �); : : : ; �( �k1 (�1) �; : : : ; �km(�m) �)) +These three formats can be generalised to: 26



Cond ! �( �1(�11; : : : ; �p11 ) "; : : : ; �n(�1n; : : : ; �pnn ) "; �1; : : : ; �l; �l+1; : : : ; �m) )�(�($11 ; : : : ; $1n; �11 (�1) �; : : : ; �1l (�l) �; �1l+1(�l+1) #; : : : ; �1m(�m) #); : : :: : : ; �($k1 ; : : : ; $kn; �k1 (�1) �; : : : ; �kl (�l) �; �kl+1(�l+1) #; : : : ; �km(�m) #) "where each $ji is either an unrippled wave-front, �i(�1i ; : : : ; �pii ) , or is one of the wave-holes, �li.For each j, at least one $ji must be a wave-hole. Cond is a formula. �, the �is, � and the �ji areterms with distinguished arguments. � may be empty, but the �is, �ji and � must not be. Fornotational convenience, but without loss of generality, we have ordered the arguments of � so thatthe outwards wave-fronts are the �rst n, the anti-waves are the next l and the inwards wave-frontsare the last m � l. Either n, m or l may be 0. If m is 0 then the rule is purely longitudinal. If nis 0 and l = m then the rule is purely creational. If � is empty and l = 0 then pi = 1 and the ruleis purely transverse.This generalised form also increases the power of rippling, since it allows hybrid wave-rules,e.g. rules that are partly longitudinal and partly transverse, for instance,s(n) "Xi=0 ui ) u0 +Pni=0 u s(i) # "Rippling-out, rippling-sideways and rippling-across are combined in CLAM as the selectiveapplication of wave-rules in the above general format. The wave annotations determine what sortof rippling takes place, with hybrid forms of rippling happening in a natural way. In practice,all �ji wave-fronts are labelled as inward directed. Whether they are treated as anti-wave-frontsdepends on whether there is a positive wave-front to be neutralised in the induction hypothesis.Rippling-in applies general wave-rules from right to left. When used for rippling-in, the wave-front directional annotations are di�erent from that given above. So rippling-in applies, left toright, waves of the form:Cond !�(�($11; : : : ; $1n; �11 (�1) ; : : : ; �1m(�m) ); : : : ; �($k1 ; : : : ; $kn; �k1 (�1) ; : : : ; �km(�m) )) #) �( �1(�11; : : : ; �p11 ) #; : : : ; �n(�1n; : : : ; �pnn ) #; �1; : : : ; �m)where the range of the symbols is as before, except that � must not be empty, since purelytransverse rules are not used for rippling-in. The direction of the �ji wave-fronts can be eitherinwards or outwards.CLAM has as a single ripple tactic that applies general wave rules left to right or right to left.It analyses the current induction conclusion and chooses a rule which will move the wave frontsin a desirable direction while keeping the skeleton intact. The generalised ripple tactic embod-ies, as special cases: rippling-out, rippling-sideways, rippling-across and rippling-in. Despite thecomplications of applying wave rules in both left/right orientations, the duplication of skeletons,the choice of directions to ripple in, etc., the ripple tactic always terminates. This is proved inappendix A. 27



The preconditions of generalised rippling are the same as those for conditional rippling (de�-nition 3), but with two additional items for dealing with creational rippling.De�nition 5 (Preconditions of Applying Generalised Wave-Rules) The preconditions ofapplying a wave-rule to rewrite a sub-expression of the induction conclusion are that:� the left hand side of the rule matches the sub-expression;� the sub-expression contains at least one wave-front;� each wave-front in the sub-expression is matched with a wave-front of the same kind in therule;� after neutralisation of anti-wave-fronts at least one viable induction hypothesis remains;� After merging unneutralised anti-wave-fronts there exists at least one instance of the skeletonin the new induction conclusion; and� the condition of the wave-rule is provable from the current hypotheses.The generalised ripple tactic does not embody our last extension: existential rippling. Nor isexistential rippling guaranteed to terminate. This form of rippling extends generalised ripplingand is still under development. We describe its current state in the next section.9 Rippling under Existential Quanti�ersThe ripple tactic developed so far is suitable for proving theorems containing universal quanti�ers,but it cannot cope with existential quanti�ers. The problem is that the witness of an existentialquanti�er, i.e. the term that the quanti�er asserts to exist, may well contain occurrences of theinduction variable. In this case the witness of the existential quanti�er in the induction conclusionwill contain wave-fronts and must take part in rippling. Until the identity of the witness is knownthis rippling cannot be completed. On the other hand, we would like to use the possibilities forsuccessful rippling to help us determine what the witness should be - a Catch-22 situation.To illustrate the problem consider the following theorem.8X:nat:8Y :nat:8Z:nat:9W :nat: X + (Y + Z) =W + Zwhere the witness for W is clearly going to be X + Y , but we don't know that yet. If we applys(X) induction then the induction conclusion is:8Y :nat:8Z:nat:9W :nat: s(x) + (Y + Z) = W + ZThis can be rippled to:8Y :nat:8Z:nat:9W :nat: s(x+ (Y + Z)) = W + Z (36)but no further rippling is possible.In the purely universal version of this theorem, namely the associativity of +, we would ripplethe right hand side into the form s(: : :) , and then ripple both s functions away together. Theright hand side s function would be put in place by an application of wave-rule (4), reproducedbelow: s(U ) + V ) s(U + V )28



but this rule is not applicable unless W is instantiated to something of the form s(: : :) . Onesolution to this problem is to create an existential version of the wave-rule (4) and apply thisinstead, namely: 9 U 0 :nat: s(x+ (y + z)) = U 0 + V) 9U :nat: s(x+ (y + z)) = s(U + V ) (37)Note that U 0 is marked as a wave-front because it is implicitly s(U ) . For the application ofthis rule to (36) to qualify as rippling, W must also be seen as a wave-front. This is legitimatebecause, as we have seen it might be instantiated to a term containing a wave-front. We thereforeregard all existentially quanti�ed variables in goals as potential wave-fronts, which we mark asW .The same argument holds for U in (37). So applying (37) to (36) gives:8Y :nat:8Z:nat:9 W1 :nat: s(x + (Y + Z)) = s( W1 + Z))which can be rippled to:8Y :nat:8Z:nat:9 W1 :nat: x+ (Y + Z) = W1 + Z)to which strong fertilization applies, completing the step case of the proof.In this proof the relationship between U and U 0 in wave-rule (37), and hence that betweenW and W1 in the induction conclusion, is not explicitly recorded. This does not matter if we arejust interested in provability, but it does if we are also interested in the identity of the existentialwitness. The main application of our research is to program synthesis, [Bundy et al 90a], inwhich the existential witnesses play the vital role of de�ning the programs to be synthesised.Fortunately, the logic we use | a variant of Martin-L�of Type Theory | also contains a solutionto the problem. Each rule of inference of the logic has an associated program construction rule.A partial program is associated with each formula of the proof and is incrementally constructedin the course of the proof. The relationship between U and U 0 in wave-rule (37) is contained inthe program associated with its proof from wave-rule (4). The program associated with the stepcase of our example is a recursion equation partially de�ning a function, say w, which can serveas the witness of our existential quanti�er, namely:w(s(X); Y; Z) = s(w(X;Y; Z))The program associated with the base case will be:w(0; Y; Z) = Yso that w(X;Y; Z) = X + Y .Existential wave-rules are generated dynamically by CLAM , from regular wave-rules, accordingto need. This is essential since each regular wave-rule can give rise to in�nitely many existentialwave-rules. In the general case, the regular wave-rule:Cond ! �( �1(�11; : : : ; �p11 ) "; : : : ; �i(�1i ; : : : ; �pii ) "; �i(�1i+1; : : : ; �pi+1i+1 ) "; : : :: : : ; �n(�1n; : : : ; �pnn ) "; �1; : : : ; �m)) �(�($11; : : : ; $1i ; $1i+1; : : : ; $1n; �11 (�1) #; : : : ; �1m(�m) #); : : :: : : ; �($k1 ; : : : ; $kn; $ki+1; : : : ; $kn; �k1 (�1) #; : : : ; �km(�m) #)) "29



can be made into the existential rule:Cond ! 9 �1 :�1: : : :9 �i :�i:�(�( �1 ; : : : ; �i ; �i(�1i+1; : : : ; �pi+1i+1 ) "; : : : ; �n(�1n; : : : ; �pnn ) "; �1; : : : ; �m))) 9 $11 :�1: : : :9 $1i :�i: : : :9 $k1 :�1: : : :9 $ki :�i:�( �(�( $11 ; : : : ; $1i ; $1i+1; : : : ; $1n; �11 (�1) #; : : : ; �1m(�m) #); : : :: : : ; �( $k1 ; : : : ; $ki ; $ki+1; : : : ; $kn; �k1 (�1) #; : : : ; �km(�m) #)) ")where, � is an arbitrary formula and, for notational convenience but without loss of generality, wehave ordered the arguments of � so that those to be existentially quanti�ed are the �rst i. Notethat the $q and $qj must all be variables. Any non-empty subset of the n wave-fronts of � canbe chosen to be existentially quanti�ed, i.e. it can be done in 2n � 1 ways.Each side of the regular wave-rule is surrounded by a formula �, so that the existential quan-ti�ers can be applied to a formula, rather than a term. CLAM chooses �, and the subset ofwave-fronts to be existentially quanti�ed, dynamically by inspection of the formula to be rewrit-ten. For instance, in wave-rule (37), �(: : :) is chosen to be s(x+ (y + z)) = : : :.The presence of the potential wave-fronts around the �qj means that the well-founded measure,introduced in appendix A, might not be decreased by an existential rule application. Thus ripplingunder existential quanti�ers is not guaranteed to terminate. One way to see this is that until theidentity of the existential witnesses is �xed it is not clear how much rippling we will need to do.Since we can add to the complexity of these witnesses during the construction of the proof, theamount of rippling required is unbounded.Work on existential rippling is still in progress. We have an initial implementation and havesuccessfully tested it on a few simple examples. The problems of search are clearly exacerbatedby the presence of existential quanti�ers, but more empirical work is required to assess the sizeof the problem and extent to which existential rippling cures it.10 ResultsThe major hypothesis advanced in this paper is that in a signi�cant number of inductive proofs theripple tactic alone will successfully guide the step case between the application of the inductive ruleto the use of the induction hypothesis. We predict that we can use just the ripple tactic in place ofthe mixture of heuristics used by other inductive theorem provers for this stage of inductive proofs,with similar or improved success. For instance, in the Boyer-Moore theorem prover, Nqthm, thisstage of the proof is controlled by the heuristics of: rewriting terms; eliminating destructors;using de�nitions, axioms and lemmas; and by the user giving hints. We predict that rippling willsuccessfully replace all of these giving a more uniform search control regime and will prove sometheorems that Nqthm cannot prove without user guidance.To test this prediction we have used rippling to control the search of a large number oftheorems drawn from the literature. Below we give statistics on its performance which con�rmour prediction. We then give a number of selected examples to show how rippling generalises andreplaces the heuristics used in other theorem provers and how it can guide steps which in othersystems must be controlled by human intervention.30



10.1 Quantitative StudyWe have tested rippling by running CLAM successfully on 82 simple inductive theorems drawnfrom [Boyer & Moore 79], [Kanamori & Fujita 86] and other standard sources. In each proof, theripple tactic is solely responsible for controlling the proof between the application of inductionand the application of fertilization, i.e. rippling alone puts the induction conclusion into a formin which it can be simpli�ed with the aid of the induction hypothesis.A selection of the theorems proved by CLAM is listed in table 6. Table 7 shows the kinds ofrippling used to prove each of these theorems. Note that CLAM can combine two or more kindsof rippling within a single proof.8X:nat:8Y :nat:8Z:nat: X + (Y + Z) = (X + Y ) + Z (38)8L:list(int):8M :list(int): rev(L) <> M = qrev(L;M ) (39)8A:int:8L:list(int): count(A; sort(L)) = count(A;L) (40)8L:list(int): length(sort(l)) = length(l) (41)8X:int:8N :nat:8L:list(int): X 2 nth(N;L) ! X 2 L (42)8X:nat:8Y :nat: even(X) ^ even(Y ) ! even(X + Y ) (43)8X:nat:8Y :nat: min(X;Y ) � max(X;Y ) (44)8X:int:8A:list(int):8B:list(int): X 2 A ! X 2 A [B (45)8X:nat:half(X +X) = X (46)8L:list(int):8P :list(int):rotate(length(L); L <> P ) = P <> L (47)8X:nat:8Y :nat:X � (X + Y ) (48)8X:sexp:8Y :sexp:8Z:sexp:Z 2 X ! X 2 (X <> Y ) (49)8X:int+:9L:list(prime):prod(L) = X (50)Table 6: Examples of Theorems Proved using RipplingTo test the hypotheses, advanced in x2.5, that there is little or no search during rippling, weconducted the following experiment. Each wave-rule required during the proof of each of our 82test theorems was made available to CLAM . A complete test run of the 82 theorems was madeand any occurrences of branching were automatically recorded. There was no branching at all.That is, at each step, no more than one wave-rule met the rippling preconditions. We did noteven detect the only kind of branching anticipated in x2.5, namely a choice between longitudinaland transverse wave-rules. It seems that, in practice, it is rare to have both kinds of wave-ruleapply to the same expression.10.2 Case StudiesBelow we give some case studies where rippling, as implemented in CLAM , can automaticallyprove theorems that other theorem provers cannot prove unaided. In each case we show howrippling is responsible for the improved performance. In comparing the performance of theoremprovers we have tried to aid comparison between them by translating their formalisms into theone used in this paper. We claim that these translations do not violate the spirit of their proofattempts. 31



Theorem Number Out Sideways In Across Existential38 x39 x x40 x41 x42 x x43 x x44 x x45 x x46 x x47 x x x48 x x49 x x50 x xEach row of the table shows the kinds of rippling used by CLAM to prove a theoremin table 6. The �rst entry gives the number of the theorem from table 6 and thesubsequent entries give the kinds of rippling used in its proof.Table 7: Kinds of Rippling used in Proofs32



10.2.1 Naive and Tail Recursive List ReversalConsider the theorem:8L:list(nat):8M :list(nat): rev(L) <> M = qrev(L;M )discussed in x6.2. This example is based on one in [Burstall & Darlington 77] used to illustratefolding and unfolding. Unfolding is like rippling but restricted to the application recursive rewriterules and applied exhaustively. Folding is the inverse to unfolding, i.e. it is like rippling-in. In fact,the proof cannot be handled by folding and unfolding alone, because it requires the applicationof a non-recursive equation: the associativity of <>. Darlington calls the associativity of <> alaw. Laws are applied by user intervention.As we have seen in x6.2, the associativity of <> can be viewed as a wave rule, in various ways.The appropriate way to use it is (usually uniquely) determined by the location of the wave-frontsin the induction conclusion. Thus rippling subsumes unfolding and is able to account for theapplication of a`law' that otherwise requires human intervention. In this case the annotationrequired on the associativity of <> is as a transverse rule:( U <> V ") <> W ) U <> ( V <> W #)and it is used for the following piece of rippling-sideways:( rev(l) <> (h :: nil) ") <> bmc = qrev(l;� h :: m #�)rev(l) <> (� (h :: nil) <> m #�) = qrev(l;� h :: m #�)Nqthm can prove this theorem automatically provided the associativity of <> is available asa rewrite rule and that the user has oriented it in the appropriate direction.10.2.2 Rotate LengthConsider the theorem:8L:list(� ):8A:list(� ): rotate(len(L); L <> A) = A <> LThe function rotate takes a number, n, and a list, l, and returns a list identical to l but with the�rst n elements transported from the beginning to the end. Nqthm cannot prove this theorem.This is because it does not have the rippling-sideways tactic. Although part of this missing tacticis mimicked by Nqthm's symbolic evaluation, the �nal rippling-in part is missing.Both Nqthm and CLAM choose a hd :: induction9 on L. Since A is also universally quanti�ed,it is a sink, so the CLAM representation of the induction conclusion is:rotate(len( hd :: tl "); ( hd :: tl ") <> bac) = bac <> ( hd :: tl ")The recursive de�nitions of <>, len and rotate provide the following wave rules:( Hd :: T l ") <> L ) Hd :: (T l <> L) "len( Hd :: T l ") ) s(len(T l)) "L 6= nil ! rotate( s(N ) "; L) ) rotate(N; cdr(L) <> (car(L) :: nil) #)9Actually Nqthm uses a destructor-style version of this, but it will aid the comparison and does not seriouslydistort the account, to pretend that it uses a constructor-style induction.33



CL M can use these wave rules for rippling; Nqthm can use the recursive de�nitions for symbolicevaluation. Thus both systems can use these de�nitions, together with some simpli�cation, torewrite the induction conclusion to:rotate(len(tl); (tl <> bac) <> (hd :: nil) #) = bac <> ( hd :: tl ")CLAM completes the rippling of the left-hand wave-front. It applies the associativity of <>backwards as a longitudinal wave to ripple this wave-front towards its sink. Without a ratherspecial-purpose wave-rule the right-hand-side wave-front is blocked.This puts the induction conclusion in the form:rotate(len(tl); tl <> (� a <> (hd :: nil) #�)) = bac <> ( hd :: tl ")Since the left-hand-side is fully rippled, weak fertilization applies to give:(� a <> (hd :: nil) "�) <> tl = a <> (hd :: tl)Rippling-in10 now uses the associativity of <> as a transverse wave-rule to ripple the remainingwave-front out of the sink. This gives:(bac <> ( (hd :: nil) <> tl #) = a <> (hd :: tl)to which cancellation and simplification apply, yielding:hd :: tl = hd :: tlwhich is proved by the identity tactic.Provided the associativity of <> is available to Nqthm and has been appropriately orientedby the user, it will mimic the inwards ripple on the left-hand-side. Although the left-hand-side isnow fully rippled, Nqthm is unable to apply weak fertilization because its logic does not permitany instantiation of A except at the time of determining the induction rule. Nqthm then loses itway, over-generalises and fails.Nqthm lacks any heuristics corresponding to rippling-in or rippling-sideways and because ofthe limitations of its logic is unable to fully exploit sinks. If the transverse wave rules used forrippling-sideways are based on recursive de�nitions (as is the case with the de�nition of rotate)then symbolic evaluation will mimic the e�ect of rippling-sideways. Also if it happens to have arewrite rule oriented in the direction required for a particular application of rippling-out, -sidewaysor -in, then it will mimic these processes. But this is more a matter of luck than judgement; inmany cases no happy coincidence will arise and Nqthm fail.11 ImplementationAll the various forms of rippling described above have been implemented and tested in theOyster/CLAM system, which is written in Prolog. Full documentation of Oyster is availablein [Horn 88] and of CLAM in [van Harmelen 89]. Versions for Quintus and Sicstus Prolog exist.A ripple tactic has been built. A tactic is a Prolog program which applies rules of inference of theOyster type theory. The ripple tactic forms part of the ind strat tactic, which controls the wholeof an application of inductive inference. Within ind strat, ripple is applied during the step case10This is the kind of rippling-in using transverse wave-rules that was described in x6.3.34



of an induction just after the induction tactic and before the fertilize tactic (see �gure 1). Theripple tactic calls the wave sub-tactic, which applies individual wave-rules. Each tactic has a cor-responding method, which speci�es its preconditions and e�ects using a meta-logic implementedas a Prolog program. For instance, the precondition of the wave method is a Prolog program rep-resenting the preconditions given in English in de�nition 5. These methods are used by CLAM tobuild a proof plan customised for the current theorem. Most proof plans are built from ind stratand a few other high-level tactics; their sub-tactics are only rarely used independently. Moredetails of the Oyster/CLAM system can be found in [Bundy et al 91].In order to ensure the correct, selective application of wave-rules by ripple it is necessary tomark wave-fronts and wave-holes in both goals and wave-rules. CLAM does this by annotatingthe object-level expressions with meta-level functions. The Prolog functions wave front/3 andwave hole/1 are used to indicate wave-fronts and wave-holes, respectively. The arguments ofwave front are:1. the type of wave-front: definite or potential;2. the direction of rippling: out or in; and3. the object-level expression itself.The in argument is used to indicate both inwards directed and anti-wave-fronts. The argumentof �wave hole is just the object-level expression. Thus the expression s(x) " + y is represented bythe Prolog expression: wave front(definite; out; s(wave hole(x))) + yThis representational technique has the advantage that alignment of wave-fronts in wave-rulesand goals is automatically checked as a side e�ect of the process of matching rule to goal.Whenever a new de�nition is made or a new theorem proved, CLAM analyses it and extractsany wave-rules that it suggests. If necessary, these rules are proved as lemmas from the originalde�nition or theorem. The wave-rules are automatically annotated with wave-fronts, possibly inmultiple ways and in di�erent left/right orientations. These multiple ways include weakenings,reverse duals, and both transverse and longitudinal readings of the same formula (cf. the manydi�erent ways in which the associativity laws can be regarded as wave-rules, see tables 1 and4). They are then stored for future use. The rippling capabilities of CLAM thus increase withuse. Although the search space also increases this is not a problem in practice because the strongpreconditions of rippling tame the combinatorial explosion.12 Related WorkThe use of sets of rewrite rules in theorem provers is commonplace. The most common usage isto apply them exhaustively to put expressions in a normal form. By `exhaustively' we mean thatrules are applied until no further rule applications are possible. In contrast, we apply wave-rulesselectively, that is as well as a rule being applicable some additional preconditions must be met,i.e. that each wave-front in the sub-expression being rewritten must match a wave-front in therule rewriting it, (see de�nition 1).Termination of the exhaustive application of a set of rewrite rules is an important property.This is usually proved by exhibiting a well-founded ordering that is strictly decreased by eachrule application. Since wave-rules are selectively applied, we are able to take account of thepreconditions on the application when proving termination. For instance, in appendix A we usedthe information that each rule application moves the wave-front along a �xed length path. This35



allows us to use wave-rules in either orientation without the risk of looping, something that isimpossible with exhaustive application. The �rst exploitation, of which we are aware, of selectiveapplication of rewrite rules to prove termination, is in [Bundy & Welham 81].The decision as to which rules to include in a rewrite rule set and which way round toorient them is often partially determined by the termination ordering. It might also be de-termined automatically by a Knuth-Bendix process which is trying to create a con
uent set,[Knuth & Bendix 70]. Alternatively, it may simply be determined by the intuitions of the de-signer. In contrast, wave-rules are chosen and oriented automatically by CLAM on the basis oftheir syntactic structure, as given in x8. The same formula may used in several di�erent ways,including both orientations. This technique for selection and orientation ensures that the rule setmeets its speci�cation of rippling wave-fronts. It also means that we can add to the rule set dy-namically without risk of deviation from this speci�cation, of non-termination or of combinatorialexplosion.The �rst documented use of rewrite rules based on recursive de�nitions was in [Burstall & Darlington 77],who called it unfolding. Exhaustive unfolding has since become standard practice in inductivetheorem provers. [Aubin 75] �rst pointed out how unfolding rippled (what we call) wave-frontsthrough the induction conclusion. He called this process rippling-out and exploited it in hisgeneralisation-apart heuristic. In [Bundy 88] we pointed out how Aubin's observation could beused to extend the class of rewrite rules used for rippling-out from recursive de�nitions to wave-rules. The present paper extends further our initial de�nition of wave-rules.Building on the proposals in [Bundy 88], Hutter has implemented a rippling-like heuristic inthe inka inductive theorem prover, [Hutter 90]. His implementation di�ers from the one describedhere in the following respects.� His rewrite rule set contains any rule that moves wave-fronts11 within a skeleton. This isa larger rule set than our wave-rules, because it includes rules that move wave-fronts indirections other than out, sideways or across.� These rewrite rules are controlled by a series of strategies that correspond roughly torippling-out, rippling-sideways and rippling-across. There are minor di�erences that a�ectthe relative power of the two implementations, but these are not signi�cant.Hutter independently invented the concept of rippling-across and possibly rippling-sideways. Healso invented an interesting technique for the representation of wave-fronts. Each function hasan additional argument that indicates whether it belongs to the skeleton or the wave-front. Therippling precondition of wave-front agreement is taken care of by an enhanced matcher. Ascurrently realised this technique has some messy complications, e.g. each variable has to have anin�nite number of aliases and the matcher is very complicated. We hope it may be possible tosimplify the technique and adopt it in CLAM .Rippling is the central idea behind our rational reconstruction of the induction heuristicsembedded in the Nqthm theorem prover, [Boyer & Moore 79]. In [Bundy et al 89] we have shownhow the method used by Boyer and Moore to select the best form of induction to prove a theoremcan be rationally reconstructed as a look ahead to see what form of induction maximises thechances of that rippling will succeed. Similar remarks apply to the generalisation of a theoremprior to induction | an area on which we are currently working. Our understanding of therelation between rippling and induction has also enabled us to extend the Boyer-Moore heuristicsbeyond purely universal theorem to those involving existential quanti�ers.The `black box' nature of the Nqthm rewriting subsystem makes a direct comparison withrippling di�cult. It is possible, however, to make some comparison based upon some generalobservations.11He calls wave-fronts, contexts. 36



Firstly, the most general wave rule schema presented in x8 demonstrates the uniformity ofrippling. Such uniformity within the rewriting capabilities of Nqthm is less obvious. Nqthm hasfour classes of rules of which REWRITE and ELIM relate to rippling. The REWRITE classencapsulates both recursive de�nitions and the use of lemmas. The rules classi�ed as ELIM areused to eliminate destructors from an induction hypothesis. In some sense the ELIM rules playthe same role as creational wave rules do within destructor style induction.Secondly, the merits of rippling with respect to controlling the application of rewrite rules isdemonstrated by its success at handling potentially non-terminating sets of rewrites. In particular,by being more focussed, rippling is able to fold as well as unfold recursive de�nitions. In contrast,Nqthm makes no provision for the folding of de�nitions and the onus of ensuring against the non-termination of rewriting is left to the user. The Nqthm user must decide how to orient lemmasas rewrite rules. Rippling determines the orientation of lemmas as wave-rules. The same lemmaor de�nition can be used in both orientations by rippling without the risk of non-termination.Thirdly, rippling was developed for a much stronger logic than Nqthm. As a consequencerippling can be seen as providing a more general control strategy. For instance, the notion sinkscannot be exploited by Nqthm since universal quanti�cation is implicit within its logic.13 Limitations and Further WorkThe work described above has made considerable extensions to rippling. Some further testingmay suggest additional extensions. For instance, our experience with higher-order functions islimited, so rippling may need extending in this area.Some mopping-up operations remain, e.g. the consideration of normal forms for wave-frontrepresentation (see x2.4) and the ability to overlap old and new wave-fronts positions, as in thetransverse wave-rule:rotate( s(N ) "; Hd :: T l ") ) rotate(N; T l <> (Hd :: nil) #)Also, we are exploring the analogue of rippling when programs are represented not in the functionalprogramming style of nested functions but in the logic programming style of conjunctions ofliterals, e.g. plus(x; y; z) ^ even(z; w)rather than: even(x + y)However, our main e�ort in future work will be going, not into further extensions, but intodeveloping the other theorem proving tactics that rippling suggests and enables.13.1 Unblocking RipplesRippling can fail due to the lack of an appropriate wave-rule. We say that it is blocked. We arecurrently exploring various techniques for unblocking ripples. These mostly work by perturbingthe induction conclusion in some way, but without disturbing the skeleton, in the hope that awave-rule will apply to the perturbed expression. For instance, transverse wave-rules can be usedin this way. Here is a simple, but rather arti�cial, example. Consider the blocked inductionconclusion (25) from x4, which contained the sub-expression x+ s(x) ", but where the wave-rule(26): U + s(V ) " ) s(U + V ) "37



is not available. Suppose, however, that the rule:U + s(V ) " ) s(U ) " + V (51)is available. We can �rst apply rule (51), to unblock the ripple by moving the wave-front tothe adjacent argument. This gives s(x) " + x to which rule (4) applies to give s(x+ x) ", asrequired. Blocked from moving outwards directly, the wave-front is �rst moved sideways aroundthe blockage, and then outwards. Note the non-standard annotation of rule (51), where the newwave-front is directed outwards rather than inwards. This re
ects the non-standard use to whichthe rule is being put.An alternative method of unblocking in the above example would be to apply the commutativelaw of +: U + V ) V + UIt is often the case that commutative laws, and similar permutative rewrite rules, can be usedto unblock ripples. Unfortunately, note that commutative laws are not wave-rules, and theiruninhibited use could lead to looping. We are still studying how best to apply such permutativerules to unblock ripples. Possibilities include; (a) using them under loop checking constraints, (b)building them into the uni�cation algorithm or (c) using them to generate permutated variantsof wave-rules. Solution (c) is currently the favourite.Another technique for unblocking ripples is to allow a blocked outwards wave-front with asingle wave-hole containing a sink to reverse direction and be rippled-in to this sink. This changeof direction is a substitute for a missing transverse wave-rule. Instead of the wave-front goingout, sideways and in, it goes out then in. Note that this is not just backtracking, because at leastthe later part of the path in will be di�erent from the earlier part of the path out. For instance,consider the proof of: 8L:list(nat):8N :nat: len(L) + N = len2(L;N )where len is the naive list length function and len2 is the tail-recursive version. Suppose we applyh :: l induction and ripple-out with the recursive de�nitions of len and + and ripple-sideways withthe recursive de�nition of len2.s(len(l) + bnc) " = len2(l;� s(n) #�)The ripple is now blocked. It can be unblocked by rippling-in with the wave-rule:U + s(V ) " ) s(U + V ) "applied right to left, to produce:s(len(l) + � s(n) #�) = len2(l;� s(n) #�)as required. This unblocking is a substitute for the (possibly missing) transverse wave-rule:s(U ) " + V ) U + s(V ) #38



13.2 Middle-Out ReasoningIn [Bundy et al 89] we describe how rippling can suggest which induction rule to use to provea theorem. The idea is to look-ahead to the step case and �nd an induction rule that wouldenable all the wave-fronts to be rippled at least once. This look-ahead is conducted as part of thepreconditions of the induction tactic. We call it recursion analysis.Recursion analysis is both inadequate and too in
exible: inadequate, because it only checksfor the �rst step of rippling, and in
exible because it insists that all wave-fronts must be rippledat least once, when the best available induction rule may only be able to ripple some of them. Inpractice, we overcome these limitations with ad hoc devices. We are thus seeking an alternativemechanism that overcomes them in a principled way.The mechanismwe are currently exploring is to use meta-variables to postpone the choice of in-duction rule and allow it to be �xed by higher order uni�cation during rippling, [Bundy et al 90a].We call this middle-out reasoning because it allows us to postpone the beginning of a proof andtackle the middle �rst, allowing decisions made in the middle to in
uence the beginning. We canillustrate this with an example. Consider the theorem:8X:nat:8Y :nat: even(X) ^ even(Y )! even(X + Y )Assume that the induction rule will introduce the induction terms �(x) or 
(y) or both. The stepcase will be: even(x) ^ even(y) ! even(x + y)` even( �(x) ) ^ even( 
(y) )! even( �(x) + 
(y) )where we have used potential wave-fronts since we are not sure yet which of them will turn out tobe required. The wave-rules (4) and (6) from table 1 will both apply to the induction conclusion:the �rst in one way and the second in two. Each of these rule applications will eventually lead usto the same conclusion, but the most instructive is to apply rule (4), so let us start with that.even(x) ^ even(y) ! even(x + y)` even( s( �1(x) ) ) ^ even( 
(y) )! even( s( �1(x) + 
(y) ) )where �(X) = s(�1(X)). Now, since we always prefer to ripple real wave-fronts before potentialones, the ripple with (6) is indicated, giving:even(x) ^ even(y) ! even(x + y)` even( �2(x) ) ^ even( 
(y) )! even( s( s( �2(x) ) + 
(y) ) )where �1(X) = s(�2(X)). Another ripple with (4) is indicated, giving:even(x) ^ even(y) ! even(x + y)` even( �2(x) ) ^ even( 
(y) )! even( s(s( �2(x) + 
(y) )) )and �nally another with (6), giving:even(x) ^ even(y) ! even(x + y)` even( �2(x) ) ^ even( 
(y) )! even( �2(x) + 
(y) )39



to which strong fertilization applies, instantiating �2(X) = X and 
(Y ) = Y . Thus �(X) =s(s(X)), i.e. a double induction on X has been chosen, as required.Middle-out reasoning can also be used to deal with existential quanti�ers, and we are exploringthis usage in parallel with our work on existential rippling. Meta-variables are used to postponethe commitment to an existential witness, then uni�cation during subsequent rippling is used toretrospectively identify the witness. This use of meta-variables is fairly standard.13.3 Generalising ApartAubin in [Aubin 75] showed how to use recursion analysis to suggest generalisations of the theo-rem. He calls this mechanism generalisation apart. Consider the following theorem.8X:nat: X + (X +X) = (X +X) +XThis is a simple instance of the associativity of +. However, if we try to prove this using theobvious s(X) induction the ripple gets blocked. Only the wave-fronts surrounding the �rst andfourth occurrences of X can be fully rippled using wave-rule (4) from table 1. No wave-rules applyat all to the third, �fth and sixth occurrences and the second occurrence only ripples one level.The answer is to generalise the theorem to:8X:nat:8Y :nat: X + (Y + Y ) = (X + Y ) + Ybefore trying s(X) induction. Two of the occurrences of X are generalised apart from the otherfour. This time wave-fronts only appear in positions where they can be fully rippled.Recursion analysis can help suggest this generalisation. It locates those induction variableoccurrences that can be rippled at least once. Unfortunately, this is not exactly what is wanted. Itwill locate the �rst, second and fourth occurrences and suggest as generalisation the non-theorem:8X:nat:8Y :nat: X + (X + Y ) = (X + Y ) + YWe want to reject the second occurrence on the grounds that it ripples once, but then getsblocked. So to reject this occurrence requires looking ahead more than one level. This suggestsintegrating generalisation suggestions into the middle-out reasoning process described in x13.2above. Jane Hesketh is currently looking at this and other uses of middle-out reasoning forgeneralising theorems.13.4 Di�erence MatchingWe have assumed, so far, that the wave annotations in the induction conclusion are initialisedby the induction rule. However, it is desirable to have an independent method of introducingwave-fronts into an expression. One situation is when the induction rule suggests inappropriatewave-fronts and another is when rippling is used for non-inductive proofs. We illustrate each ofthese situations below.A situation when rippling requires wave-fronts di�erent to those initialised by the inductionrule occurs in one of the proofs of the following simple example. Consider the theorem.8N :nat: even(N ) _ even(s(N ))Recursion analysis uses wave-rule (6) from table (1 to suggest an s(s(N )) induction, and thisyields to the ind strat tactic with no problems. However, there is also a simple proof using s(N )induction. The wave annotation suggested by this induction rule is:even( s(n) ) _ even(s( s(n) ))40



but this is no good. What is required instead is the wave annotation:even(s(n)) _ even( s(s(n)) )The commutativity of _ makes the skeleton of this induction conclusion match the inductionhypothesis. One application of rule (6) then peters out the ripple and allows strong fertilizationto �nish the step case.Summing series provides many examples of the use of rippling for non-inductive proofs12. Forinstance, consider the problem of �nding a closed form solution to the series:nXi=0(a:i+ b) (52)where a and b are constants, using the standard forms:NXI=0K = (N + 1):K (53)NXI=0 I = N:(N + 1)2 (54)and the wave-rules: NXI=0 K:UI ) K:PNI=0 UI (55)NXI=0 UI + VI ) PNI=0 UI +PNI=0 VI (56)where K is a constant.We can use rippling by treating the standard forms as induction hypotheses and using themto suggest wave-fronts in the problem series. Rippling-out these wave-fronts will allow weakfertilization to use the standard forms to replace occurrences of P with closed form expressions.One of the standard forms that our problem series, (52), will match against is (53) above. Thissuggests the wave annotations: nXi=0 a:i+ bWe can then ripple out with wave-rule (56) and weak fertilize with (53).nXi=0 a:i+ b = Pni=0 a:i+Pni=0 b= nXi=0 a:i+ (n+ 1):bWe can then rematch the problem against the standard form (54) to suggest a new wave annota-tion, ripple out with wave-rule (55) and weak fertilize with (54).nXi=0 a:i + (n + 1):b = a:Pni=0 i + (n+ 1):b= a:n:(n+ 1)2 + (n+ 1):b12We are indebted to Toby Walsh for suggesting this application of rippling and providing the example below.41



This technique has been implemented as an MSc project by Alex Nunes and is reported in[Walsh et al 91].David Basin and Toby Walsh, in our research group, have designed a di�erence matchingalgorithm which inserts wave-fronts into goals, [Basin & Walsh 91]. It takes two expressionsplaying the role of induction hypothesis and induction conclusion, respectively, and identi�eswave-fronts in the induction conclusion so that its skeleton matches the induction hypothesis. Thisalgorithm can be used by a `stand-alone' rippling tactic which can �nd its own wave annotationsand thus act independently of any induction rule. It has been implemented by Alex Nunes and isused in his series summing program to extend rippling in this way.14 ConclusionIn this paper we have described the ripple tactic: the key search control heuristic for guidinginductive proofs. We started with the basic ripple-out tactic and then extended it in sevendirections: multi-wave rippling, conditional rippling, rippling-in, rippling-sideways, rippling-acrossand rippling under existential quanti�ers. We then described a generalised ripple tactic whichincludes the �rst six of these extensions as special cases and allows hybrids between them.Our extensions to rippling can be summarised as follows:multi-wave rippling: The generalisation of the form of wave-rules to simultaneous rippling ofone or more wave-fronts each containing one or more wave-holes, �nally matching with oneor more induction hypotheses. This enables the use of strong fertilization and extends theproof plan to non-equational and non-equivalential theorems.conditional rippling: The generalisation of rippling-out to conditional wave-rules. The use ofcomplementary sets of conditional rules to decide when to split into sub-cases.rippling-in: The use of longitudinal wave-rules backwards either after weak fertilization orrippling-sideways, thus enabling these tactics to complete their task.rippling-sideways: The use of transverse wave-rules to move wave-fronts into sinks. It enablesOyster-CLAM to take advantage of free variables in the induction hypothesis.rippling-across: The adaptation of these constructor induction techniques to destructor induc-tion.rippling under existential quanti�ers: The adaptation of rippling to deal with existentialquanti�ers.Rippling plays the central role in our proof plan for inductive proofs. As well as controllingthe proof search in the step case of an induction it also helps to determine what inductive ruleto use, how to generalise the theorem and what the existential witnesses should be. This proofplan and the rippling tactic have proved surprisingly successful. It has been successfully testedon 82 simple examples from the literature. No search is required. Our proof plan is much lesssensitive than the Boyer-Moore theorem prover to the order in which theorems are presented; ifan essential lemma is not available for rippling when required, an appropriate instance of it issometimes proved `in-line'.However, our proof plan does not constitute a decision procedure for induction proofs, whichis in any case an undecidable area. Nor does rippling always succeed in bridging the gap betweeninduction hypothesis and induction conclusion. Rippling will block if the right wave-rule is notavailable. If it blocks on both sides of an equation, even weak fertilization will not apply. Oneway to proceed in such situations is shake the current goal into a form in which a wave-rule will42



apply. For instance, a wave-front might be moved sideways to a non-sink with a commutativelaw or transverse wave-rule. The non-standard use of wave-rules for unblocking has already beenimplemented in CLAM and other techniques are currently under investigation.The Oyster-CLAM system is written in Prolog. A general form of rippling has been imple-mented which includes as special cases: multi-wave rippling, conditional rippling, rippling-in,rippling-sideways and rippling-across. Existential rippling is partially implemented and underdevelopment.A TerminationThe various forms of rippling direct and restrict the search for an inductive proof. The mainpurpose of using rippling is to avoid the combinatorial explosion that is associated with exhaustivesearch techniques. It is, therefore, important to demonstrate that rippling always terminates. Thetermination of rippling seems plausible because it is always directed towards some �nite objective,e.g. rippling a wave-front outwards until it is beached. Since expressions are of �nite depth, theskeleton remains unchanged throughout rippling and each ripple moves the wave-front a non-zero distance through the skeleton in a �xed direction, so eventually no further movement willbe possible. Unfortunately, this simple argument is complicated by the extensions to ripplingdescribed in this paper.A.1 Why Proving Termination is ComplicatedBelow we list these complicating factors.1. Creational rules create new wave-fronts as well as neutralising old ones. We must ensurethat there is a limit to the new wave-fronts introduced.2. Rippling-in sends wave-fronts in the opposite direction to rippling-out. We must ensure thatthe two forms of rippling do not cause a loop. Furthermore, when rippling-in there can bea choice of inwards directions. We must ensure that rippling does not loop between thesechoices.3. Wave-rules can duplicate parts of the skeleton, which also increases the number of wave-fronts. We must ensure that there is a limit to the new wave-fronts introduced.4. One wave-front can split into several, thus increasing the number of wave-fronts to be rippled.Each may be rippled along a di�erent path. We must ensure that there is a limit to the newwave-fronts introduced.5. The path along which a wave-front is being rippled may be partially shared with anotherwave-front, and the two ripplings may interfere. We must ensure that this interference doesnot cause looping.6. If rippling fails to get a wave-front to its target then it backs up and tries a di�erent target.We must ensure that the search space is �nite.A.2 The Design of the Well-Founded MeasureTo show that rippling always terminates we exhibit a well-founded measure that is strictly de-creased by each application of a wave-rule. In designing this measure we address the abovecomplications as follows: 43



1. Problem 1 is solved by treating unneutralised positive wave-fronts in the induction hypothe-ses as if they were really outward wave-fronts in the corresponding positions in the inductionconclusion. Creational rules then cancel these wave-fronts with anti-wave-fronts and reducethe measure.2. Problem 4 is solved by attaching a weight to each wave-front such that if a compound front issplit into several parts then the weight of a compound front is equal to the combined weightsof its parts. We will adopt the simple solution that the weight of a wave-front is the numberof function applications in it. So, for instance, the weights of s(s(x)) and s( s(x) ) willboth be 2 | 1 for each application of s. Note that weights are natural numbers.3. Problem 2 is solved by treating inward directed wave-fronts and outward directed ones,separately. The overall measure is a lexicographically ordered pair of an outwards measureand an inwards measure, so progress on the outward tree comes before progress on theinward one. Note that outward fronts can be relabelled as inward, but not vice versa. Thusa wave-front can change direction at most once.4. Problems 3 and 5 are solved by considering the overall e�ect of the wave-front applicationon the whole skeleton. Di�erent techniques are used for the outwards and inwards measures.For the outwards measure we use nested multisets where the nesting represents the structureof the skeleton and the possible positions within it for wave-fronts. For the inwards measurewe treat the skeleton as a tree labelled with (unnested) multisets of all the weights at thatposition in any of the duplicates. Sometimes distinct induction hypotheses have di�erentskeletons. These skeletons di�er only in the name of the induction variable. In the discussionbelow these skeletons are treated as identical.5. Problem 6 is solved because the search space is �nite. There is only ever a �nite branchingrate because there are only a �nite number of wave-rules. Each branch of the space is �niteas shown by the well-founded measure.A.3 The Well Founded MeasureThe measure attached to a sequent is a lexicographically ordered pair, in which the �rst elementmeasures the outwards directed wave-fronts and the second element measures the inwards directedones. The outwards measure is a nested multiset of weights. The inwards measure is the skeletonlabelled with multisets of weights.We start by de�ning the outwards, inwards and overall measures. We represent nested andunnested multisets with set notation, e.g. f: : :g, ;, [. We represent labelled trees by nestedexpressions in which the nodes are functions and the labels are superscripts on these functions.Finally, we de�ne well-founded orders on the measures.De�nition 6 (Outwards Measure) k�k" is the outwards measure of the sequent �. It is anested multiset de�ned recursively in two stages. We �rst de�ne a labelled and/or tree, tr(�),that represents the duplicated skeleton with its weights, and then we de�ne a nested multiset,nm(tr(�)), from this and/or tree. Thus, k�k" = nm(tr(�)).tr(� ` �) = tr(�)tr(�(�1; : : : ; �n)) = &w(�(tr(�1); : : : ; tr(�n)))tr(�(�1; : : : ; �n)) = &j�j+w1+���+wn (tr(�11); : : : ; tr(�p11 ); : : : ; tr(�1n); : : : ; tr(�pnn ))where: 44



� � is an n-ary function in the skeleton and � is an n-ary function not in the skeleton,� & is a new variadic function,� w is the sum of the weights of the positive wave-fronts in the induction hypothesis at thisposition in the skeleton,� j�j is 1 if � is part of an outwards wave-front and 0 otherwise, and� tr(�i) = &wi (tr(�1i ); : : : ; tr(�p1i )).nm(�(�1; : : : ; �n)) = fnm(�1); : : : ; nm(�n)gnm(&w(�1; : : : ; �n)) = fw; nm(�1); : : : ; nm(�n)gFor example, if � is:: : : ` s(max(max ht(l);max ht(r))) " � s(min(min ht(l);min ht(r))) "then tr(�) is:&0(� (&2(max ht(&0(l));max ht(&0(r))));&2(min ht(&0(l));min ht(&0(r))))))and k�k" is: f0; ff2; ff0; ;gg; ff0;;ggg; f2; ff0;;gg;ff0; ;gggggand, if � is: l 6= nilconscells(car(l)) � len( car(l) +)conscells(cdr(l)) � len( cdr(l) +)` s(conscells(car(l)) + conscells(cdr(l))) + � len(l)then tr(�) is: &0(� (&2(conscells(&0(l)); conscells(&0(l)));&0(len(&2(l)))))The underlined number is the sum of the weights of the car and cdr wave-fronts in the inductionhypothesis. The two overlined weights are 0 because the car and cdr in the induction conclusionare neutralised anti-wave-fronts. k�k" is:f0; ff2; ff0; ;gg;ff0;;ggg; f0;ff2;;gggggDe�nition 7 (Inwards Measure) k�k# is the inwards measure of the sequent �. It is a treelabelled with multisets and is de�ned recursively as follows.k� ` �k# = k�k#k�(�1; : : : ; �n)k# = �f0g(k�1k#; : : : ; k�n)k#k�(�1; : : : ; �m)k# = �fj�j+w:w2�1[���[�mg(u(k�11k#; : : : ; k�m1 )k#; : : : ; u(k�1nk#; : : : ; k�mn ))k#where: 45



� u(��1 (k�11k#; : : : ; k�1n)k#; : : : ; ��i(k�m1 k#; : : : ; k�mn ))k#= ��1[���[�m (u(k�11k#; : : : ; k�m1 )k#; : : : ; u(k�1nk#; : : : ; k�mn ))k#� � is an n-ary function in the skeleton and � is an n-ary function not in the skeleton,� j�j is 1 if � is part of an inwards wave-front and 0 otherwise, and� k�ik# = ��i (tr(�1i ); : : : ; k�ni )k#. Note that the function � will be the same for all 1 � i � mup to renaming of induction variables, which we assume to take place as required.For example,k : : : ` s(max(max ht(l);max ht(r))) # � s(min(min ht(l);min ht(r))) #k#is: �; (max htf2;2g(l;);min htf2;2g(l;))Note that induction variable r is renamed to l in order to make all copies of the skeleton identical.De�nition 8 (Sequent Measure) k�k is the measure of the sequent �. It is the pair of theoutwards and inwards measure, i.e. k�k = hk�k"; k�k#iDe�nition 9 (Well Founded Order) Let � be an order on sequent measures de�ned as fol-lows.� We will use a left/right lexicographic ordering on the pairs. That is, ho1; i1i � ho2; i2ii� either o1 �� o2 or o1 = o2 and i1 �i i2, where �� is the nested multiset order,[Dershowitz & Manna 79], based on the numeric, <, order on the weights.� We will use a root/leaves lexicographic ordering, �i, on the second element of the pair, i.e.the skeleton trees labelled with multisets of weights that measure the inward wave-fronts. Leti1 and i2 be trees and let d be their upper di�erence set (de�ned below), consisting of a listof pairs of multisets of weights. i1 �i i2 i� d is non-empty and for each pair h�1; �2i 2 d,�1 � �2, where � is the multiset order, [Dershowitz & Manna 79], based on the numeric< order on the weights..Each of these constituent orders is well-founded. The well-foundedness of < on the natu-ral numbers and of lexicographic orderings on �xed length tuples are well known. The well-foundedness of� and�� are both proved in [Dershowitz & Manna 79]. The well-foundedness of�i on �xed shape trees follows by a similar argument for lexicographic orderings on �xed lengthtuples. So � is well-founded.De�nition 10 (Upper Di�erence Set) The di�erence set of two labeled trees of the sameshape , i1 and i2 consists of all pairs of labels, h�1; �2i, such that:� �1 is the label of node n1 and �2 is the label of node n2;� n1 and n2 are corresponding nodes in i1 and i2, respectively;� �1 6= �2; and� n1 and n2 are both minimal di�ering nodes, i.e. all corresponding nodes below them haveequal labels.By corresponding nodes we mean that each node is at the same position in its tree, where the twotrees have the same shape. 46



A.4 Rippling Decreases the MeasureWe next show that our measure is strictly decreased whenever a wave-rule is applied. To do thiswe will use the general format of wave-rules given in x8. However, we will also have to use thepreconditions of rippling, including the outward and inward annotations on wave-fronts. Sincethese di�er for di�erent directions of rippling, the proof will be in two cases: forwards applicationsof wave-rules and backwards applications of wave-rules.A.4.1 Forwards Applications of Wave RulesWhen rippling-out, rippling-sideways, rippling-across, and hybrids of these, wave-rules are usedforwards. The general format of wave-rules used when used forwards is:Cond ! �( �1(�11; : : : ; �p11 ) "; : : : ; �n(�1n; : : : ; �pnn ) "; �1; : : : ; �l; �l+1; : : : ; �m) )�(�($11 ; : : : ; $1n; �11 (�1) �; : : : ; �1l (�l) �; �1l+1(�l+1) #; : : : ; �1m(�m) #); : : :: : : ; �($k1 ; : : : ; $kn; �k1 (�1) �; : : : ; �kl (�l) �; �kl+1(�l+1) #; : : : ; �km(�m) #) "Note that � is part of the skeleton. Either l > 0 or n > 0, i.e. if the rule is not purely creationalthen it must have some wave-fronts on the left hand side.If there are some anti-wave-fronts, i.e. l > 0, then at least one of them must neutralise apositive wave-front. That is, for the rule application to be permitted then for some anti-wave-front, �ji (�i) �, there must be a positive wave-front, �ji (� 0i) +, in the corresponding position of aviable induction hypothesis, such that � 0i can be instantiated to �i. Recall that the weight of thispositive wave is recorded in the outwards measure of every pair.Lemma 1 (Decrease of Measure during Forward Application) The sequent measure is strictlydecreased by the forward application of a general wave-rule.As a result of the rewriting either some outwards directed wave-fronts are rippled-out or someanti-wave-fronts are introduced that neutralise some wave-fronts in the induction hypothesis. Wewill see that both of these events strictly decrease the outwards measure. The inwards mea-sure may increase but since the outwards/inwards pairs are lexicographically ordered the overallmeasure is strictly decreased.To see that the outwards measure is strictly decreased, consider the outwards measures, � and�0, of the before and after sequents, respectively. These two sequents di�er only at an occurrenceof the � expression and at some of the �rst n+ l of its arguments. The before measure, �, containsa nested multiset, fw; k�k"; : : :g, corresponding to the � node. k�k" contains a nested multiset,�i, for each of the n outwards wave-fronts contained by �. The structure of �i is:fwi; k�1ik"; : : :k�pii k"gk�k" also contains a nested multiset k�ik", for each of the l expressions that are about to haveanti-wave-fronts wrapped around them. The after measure, �0, is just like � except that anoccurrence of fw; k�k"; : : :g is replaced by: fw+ j�j; k�1k"; : : : ; k�kk"; : : :g.We argue that this replacement causes a strict decrease in the outwards measure, since each ofthese new nested multisets is strictly smaller than one of the two they replace. Firstly, w+ j�j ��k�k", since w+j�j is a member of a base set, which is always smaller than any proper multiset underthe nested multiset ordering, [Dershowitz & Manna 79]. Secondly, for 1 � j � k, k�jk" �� k�k",47



since each k�jk" is just like k�k" except that at least one of the nested multisets it contains isreplaced with a strictly smaller one. This reduction takes place for one of the following reasons.1. If n > 0 then in each k�jk" at least one occurrence of one of the �i is replaced by the strictlysmaller fw � j�ij; k�j0i k"g, for some j0.2. If l > 0 then in each �j at least one anti-wave-front, �ji (�i) � is neutralised with its positivecounter-part. This results in a strict decrease in k�ik" and hence in k�jk", since the weightj�ji j is subtracted from an element of k�ik".3. Any unneutralised anti-wave-front is merged with the �ji wave-front. Note that the � sur-rounding this anti-wave-front is also merged into the � wave-front and so k�1k" is replacedin �0 by the strictly smaller k�ik", and j�j is increased.Since either n > 0 or l > 0 then one of these reductions must take place. Therefore, �0 �� �, i.e.the outwards measure is strictly decreased. qedA.4.2 Backwards Applications of Wave RulesThe general format of wave-rules when used for rippling-in is:Cond !�(�($11; : : : ; $1n; �11 (�1) ; : : : ; �1m(�m) ); : : : ; �($k1 ; : : : ; $kn; �k1 (�1) ; : : : ; �km(�m) )) #) �( �1(�11; : : : ; �p11 ) #; : : : ; �n(�1n; : : : ; �pnn ) #; �1; : : : ; �m)Note that � must not be empty, since purely transverse rules are not used for rippling-in.Lemma 2 (Decrease of Measure during Backward Application) The sequent measure isstrictly decreased by the backward application of a general wave-rule.1. Note that the �ji wave-fronts can be annotated either inward or outward. The rule applica-tion removes them all. So if m 6= 0 then this will result in a strict decrease in the size ofeither the outwards or inwards measure or both.2. The inwards measures of the before and after formula di�er only at the � node and at someof the �rst n of its arguments. Only the � position is a maximal di�ering node, so thecorresponding weight pair from this makes up the upper di�erence set. Since the � wave-front has been removed from this position, the weight at this node has strictly decreased. Sothe measure of the inwards tree has strictly decreased, whereas the measure of the outwardstree has either decreased or stayed the same.Thus the overall measure is strictly decreased. qed48



A.4.3 The Termination ProofWe can now put these two lemmas together to get the termination proof.Theorem 1 (Termination of Rippling) The rippling tactic will terminate.Rippling consists of repeated selective application of the general wave-rule format either for-ward or backward. By lemma 1 forward application decreases the sequent measure. By lemma2 backward application decreases the sequent measure. The sequent measure is well-founded.Therefore, rippling terminates. qedNote that the argument only relied on the general format of wave-rules and the preconditionsof rippling. Thus the termination proof holds for any set of wave-rules which �t the general format,even if some of the rules are reversals of others. No loop check is needed to ensure termination.References[Aubin 75] R. Aubin. Some generalization heuristics in proofs by induction.In G. Huet and G. Kahn, editors, Actes du Colloque Construction:Am�elioration et v�eri�cation de Programmes. Institut de recherched'informatique et d'automatique, 1975.[Basin & Walsh 91] D. Basin and T. Walsh. Di�erence matching. Research Paper 556,Dept. of Arti�cial Intelligence, Edinburgh, 1991. Submitted to CADE-11.[Boyer & Moore 79] R.S. Boyer and J.S. Moore. A Computational Logic. Academic Press,1979. ACM monograph series.[Bundy & Welham 81] A. Bundy and B. Welham. Using meta-level inference for selective ap-plication of multiple rewrite rules in algebraic manipulation. Arti�cialIntelligence, 16(2):189{212, 1981. Also available from Edinburgh asDAI Research Paper 121.[Bundy 88] A. Bundy. The use of explicit plans to guide inductive proofs. InR. Lusk and R. Overbeek, editors, 9th Conference on Automated De-duction, pages 111{120. Springer-Verlag, 1988. Longer version avail-able from Edinburgh as DAI Research Paper No. 349.[Bundy et al 89] A. Bundy, F. van Harmelen, J. Hesketh, A. Smaill, and A. Stevens. Arational reconstruction and extension of recursion analysis. In N.S.Sridharan, editor, Proceedings of the Eleventh International JointConference on Arti�cial Intelligence, pages 359{365. Morgan Kauf-mann, 1989. Also available from Edinburgh as DAI Research Paper419.[Bundy et al 90a] A. Bundy, A. Smaill, and J. Hesketh. Turning eureka steps into cal-culations in automatic program synthesis. In S.L.H. Clarke, editor,Proceedings of UK IT 90, pages 221{6, 1990. Also available fromEdinburgh as DAI Research Paper 448.49
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