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In practice such a phenomenon would be attributed to an \experimentalerror" or be discarded as an \outlier". It is di�cult to see what onedoes not expect to see.William Feller, An Introduction to Probability Theory and Its Applic-ations, Third Edition.1 IntroductionOne of the most di�cult problems facing researchers interested in algorithms forNP-complete problems is how to compare them. Theoretical results are oftendi�cult to obtain and may only apply to problem classes chosen more for theiramenability to analysis than for their di�culty. Empirical results, on the otherhand, require a test set which may be just as unrepresentative of typical problems.Thus in constructing an empirical science of algorithms, it is important to �ndgood sources of test problems with known characteristics. This has led to recentinvestigations into techniques for randomly generating hard problems. In thispaper, we contribute to these investigations by showing that as well as regions inwhich problems are usually hard, random problem classes can contain regions inwhich problems are usually easy but sometimes extraordinarily hard.The major empirical observation we follow was made by Cheeseman et al [1].Many techniques for generating problems randomly depend on a natural para-meter; for example the average connectivity of a graph of �xed size, or the num-ber of clauses in a clause set containing a �xed number of variables. As thisparameter is varied, there tends to be a phase transition from problems which arealmost always satis�able to a region where they are almost always unsatis�able.Furthermore this phase transition is typically associated with problems that arevery much more di�cult to solve than problems away from the transition.For SAT, the problem of determining the satis�ability of propositional formu-lae, considerable research has identi�ed very precisely that random 3-SAT (thisand other problem classes are described in x2) undergo a phase transition whenthere about 4.25 clauses for every variable [13, 12, 3]. This is generally considereda good method of generating hard instances of SAT. By comparison, the con-stant probability model is considered to give easy SAT problems since varioustheoretical results have shown that certain cases can be solved in polynomial av-erage time [7, 11]. In addition, limited experimental studies have reached similarconclusions [13].One of the aims of this paper is to demonstrate that these conclusions arepremature. We found one 100 variable problem generated using the constantprobability model that required over 350 million branches to solve using a simpli-�ed Davis-Putnam procedure. This was considerably more than the total numberof branches required by the same procedure on a thousand 100 variable problemsfrom the hard region of random 3-SAT. We observed that, whilst typical problemsgenerated by the constant probability model are indeed easy, there is enormousvariability between problems generated in the same way. Furthermore, the greatestvariability occurs not in a region where about 50% of problems are satis�able, but2



in a region where nearly 100% are, and it occurs with both satis�able and unsatis-�able problems. As predicted by Cheeseman et al, though, it does happen at thephase transition from satis�able to unsatis�able problems.To investigate the constant probability model in detail, we have performed alarge number of experiments using a variety of di�erent parameters for problemgeneration. Our results are as follows. In the constant probability model, problemsof enormous di�culty for backtracking algorithms arise in a region where problemsgenerated have at least a 90% chance of being satis�able. Such hard problems arecomparatively rare, but seem to increase in frequency with problem size, andincrease in di�culty very quickly as problems become bigger. We have observedthis behaviour in three di�erent variants of algorithms: a simpli�ed version of theDavis-Putnam procedure with backtracking and unit propagation only, the fullDavis-Putnam procedure, and Davis-Putnam using the Jeroslow-Wang heuristicfor selection of a literal in the splitting rule. Furthermore, we have observedthat the same problem can vary enormously in di�culty depending merely on itspresentation. Finally, we have also observed that at a region of approximately 50%chance of satis�ability, the average problem di�culty reaches a local maximumbut with very much smaller variability, and that the median (but not the mean)problem di�culty is larger than in the 90% region.2 Propositional Satis�ability, SATSAT, the problem of deciding if there is an assignment for the variables in apropositional formula that makes the formula true, is an interesting problem sinceit was the �rst computational task shown to be NP-hard [2]. It is also usefulsince many AI problems can be encoded quite naturally in SAT (eg. constraintsatisfaction, diagnosis and vision interpretation [14]). In addition, satis�ability isclosely related to theorem proving; refutation procedures call upon the fact that' is derivable from � i� � [ :' is not satis�able.In this paper we consider SAT problems as conjunctive normal form (CNF)formulae; a formula, � is in CNF i� it is a conjunction of clauses, where a clauseis a disjunction of literals. In particular, we consider CNF formulae randomlygenerated according to two di�erent models: random k-SAT and the constantprobability model with empty and unit clauses omitted.Problems in random k-SAT with N variables and L clauses are generated asfollows: a random subset of size k of the N variables is selected for each clause,and each variable is made positive or negative with probability 12 .In the constant probability model, clause sets with N variables and L clausesare generated according to a parameter p, 0 < p � 1. For each clause, each literal(that is, a variable or the negation of a variable) is included with probabilityp, independently of the inclusion of other literals. In particular, for example,the inclusion of tautologous clauses (containing both a literal and its negation)is allowed. In this paper we use a variant of the constant probability modelproposed in [9] in which if a clause is generated containing either no literals oronly one literal, it is discarded and another clause generated in its place. We3



procedure DP(�)if � empty then return satis�ableif � contains an empty clause then return unsatis�able(Tautology rule)if � contains a tautologous clause c thenreturn DP(�� fcg)(Unit Propagation)if � contains a unit clause c thenreturn DP(� simpli�ed by assigning truth value which satis�es c)(Pure-literal Deletion)if � contains a literal l but not the negation of l thenreturn DP(� simpli�ed by assigning truth value which satis�es l)(Split-rule)if DP(� simpli�ed by assigning a variable arbitrarily) is satis�able thenreturn satis�ableelse return DP(� simpli�ed by assigning variable opposite value)Figure 1: The Davis-Putnam Proceduredo this because the inclusion of empty or unit clauses typically makes problemseasier. We shall call this the \CP" model.3 The Davis Putnam AlgorithmA standard procedure for determining satis�ability is due to Davis and Putnam [4].This is shown in Figure 3. To simplify a clause set with respect to a partial truthassignment, we delete each clause that is satis�ed by the partial truth assignment,and in every other clause delete any literals that contradict the partial truthassignment. Note that an empty clause set is trivially satis�able, and a clause setcontaining an empty clause is trivially unsatis�able.The Davis-Putnam procedure is sound and complete: it returns \satis�able"if and only if the clause set � is satis�able. This property is maintained even ifthe tautology rule, unit propagation, and pure-literal deletion are omitted. Forexample, in their study of random 3-SAT, [13] used only unit-propagation and thesplit-rule. We will consider both this variant (which we will call \unit DP") aswell as the full algorithm (which we will call \DP").The Davis-Putnam procedure is non-deterministic since the literal used by thesplit-rule is unspeci�ed.1 We will �rst present results on implementations in whichthe split-rule simply chooses the �rst literal in the �rst clause in the clause set.However, heuristic procedures for determining a good literal to split on have beenproposed so we also report results using the Jeroslow-Wang heuristic [10]. This1The conditional part of the split-rule assigns a truth value to a particular variable v. If thisvariable is set to true, then we say that the split-rule uses the literal v. If this variable is set tofalse, then we say that it uses the literal :v. 4
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(a) DP, N=150 (b) DP with Jeroslow-Wang, N=200Figure 9: Median behaviour, random CP problemsProcedure Median Mean s.d. Worst caseunit DP 1 63,956 1,031,026 24,506,182DP 1 116 1,321 26,245DP + JW 1 1 0 1Table 1: Performance on randomisations of a di�cult problem.More than half the time no search at all was required by unit DP to solve aproblem which at worse needed a week's worth of search. Indeed, only 22 of therandom permutations required more than the mean number of branches. Similarvariable behaviour was observed with DP. This highly variable behaviour is similarto that observed on the problem set as a whole, except more pronounced since amuch larger proportion of the randomised problem set required a large numberof branches. The Jeroslow-Wang heuristic seems good enough to overcome thisvariability, so this problem does not seem to be inherently di�cult.The particular problem under investigation was satis�able. An interestingpossibility is that early on a bad split is made, leading to a very di�cult unsat-is�able problem.10 To test this conjecture, we examined the problem in detail,and discovered that when simpli�ed on the �rst literal in the �rst clause, it wasunsatis�able. Inevitably then, both DP and unit DP will simplify on this literal,search until they prove the resulting clause set is unsatis�able, then simplify onthe negation of the literal. To our surprise, when simpli�ed on the negation of the�rst literal, unit DP required only one branch to solve the problem.Having seen that an initial bad choice can produce a very di�cult and unsatis-�able problem, we examined how inherently di�cult the resulting problem was bytesting 100 randomisations of the reduced problem. Results are shown in Table 2.10We thank Alan Bundy for suggesting this to us.12



Procedure Median Mean s.d. WorstDP 1,386 5,149 9,042 59,443DP + JW 298 297 30 373Table 2: Performance on randomisations of reduced problem.Unfortunately, the problem was too di�cult to test unit DP extensively. There isa very large increase in median di�culty for DP with and without Jeroslow-Wangbranching. Note that there is now a small amount of variability even with thisbranching heuristic. Comparison with Figure 9b suggests that this problem is or-ders of magnitude harder than most problems of even 200 variables. This stronglysuggests that once one bad choice is made, an inherently hard problem results.To conclude, these results suggest that the variable behaviour described inx4 and x5 might be explained as follows. At small number of clauses where mostproblems generated are satis�able, those problems generated that are unsatis�ableare sometimes very hard. In addition, some problems are generated which aresatis�able but reduce to a fundamentally hard unsatis�able problem if the wrongreduction is applied at an early stage.7 Related WorkVarious theoretical results have been shown for the constant probability modelwithout the deletion of empty and unit clauses. For example, Purdom and Brown [11]show that average running time is polynomial if any of the following hold asymp-totically: (1) L(N) � MlnN for some constant M; (2) L(N) � e�N for someconstant �; (3) p(N) � �; or (4) p(N) � M(lnN=N)3=2. It is important to note,however, that these results do not cover all possible functions p(N) and L(N), anddo not in the limit cover the phase transition between satis�able and unsatis�able.In an empirical study of random 3-SAT, Crawford and Auton have observedsecondary peaks in problem di�culty in regions of high satis�ability, and alsowrite that \below the cross-over point : : : there are some problems that are ashard as those at the cross-over point" [3]. They do not attempt to explore thisphenomenon further or to provide an explanation. Their results, however, seen inthe light of work presented here, suggest strongly that the behaviour we have seenin the constant probability model will be duplicated in 3-SAT.In an earlier empirical study of random 3-SAT, Mitchell et al [13] may haveobserved similar behaviour to Crawford and Auton as they note: \The means ofthe numbers of calls are in
uenced by a very small number of very large values. Asthe median is less sensitive to such `out-liers', it appears to be a more informativestatistic." Unfortunately, they fail to give details of any variable behaviour theymay have observed. Our results suggest that the median is not the most inform-ative statistic. Sensible estimates for the run time of a large series of experimentsmust be based on the mean and standard deviation, not the median.Williams and Hogg have developed a simpli�ed model for the di�culty of con-13



straint satisfaction problems like SAT based upon an abstract lattice of possiblevariable assignments [16]. They predict that \Below the transition region : : : afew very di�cult cases raise the mean [above the median]. This behaviour, whichbecomes more extreme as � [number of variables] increases, gives another con-tribution to the di�erence between our cost proxy and the actual cost observed"(p.24 of [16]). Our results suggest that this di�erence cannot be discounted.It appears that a number of researchers may have observed variable behaviourlike that presented in this paper, but its importance does not seem to have beenrealised.8 ConclusionsThe \easy" region of the constant probability model can sometimes give problemsmuch harder for the Davis-Putnam procedure than the hardest problems of the\hard" region of the random k-SAT model. These very hard problems occur inthe phase transition between satis�able and unsatis�able problems where thereis at least a 90% chance of problems being satis�able (and not 50% as had beenpreviously proposed). Although such hard problems are rare, they increase in fre-quency and di�culty with N, the number of variables. The use of better heuristicsappears to delay but not postpone inde�nitely the appearance of these di�cultproblems. This is result of fundamental importance to experimental AI, since thecomparison of algorithms for NP-complete problems requires the identi�cation ofregions in which hard problems are generated.We have also observed an easy-hard-easy pattern in the median problem dif-�culty for the constant probability model, peaking where about 50% of problemsare satis�able (see also [13, 9]). The mean reaches a local maximum at the 50%point but has much smaller variability than in the 90% region.The hardest problems appear to be either fundamentally hard unsatis�ableproblems or satis�able problems which contain very hard unsatis�able subprob-lems. We suggest that these di�cult unsatis�able problems (or subproblems) are\critically constrained". That is, despite having relatively few clauses and beingin a region where most problems are satis�able, there are just enough constraintsupon the variables for the problem to be unsatis�able. It is thus very di�cultfor their unsatis�ability to be determined without an exhaustive and exponentialsearch.We have demonstrated quite convincingly that the most di�cult problems ina particular problem class for a particular class of algorithms for SAT lie awayfrom the hardest median behaviour, and can be orders of magnitude harder thanworst case median behaviour. We conjecture that this phenomenon will occur formany other, and possibly all, algorithms for SAT. Furthermore, it is also likelythat similar phenomena will be observed, not only in other classes of randomlygenerated SAT problems, but also in other NP-hard problems. The hardness ofmany NP-hard problem classes may lie with rare but exponentially hard problemsthat are found in otherwise easy regions.14
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