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The Automation of Proof by Mathematical Induction 31. IntroductionInductive inference is theorem proving using induction rules. It is required for reasoning aboutobjects, events or procedures containing repetition. As well as mathematical objects, like thenatural numbers, these include: recursive data-structures, like lists or trees; computer programscontaining recursion or iteration; and electronic circuits with feedback loops or parameterisedcomponents. Many properties of such objects cannot be proved without the use of induction (seex3.4). Inductive inference is thus a vital ingredient of formal methods for synthesising, verifyingand transforming software and hardware.Induction rules infer universal statements incrementally. The premises of an induction consistof one or more base cases and one or more step cases. In a base case the conclusion of the rule isproved for a particular value; in a step case the conclusion is proved for a later value under theassumption that it is true for one or more previous values. The classic example of an inductionrule is Peano induction:P (0); 8n:nat: (P (n)! P (s(n)))8n:nat: P (n) (1.1)where x : � means x is of type � , nat is the type of natural numbers and s(n) = n + 1. s isthe successor function for natural numbers. This induction rule has one base case and one stepcase. In the base case the conclusion is proved for the value 0. In the step case the conclusion isproved for s(n) under the assumption that it is true for n. P (n) is called the induction hypothesis,P (s(n)) is called the induction conclusion, n is called the induction variable and s(n) is calledthe induction term.Unfortunately, the word \induction" is ambiguous in English. To avoid any misunderstandingwe contrast mathematical induction with inductive learning. Inductive learning1 is a rule ofconjecture which takes the form:P (c0); P (c1); P (c2); : : : ; P (cm)8n:nat:P (n)i.e. if P(n) can be proved for a su�ciently large number of particular cases then it is assumedtrue in general. It is a rule of conjecture rather than a rule of inference. In this chapter we willnot be concerned with inductive learning.Inductive inference requires special study because of negative theoretical results which do notapply to �rst-order theorem proving (see x5). These cause it to su�er additional search controlproblems. For instance, it is sometimes necessary to choose an induction rule, generalise theconjecture or to discover and prove an intermediate lemma. Any of these can introduce in�nitebranching points into the search space. New kinds of heuristic control are needed to deal withthese special search problems.1.1. Explicit vs Implicit InductionThere have been two major approaches to the automation of inductive proof: explicit and im-plicit. This chapter is concerned with explicit induction, in which induction rules are explicitlyincorporated into proofs.In implicit induction the conjecture to be proved is added to the axioms. A Knuth-Bendixcompletion procedure is then applied to the whole system. If no inconsistency is derived by theprocedure, then the conjecture is an inductive theorem. This method is also called inductionlessinduction or inductive completion. More details can be found in chapter ?? of this book.1 Also called philosophical induction.



4 Alan Bundy1.2. ConventionsIn this chapter we will use the following conventions. The double shafted arrow,), will be usedto indicate the directed equality used in rewriting. The single shafted arrow, !, will be used torepresent logical implication.Most research into inductive theorem proving has been restricted to the, so called, quanti�er-free fragment of �rst-order logic. This means that all variables are free and, hence, implicitlyuniversally quanti�ed. The discussion below will be restricted to this fragment of logic, except inx8, p36 when we will consider existentially quanti�ed second-order variables and x9, p39 whenwe will consider existentially quanti�ed �rst-order variables. Also, conjectures and inductionrules will usually be presented in fully quanti�ed form so that the types of the variables canbe emphasised. Note that in quanti�er-free form universal variables become free variables2 inaxioms and hypotheses, but become arbitrary constants3 in goals. We will follow the Prologconvention of starting all free variables with an upper case letter. Bound variables and constantswill start with lower case letters.Most of the example proofs discussed below will use backwards reasoning, from the originalconjecture to derive >, the truth value \true". So rules of inference,like rewriting (see x4.1) andinduction (see x2), will be applied backwards. The current goal will be matched to the conclusionof the rule of inference and the premises of the rule will become the new goals.2. Induction RulesPeano induction is merely the simplest and best known inductive rule of inference. Similar struc-tural induction rules are available for every kind of recursively de�ned data-structure, e.g. in-tegers, lists, trees, sets, etc. Moreover, it is not necessary to traverse such data-structures in theobvious, stepwise manner; they can be traversed using any well-ordering. An extreme exampleoccurs in a standard proof that the arithmetic mean is greater than or equal to the geometricmean. This uses an induction rule that traverses the natural numbers by �rst going up in mul-tiples of 2 and then �lling in the gaps by coming in down in steps of 1. Nor is induction restrictedjust to data-structures; it is possible to induce over the control 
ow of a computer program orthe time steps of a digital circuit.2.1. N�therian InductionAll of these forms of induction are subsumed by a single, general schema of N�therian induction4:8x:�: (8y:�: y � x! P (y))! P (x)8x:�: P (x) (2.1)where � is some well-founded relation on the type � , i.e. � is non-re
ective, anti-symmetric,transitive relation and there are no in�nite, descending chains, like : : : � an � : : : � a3 � a2 �a1. The data-structure, control 
ow, time step, etc., over which induction is to be applied, isrepresented by the type � . The inductive proof is formalised in a many-sorted or many-typedlogical system.Success in proving a conjecture, P , by induction is highly dependent on the choice of x and �.There is an in�nite variety of possible types, � , and for most of these types, an in�nite variety ofpossible well-orderings, �. Thus choosing an appropriate induction rule to prove a conjecture alsointroduces an in�nite branching point into the search space. Controlling it, therefore, requiresspecial heuristic techniques.2 Also calledmeta-variables. The translation of universal variables into free variables is a�ected by skolemisation.3 Also called skolem constants. This translation is a�ected by skolemising their negations and then re-negating.This is also called dual skolemisation.4 Also known as well-founded induction.



The Automation of Proof by Mathematical Induction 52.2. Constructor vs Destructor Style Induction RulesMost inductive theorem proving systems construct customised induction rules for each conjecturerather than use the general well-founded induction rule directly. Such customised induction rulesfall into two broad camps: constructor-style and destructor-style. In constructor-style rules thestep cases have the form: P (x1) ^ : : :^ P (xm)! P (c(x1; : : : ; xm))where 8i: xi � c(x1; : : : ; xm). Peano induction is an example of a constructor-style rule. Indestructor-style rules the step cases have the form:P (d1(x)) ^ : : :^ P (dm(x))! P (x)where 8i: di(x) � x. In destructor-style, Peano induction would take the form:P (0); 8n:nat: (n > 0 ^P (p(n))! P (n))8n:nat: P (n)where p is the predecessor function for natural numbers, i.e..p(n) = (0 if n = 0m if n = s(m)In this chapter we will usually give constructor-style induction rules, recursive de�nitions and,hence, proofs. This is because most inductive proving techniques are more naturally described inconstructor-style. In fact, when conjectures are stated in destructor-style it is usual to convertthe resulting proof attempt to constructor-style at an early stage (see x4.3, for instance).2.3. Additional Universal VariablesIf an induction formula contains more than one universally quanti�ed variable then there isa choice of induction variable. It is interesting to see what becomes of the universal variableswhich are not chosen as an induction variable. Consider, for instance, the induction formula8n:nat:8m:nat: Q(n;m). Suppose we choose n as the induction variable. We can then applythe Peano induction rule (1.1) backwards with 8m:nat: Q(n;m) as P (n). The step case of thisinduction is: 8n:nat: (8m:nat: Q(n;m)! 8m:nat: Q(s(n);m))Note that the scope of the quanti�cation of n is the whole step case, but the scopes of thetwo quanti�cations of m is restricted to the induction hypothesis and induction conclusion,respectively.It is standard to strip the quanti�ers from step cases and replace the implication with aturnstile. In this format the step case is:Q(n;M ) ` Q(s(n);m)Note that the induction variable, n, becomes an arbitrary constant in both induction hypothesisand induction conclusion. The other universal variable, m, becomes an arbitrary constant, m, inthe induction conclusion but a free variable in the induction hypothesis5. This means that whenusing the induction hypothesis to help prove the induction conclusion (see x4.2, p12) we are not5 These translations are the e�ect of dual skolemisation of the step case. Note that the 8m in the inductionhypothesis is in a position of negative polarity, so dual skolemisation turns this m into a free variable.



6 Alan Bundybound to match M to m. We can match M to any term, including one properly containing m,if desired. It is sometimes valuable to exploit this 
exibility (see, for instance, x6.2.2, p21).3. Recursive De�nitions and DatatypesRecursion is frequently used in mathematics and programming both in the construction of classesof objects and in the de�nition of functions and programs. We call the former recursive datatypesand the latter recursive de�nitions. Induction is needed to reason about both of these.3.1. Recursive DatatypesRecursive datatypes are constructed by providing a set of constructor functions and then de�ningthe datatype as the set of terms formed from them. If syntactically distinct terms are unequalthen the datatype is called free, otherwise it is non-free. We discuss the free datatypes �rst.3.1.1. Free Recursive DatatypesWe have already met one recursive datatype: the natural numbers. These are de�ned with thesuccessor function s and the constant 0 as the constructor functions. For instance, the naturalnumbers are the set of terms: f0; s(0); s(s(0)); s(s(s(0))); : : :g, which we have abbreviated as nat.Note that we have been using the binary function : to represent type membership, i.e. n :natsays that n is a natural number.Another recursive datatype we will meet frequently below is lists. Lists are a parameteriseddatatype, i.e. lists are of elements of some underlying type, e.g. natural numbers or letters. Theconstructors for lists are the empty list, nil, and the in�x binary function ::. The function ::takes an element of the underlying type and a list and returns a new list with the new elementon the front of the old list. So the lists of type � have the form: fnil; �1 :: nil; �2 :: �1 :: nil; �3 ::�2 :: �1 :: nil; : : :g, where the �i are elements of type � . We will abbreviate this as list(� ),i.e. the type of lists of natural numbers is list(nat). Lisp-style S-expressions di�er from lists inpermitting nesting of lists to any level. This datatype can be de�ned with the constructors niland cons, where cons di�ers from :: by being able to take either an element of the underlyingtype or a list as its �rst argument. Similarly, we can construct one type of binary trees from theunary function leaf on labels and the binary function node on two trees.The recursive datatypes of natural numbers, lists, S-expressions and trees are examples of freedatatypes because terms are only equal if they are syntactically identical, e.g. s(s(0)) 6= s(0).3.1.2. Non-Free Recursive DatatypesHowever, it is sometimes necessary to use non-free datatypes, i.e. datatypes in which syntacticallydi�erent terms may be equal. A simple example is the integers de�ned with the constructors0, succ and pred, where the �rst two are like 0 and s for the natural numbers, but pred is thepredecessor function for integers6, i.e. pred(n) = n � 1. The predecessor function is needed tode�ne the negative integers: f0; pred(0); pred(pred(0)); pred(pred(pred(0))); : : :g. Unfortunately,this representation is redundant, since for instance succ(pred(n)) = pred(succ(n)) for all n.Another example of a non-free datatype is the sets. We can de�ne set(� ), sets of elements oftype � , with the constructors empty and insert, analogous to nil and :: for lists. But this is nota free datatype because we have, for instance, the equalities:insert(�; insert(�; set)) = insert(�; set)insert(�; insert(�; set)) = insert(�; insert(�; set))6 Note that pred di�ers from p, the predecessor function for natural numbers, since p(0) = 0, whereas pred(0) =�1.



The Automation of Proof by Mathematical Induction 7between non-identical terms.3.2. Recursive De�nitionsFunctions are said to be de�ned recursively when the body of the de�nition refers to the functionitself. We usually demand that such recursive de�nitions are terminating, i.e. that given someparticular inputs the function will call itself only a �nite number of times before stopping withsome output. See x4.4, p15 and chapter ?? for more discussion of termination.3.2.1. Structural RecursionA common form of recursion is based on recursive datatypes and is called structural recursion.In its simplest form there is one equation for each constructor function of the datatype, e.g. thefunction + can be de�ned on datatype nat as:0 + Y = Y (3.1)s(X) + Y = s(X + Y ) (3.2)Note that the recursive call of + on the RHS of the second equation has as its �rst argument,X, which is the argument of the constructor s on the LHS. It is clear that structural recursionslike this terminate since + is called on a syntactically simpler �rst argument on the RHS thanon the LHS. For free datatypes, like nat, it is also clear that structural recursion is well-de�ned,i.e. + is neither under- nor over-de�ned. It is not under-de�ned because there is an equation foreach combination of inputs. It is not over-de�ned because there is only one equation for eachcombination of inputs.3.2.2. Non-Free Datatypes and Over-De�nitionThis is not clear for non-free datatypes. There is a danger here of over-de�nition, i.e. of givingdi�erent values to calls with equal inputs. Consider, for instance, the de�nition of + for integers.0 + Y = Ysucc(X) + Y = succ(X + Y )pred(X) + Y = pred(X + Y )Since succ(pred(n)) = pred(succ(n)) we have to ensure in addition that:succ(pred(n)) +m = pred(succ(n)) +mIn this case this is easily proved. However, if we had erroneously de�ned + as:0 + Y = Ysucc(X) + Y = succ(X + Y )pred(X) + Y = 0then we would �nd that:succ(pred(0)) + 0 = succ(pred(0) + 0) = succ(0) 6= 0 = pred(succ(0)) + 0i.e. that + is now over-de�ned, causing inconsistency. So recursive de�nitions over non-freedatatypes carry additional proof obligations to ensure that functions are not over-de�ned. For a



8 Alan Bundydiscussion of some additional problems with non-free datatypes and one way to solve them see[ Sengler, 1996].3.2.3. Non-Structural RecursionsRecursive de�nitions can take many other forms than constructor-style structural recursions. Forinstance, destructors can be used instead of constructors. Consider, for instance, this alternativede�nition of + on the natural numbers:X + Y = if X = 0 then Yelse s(p(X) + Y )Sometimes the recursive calls of the algorithm are not simply on the arguments of the con-structors. Consider, for instance, this de�nition of quicksort.quicksort(nil) = nilquicksort(H :: T ) = quicksort(less(H;T )) <> (H :: quicksort(greater(H;T )))where the recursive calls are on terms containing the arguments of the constructor function.Termination of such de�nitions is non-trivial. We need to �nd a well-founded order, �, such thatless(H;T ) � H :: T and greater(H;T ) � H :: T . In this case � can be de�ned as:K � L$ length(K) < length(L)3.3. Recursion/Induction DualityThere is an intimate relationship between induction rules and recursive de�nitions. Not only isinduction required for reasoning about recursively de�ned objects, but there is a duality betweenthe forms of recursive de�nitions and the forms of induction rules. For instance, the two steprecursion below that de�nes the even predicate:even(0) $>even(s(0)) $?even(s(s(n))) $ even(n) (3.3)(where > is \true" and ? is \false") is structurally similar to the following two step inductionrule: P (0); P (s(0)); 8n:nat: (P (n)! P (s(s(n))))8n:nat: P (n)We will see in x6.1.1, p17 that this duality between recursion and induction can be exploitedwhen choosing an induction rule to prove properties of recursive functions. We can also constructnew induction rules by analogy to recursive de�nitions. When proving that a recursively de�nedfunction terminates we must exhibit a well-founded order that decreases when the function isapplied. This order can then be used to instantiate the N�therian induction schema, (2.1).We will see examples below of inductions and recursions based on more complex well-foundedorders than the simple structural ones provided by recursive datatypes.



The Automation of Proof by Mathematical Induction 93.4. The Need for InductionInductive inference is an essential tool for reasoning about recursively de�ned datatypes andfunctions. Without it, many true formulae cannot be proved. Recursive and induction are op-posite sides of the same coin. Recursion speci�es the behaviour of a function over all membersof a datatype; induction allows us to exploit the restriction of variables to that datatype.For instance, consider the formula: 8x:nat: x+ 0 = x (3.4)This is true for the natural numbers and is readily proved by induction from the recursivede�nition of +. Peano induction reduces it to two cases: the base case 0 + 0 = 0 and the stepcase x + 0 = x ` s(x) + 0 = x. The base case is an instance of (3.1), the base equation ofthe de�nition of +; the step case is readily proved by applying (3.2), the step equation of thede�nition of +, and then the induction hypothesis.However, without the use of induction (3.4) is not provable. To see this we need only exhibit amodel of the recursive de�nition of + in which (3.4) is false. To form this model we augment thenatural numbers with the additional base element 00 to form the datatype nat0. Think of nat0 asthe disjoint union of `red' naturals (0; s(0); s(s(0)); : : :) and `blue' naturals (00; s(00); s(s(00)); : : :).Let the true formulae in this model be just those formulae made true by the de�nition of +. So,in particular, 00 + 0 = 00 is false. Therefore,8x:nat0: x+ 0 = x (3.5)is false. But if (3.4) were provable solely from the recursive de�nition of + then (3.5) would alsobe provable from them. Therefore, induction7 is needed to prove (3.4). Induction allows us toexploit the fact that x in (3.4) ranges over nat and not some larger datatype, like nat0.4. Inductive Proof TechniquesApart from the application of induction rules, a number of proof techniques are used in inductiveproofs. These range from standard techniques, like rewriting, to more specialised techniques likefertilization, [ Boyer & Moore, 1988a][x10.5], where the induction hypothesis is used to prove theinduction conclusion.Many of these techniques are of use in non-inductive proofs as well as inductive proofs andsome of these are discussed in more detail in other chapters of this book. In these cases a shortaccount is included here for completeness and a pointer is given to the other chapters for moredetail.4.1. RewritingThe de�nition of a function or predicate is often given as a set of recursion equations orequivalences8. Many of the lemmas required in proofs are also often equations. A common tech-nique in inductive theorem proving is to express these equations as rewrite rules and apply themusing the rewrite rule of inference: lhs) rhs; P [sub]P [rhs�]7 Or some principle of equivalent power.8 Note that equivalences can be regarded as equations over the booleans, so references to \equations" below willinclude equivalences.



10 Alan Bundywhere P [sub] means sub is a sub-term of formula P , called the redex, rhs� means � is a substi-tution of terms for variables which is applied to rhs and lhs� � sub. An example is:2�X ) X +X; even(2 � n)even(n + n)Sometimes we will want to use conditional rewrite rules. To apply these we will need followingmodi�ed version of the rule of inference:Cond! lhs) rhs; P [sub]; Cond�P [rhs�]where Cond is the condition. Recall that we will usually be applying the rewriting rule of inferencebackwards.For more details about rewriting see chapter ?? of this book.4.1.1. De�nitions and Lemmas as Rewrite Rule SetsIt is standard to turn recursive de�nitions of functions into sets of rewrite rules, oriented so thatthe de�ned term is replaced by its de�nition. Thus the de�nitions of in�x addition, +, on natand in�x list append, <>, on list(� ) will be given as rewrite rules as follows:0 + Y ) Ys(X) + Y ) s(X + Y ) (4.1)nil <> L) L (4.2)(H :: T ) <> L) H :: (T <> L) (4.3)Functions can be de�ned recursively on one or more of their arguments. These are called theirrecursive arguments. The recursive arguments of + and <> are their �rst arguments.Lemmas can also be presented as rewrite rules. The decision to represent them in this wayconstitutes a commitment to their direction of application. In some cases this is uncontroversial,for instance the commuted version of rule (4.1) is often useful as the rule:X + s(Y )) s(X + Y ) (4.4)But in other cases it is more problematic. For instance, both orientations of associative laws arefrequently required. X <> (Y <> Z)) (X <> Y ) <> Z(X <> Y ) <> Z ) X <> (Y <> Z)But if both are included their unrestricted use can cause non-termination of rewriting. Commut-ative laws cannot be included in either orientation without risking non-termination.X + Y ) Y +XOne solution to such problems is to build such problematic lemmas into the uni�cation algorithm,so that they are not needed as rewrite rules. For more details on how this is done see chapter ??of this book.



The Automation of Proof by Mathematical Induction 114.1.2. Implicational RewritesWe can use rewrite rules based on implication as well as equations and equivalences. Care needsto be taken with such rules to ensure that their application is sound. In particular, the directionof their application depends on the polarity of the redex and also on the direction of reasoning.An example of a frequently used family of implications is the replacement axioms of equality:X1 = Y1 ^ : : :^Xn = Yn ! f(X1; : : : ; Xn) = f(Y1; : : : ; Yn)Where f is the constructor of a free datatype, e.g. s or ::, these implications can be strengthenedto equivalences: X1 = Y1 $ s(X1) = s(Y1)X1 = Y1 ^X2 = Y2 $ X1 ::X2 = Y1 :: Y2 (4.5)but in general, they cannot, e.g.(X1 = Y1 ^X2 = Y2)! (X1 +X2 = Y1 + Y2)(X1 = Y1 ^X2 = Y2)! (X1 <> X2 = Y1 <> Y2)are one way only. Confusingly, the legal orientation of replacement axioms is often the reverseof their implication direction, i.e.(X1 +X2 = Y1 + Y2)) (X1 = Y1 ^X2 = Y2)(X1 <> X2 = Y1 <> Y2)) (X1 = Y1 ^X2 = Y2)This is because the usual use of these implicational rules is backwards and applied to positionsof positive polarity.4.1.3. Examples: Base and Step CasesWe will illustrate the use of rewriting with two examples of their use: in the base and step caseof a simple inductive proof.Consider the associativity of <>:8x:list(� )8y:list(� )8z:list(� ): x <> (y <> z) = (x <> y) <> zWe will choose a simple one-step list induction on x using the induction rule:P (nil) 8h:�:t:list(� ): P (t)! P (h :: t)8l:list(� ): P (l) (4.6)The base case of the proof is9:nil <> (y <> z) = (nil <> y) <> zThis can be rewritten with two applications of (4.2) as follows:nil <> (y <> z) = (nil <> y) <> zy <> z = (nil <> y) <> zy <> z = y <> z9 Recall that induction rules are applied backwards.



12 Alan BundyIn future, where two or more rewrites are independent, as here, we will save space by applyingthem in parallel10.The step case of the proof is:t <> (Y <> Z) = (t <> Y ) <> Z ` (h :: t) <> (y <> z) = ((h :: t) <> y) <> zThis can be rewritten with three applications of (4.3), followed by an application of (4.5), thereplacement rule for ::.t <> (Y <> Z) = (t <> Y ) <> Z ` (h :: t) <> (y <> z) = ((h :: t) <> y) <> z` h :: (t <> (y <> z)) = (h :: (t <> y)) <> z` h :: (t <> (y <> z)) = h :: ((t <> y) <> z)` h = h ^ t <> (y <> z) = (t <> y) <> zThe induction conclusion now contains an instance of the induction hypothesis and the proofcan be simply completed (see x4.2, p12). Note that Y and Z in the induction hypothesis are freevariables, as explained in x2.3, p5, but this extra 
exibility was not required in this simple proof.4.2. FertilizationThe purpose of rewriting in the step cases is to make the induction conclusion look more like theinduction hypothesis. The hypothesis can then be used to help prove the conclusion. This canbe clearly seen in the example step case in x4.1.3. Here, when rewriting terminated, an instanceof the hypothesis was embedded in the conclusion.The next step is to use the induction hypothesis to prove the induction conclusion. Afterrewriting we have the situation: IH ` IC[IH�]i.e. the induction conclusion, IC, contains an instance of the induction hypothesis, IH�, em-bedded within it. We can then use the rules of logic to rewrite this to:IH ` IC[>]Following Boyer and Moore11, we call this step strong fertilization: the hypothesis fertilizes theconclusion.In the example in x4.1.3 we go from:t <> (Y <> Z) = (t <> Y ) <> Z ` h = h ^ t <> (y <> z) = (t <> y) <> zto: t <> (Y <> Z) = (t <> Y ) <> Z ` h = h ^>which rapidly simpli�es to >, completing the step case.Sometimes, rewriting gets stuck before a complete instance of the hypothesis appears in theconclusion, but a large part of the hypothesis does appear in the conclusion. For instance, ifthe conjecture is an equation then one side of the conclusion may have an instance of thecorresponding side of the hypothesis embedded in it. This will happen in our example if we do10Unfortunately, this is not something that most rewrite based provers can manage.11They called what we call weak fertilization, cross fertilization. We have dropped the \cross" and introducedthe terms \weak" and \strong" to distinguish two di�erent forms of fertilization.



The Automation of Proof by Mathematical Induction 13not have the replacement rule for :: available as a rewrite rule. The �nal stage of the rewritingprocess is then:t <> (Y <> Z) = (t <> Y ) <> Z ` h :: (t <> (y <> z)) = h :: ((t <> y) <> z)An instance of each side of the hypothesis is embedded in each side of the conclusion. We canchoose one side of the conclusion and replace the embedded side of the hypothesis with the otherside of the hypothesis; e�ectively using the hypothesis as a rewrite rule. In our example thisproduces either:t <> (Y <> Z) = (t <> Y ) <> Z ` h :: (t <> (y <> z)) = h :: (t <> (y <> z))or: t <> (Y <> Z) = (t <> Y ) <> Z ` h :: ((t <> y) <> z) = h :: ((t <> y) <> z)depending on which side we choose to replace. In either case the remaining goal is now triviallyproved. This is called weak fertilization. In general, weak fertilization leaves a more complex goalto prove than is the case with strong fertilization, but it can be applied in situations where strongfertilization cannot. The residue left after weak fertilization often requires a nested induction toprove, whereas strong fertilization usually completes the step case. So strong fertilization leadsto shorter proofs and is to be preferred when available. The general form of weak fertilization is:IH1 = IH2 ` IC1[IH1�] = IC2IH1 = IH2 ` IC1[IH2�] = IC2or IH1 = IH2 ` IC1 = IC2[IH2�]IH1 = IH2 ` IC1 = IC2[IH1�]Note that these rules of inference can be further generalised to replace = with any transitiverelation with appropriate monotonicity properties, but we omit the details of this here.4.3. Destructor EliminationIn this section we redeem the promise of x2.2 to show how destructor-style proofs can be convertedto constructor-style ones.The discussion of rewriting (x4.1, p9) and fertilization (x4.2, p12) above adopted an implicitlyconstructor induction stance. The induction term occurred in the induction conclusion; therewriting was of the induction conclusion; and the fertilization matched the induction hypothesisto a sub-expression of the induction conclusion.If a destructor style induction is used then the induction term appears in the induction hy-pothesis. It would be tempting to think that a dual process could then take place, with thehypothesis being rewritten and fertilization matching the conclusion to a sub-expression of thehypothesis. Unfortunately, the dual of fertilization is not true, i.e.IH[IC�] ` ICIH[>] ` ICis not a sound rule of inference, and nor are the duals of weak fertilization.One solution to this problem is to try to turn destructor style step cases into constructorstyle ones, by replacing destructor functions in the hypothesis with constructor functions in theconclusion. This process is usually called destructor elimination, [ Boyer & Moore, 1988a][x10.4,



14 Alan Bundyp225]. Its application is not restricted to step cases, and we de�ne it for any formula. Moreover,the concepts of \destructor function" and \constructor function" are interpreted loosely | theycan be any functions the user so speci�es.Suppose that a formula contains occurrences of the expressions di(x), where each di is adestructor function. Destructor elimination takes place in two steps:(i) A (possibly conditional) rewrite rule of the form:Cond! X ) c(d1(X); : : : ; dn(X)) (4.7)where c is a constructor function, is applied once to each occurrence of x not dominated by adi. Note that this may require a Cond=:Cond case split if Cond is not already true.(ii) All occurrences of x now occur within some di. Each di(x) is generalised to a new variableyi. See x6.3.2, p23 for an explanation of this form of generalisation.If a rewrite rule of form (4.7) is available then the application of this destructor eliminationprocess will remove all occurrences of di in favour of c.To see the e�ect of destructor elimination on a destructor-style inductive proof, consider thefollowing schematic step case: x 6= 0 ^�(p(x)) ` �(x) (4.8)where x : nat. For stage 1 of destructor elimination we appeal to the rewrite rule:X 6= 0! X ) s(p(X))to rewrite (4.8) to: s(p(x)) 6= 0 ^�(p(x)) ` �(s(p(x)))Note that the condition of this rewrite rule is true by hypothesis. Stage 2 is to generalise alloccurrences of p(x) to y, giving: s(y) 6= 0 ^�(y) ` �(s(y))All occurrences of the destructor function, p, have now been replaced by the constructor function,s. This step case can be further simpli�ed to:�(y) ` �(s(y))which is a constructor style step case.Destructor elimination is not restricted to structural inductions, like the example above. Itcan also be used, for instance, to transform:y 6= 0 ^�(remainder(x; y)) ^�(quotient(x; y)) ` �(x)to: y 6= 0 ^�(r) ^�(q) ` �(q � y + r)exchanging the destructor functions, remainder and quotient for the constructor functions +and �. Stage 1 of this destructor elimination uses the conditional rewrite rule:Y 6= 0! X ) quotient(X;Y )� Y + remainder(X;Y )In future we will usually assume that destructor elimination has been or could be applied anddraw most of our examples from constructor style inductive proofs.



The Automation of Proof by Mathematical Induction 154.4. Termination of RewritingA common proof technique is to apply a set of rewrite rules to a goal until no further rulesapply. The rewritten goal is then said to be in normal form. It is highly desirable if this rewritingprocess terminates. This question is equivalent to the halting problem (the problem of provingthat computer programs terminate) so is undecidable. A partial solution has been provided bya collection of techniques which, although necessarily incomplete, have a high success rate whenapplied to the rewrite rule sets that arise in practical theorem proving. Each of these techniquesinvolve de�ning a measure from terms to a well-founded set, e.g. the natural numbers, andshowing that this measure decreases strictly each time a rewrite is applied. Since the measure iswell-founded it cannot decrease inde�nitely, e.g. it must eventually reach 0. More details abouttermination techniques can be found in chapter ?? of this book.A particular case of this problem of especial interest is the termination of the rewrite ruleswhich de�ne a function. The proof of termination of these rules is usually a condition of acceptingthe de�nition as well-formed. The termination measures developed for this purpose are oftenrecycled as the well-founded measures of induction rules (see x6.1, p17 for more details).4.5. Decision ProceduresMany of the problems to be solved by an inductive theorem prover fall within a decidable classand can be solved by a decision procedure. This is especially true of many of the subproblemsgenerated during the proof of an inductive theorem. So decision procedures are an importantcomponent of inductive provers. These include the following:Tautology Checkers: Many subproblems can be generalised into formulae of propositionallogic. This generalisation may require regarding non-propositional formulae as propositionalvariables. If these generalised formulae are tautologies then the subproblem is true. OrderedBinary Decision Diagrams (OBDDs) provide a basis for e�cient tautology checking and weredevised for use in hardware veri�cation, [ Bryant, 1992].Congruence Closure: The propagation of equalities is an important ingredient of e�cienttheorem proving, i.e. if two terms are known to be equal we need to use this fact to simplifythe conjecture. Congruence closure does this by forming equivalence classes for all subtermsin a conjecture and propagating results between them. In its simplest version the negationof conjecture is put in disjunctive normal form and equivalence classes are constructed foreach disjunct, [ Nelson & Oppen, 1980]. Positive equalities are used to update the equivalenceclasses and negative equalities are tested against them to see if there is a contradiction.Presburger Arithmetic Procedures: Presburger identi�ed a decidable fragment of integerarithmetic, [ Presburger, 1930, Stansifer, 1984]. It consists of formulae about equalities andinequalities between terms involving addition, but not multiplication. The equivalent realnumber fragment is also decidable. The integer fragment is particularly important in soft-ware veri�cation as conjectures in Presburger arithmetic often arise from proof obligationsabout iterative loops, for instance. Many decision procedures exist for these fragments andare in common use in inductive provers, where they are often called linear arithmetic proced-ures. [ Boyer & Moore, 1988b] is an interesting discussion of the integration of one of theseprocedures into an inductive prover.Combination Procedures: Decision procedures for two disjoint decidable theories can be com-bined. [ Nelson & Oppen, 1979, Shostak, 1984] describe two such combination mechanisms.Decision procedures often have unattractive theoretical worst case complexity, e.g. super-exponential. This does not always make them unusable. They can have empirically acceptableaverage case complexity when applied to problems of practical interest. In any case, the the-oretical complexity of the alternative, full-blown inductive theorem proving, is usually muchworse.



16 Alan BundyIt is important to use decision procedures 
exibly. [ Boyer & Moore, 1988b] reports that veryfew subproblems in a standard corpus were exactly in the Presburger fragment, but many morewere almost in it and could be solved by a decision procedure augmented with a few additionalfacts about the terms, e.g. that the minimum element of an array was not bigger than themaximum element. Boyer and Moore 
exibly interfaced their decision procedure to the rest oftheir theorem prover so that each could call the other and, hence, provide these additional factsto the decision procedure. Time spent by the interface components was much greater than timespent in the theorem prover.Decision procedures are described in more detail in chapters ?? of this book.5. Theoretic Limitations of Inductive InferenceSome negative results frommathematical logic impose special restrictions on inductive inference.In particular, results of G�odel and Kreisel introduce in�nite branching points into the searchspace and show that it is impossible to build a complete inductive theorem prover.5.1. The Incompleteness of Inductive InferenceG�odel's �rst incompleteness theorem, [ G�odel, 1931, Heijenoort, 1967], states that in any formaltheory of arithmetic there will be formulae which are true but unprovable. This incomplete-ness theorem is true of any non-trivial inductive theory. It puts a limit on the power of anyautomated12 inductive theorem prover.One way to see this result is as a limitation of our ability to construct the induction rule(s)required to prove each conjecture. We have already seen in x2 that there are an in�nite number ofdi�erent induction rules (or an in�nite number of ways of instantiating N�therian induction). Inx6.1 we will investigate mechanisms for tailoring induction rules to the current conjecture. G�odel'sincompleteness theorem tells us that, however sophisticated our induction rule constructionmechanism, there will always be true formulae whose proof requires an induction rule that itcannot construct.This limitation is illustrated in [ Kirby & Paris, 1982]. The theory of natural numbers canbe formalised using Peano induction, (1.1). More complex induction rules can be derived fromPeano induction. However, Kirby and Paris show that the termination of a simple recursivefunction (Goodstein's function) cannot be shown using any of these induction rules, but can beshown using the �0 induction rule. This induction rule is based on a complex well-founded orderwhich cannot be derived from Peano induction. Of course, we could add the �0 induction rule toour theory of natural numbers, but G�odel's incompleteness theorem tells us there would then befurther true formulae, whose proof required even more complex forms of induction, and whichwere unprovable even within our extended theory.This limitation is also related to the undecidability of the halting problem [ Turing, 36 7].Turing showed that there was no algorithm which could determine whether an arbitrary orderwas well-founded. So we cannot construct all valid induction rules by instantiating the N�therianinduction scheme with all possible orders and then rejecting those that are not well-founded.Turing's result shows that this programme will not work, since there is no algorithm for decidingwhich of these potential induction rules is valid.5.2. The Failure of Cut EliminationGentzen's original formalisation of sequent calculus contained the cut rule:A;� ` �; � ` A� ` �12And any human one too.



The Automation of Proof by Mathematical Induction 17The cut rule allows us to �rst prove � with the aid of A and then eliminate A by proving itfrom �. A is called the cut formula.If the cut rule is used backwards by a theorem prover then it introduces in�nite branching intothe search space; the cut formula can be any formula. The problem cannot be avoided by onlyusing the cut rule forwards. Then we will be forced to use other sequent calculus rules forwardstoo. Several of these have formulae in the conclusion that do not occur in the premises, so willalso cause in�nite branching.Gentzen recognised this problem and partially solved it by proving the cut elimination the-orem, [ Gentzen, 1969]. He showed that the cut rule was redundant for �rst-order theories13.Unfortunately, Kreisel has shown that Gentzen's cut elimination does not hold for inductivetheories, [ Kreisel, 1965]. The cut rule must be retained and is a source of in�nite branching.The problem of in�nite branching cannot be avoided by using an alternate formalisation oflogic, e.g. natural deduction, resolution, etc; it recurs, in a di�erent guise, in every formalism. Itis possible to reorganise some of the in�nite branching points so that they occur as an in�niteseries of �nite branching points, but this does not signi�cantly improve the size of the searchspace. Nor is this just a theoretical problem with little practical import. As we will see, the cutrule is needed even for many quite simple theorems.6. Special Search Control ProblemsInductive inference can be automated by adding one or more induction rules to an automatictheorem prover. Unfortunately, this is not enough. An unbounded number of induction rules arerequired14. The cut rule is also needed. As we have seen, these requirements introduce in�nitebranching points into the search space. Thus inductive inference su�ers from search controlproblems that do not arise in non-inductive, �rst-order, automatic theorem proving. Specialisedheuristics have been developed for dealing with these search problems.The cut rule is frequently required for two tasks: generalising the induction formula; andintroducing an intermediate lemma. The cut formula is the generalised formula or the lemma.We, therefore, require heuristics for deciding when a generalisation or lemma are required andfor determining their form.Below we discuss further the search control problems of: induction rule choice; lemma intro-duction; and generalisation.6.1. Constructing an Induction RuleThe success of an inductive proof attempt depends critically on the choice of induction rule. Agood choice will lead to a short proof. For instance, a few rewritings of the induction conclusionwill lead to fertilization and a successful conclusion. A bad choice may require multiple nestedinductions or cause the proof to become stuck altogether.Since there are an in�nite number of possible induction rules it is not possible to prestorethem; they must be constructed dynamically according to need. Heuristics are used to constructan induction rule that has a good chance of success on the current conjecture. The standardheuristic is called recursion analysis15. It uses the de�nitions of recursive functions appearing inthe conjecture.6.1.1. Recursion AnalysisThe starting point is to identify occurrences of recursively de�ned functions in the conjecturewhose recursion arguments contain universally quanti�ed variables. These variables are candidate13One source of confusion in this discussion is that the cut rule is similar to resolution. Of course, resolution isused in a forwards direction, so it does not cause in�nite branching.14Or the ability to construct new well-founded orders for N�therian induction.15Walther, [ Walther, 1992b], calls it the induction heuristic, but we will see that there are alternative heuristics.



18 Alan Bundyinduction variables. The recursive de�nition of each function suggests a dual induction rule. Theidea underlying recursion analysis is that using an induction rule based on recursive de�nitionswill facilitate the use of these recursive de�nitions in the base and step case proofs.For instance, consider the conjecture:8x:nat:8y:nat: even(x) ^ even(y) ! even(x + y) (6.1)even is a recursively de�ned function and the occurrence of even(x) has a universally quanti-�ed variable, x, in its recursion argument. From the recursive de�nition of even, (3.3), we canconstruct the induction rule:P (0); P (s(0)); 8x:nat: (P (x)! P (s(s(x))))8x:nat: P (x) (6.2)The occurrence of even(y) suggests the same induction rule, but with y as the induction variable.The occurrence of even(x+y) does not suggest an induction rule, because its recursion argumentdoes not contain a variable. However, + is also recursively de�ned and the occurrence of x+ yhas a variable, x, in its recursion argument, which suggests the induction rule:P (0); 8x:nat: (P (x)! P (s(x)))8x:nat: P (x) (6.3)Note that + is de�ned on its �rst argument (see (4.1)), so that y is not a recursion argument of+ and, therefore, does not suggest an induction rule.We now see how the right choice of induction rule facilitates the subsequent use of recursivede�nitions. For instance, if the conjecture contains an occurrence of x+y and we apply inductionrule (6.3) then the induction conclusion will contain the term s(x) + y. The step case of therecursive de�nition of + can then be applied to this term. On the other hand, if we erroneouslychoose y as the induction variable then the step case will contain the term x + s(y), and therecursive de�nition does not apply to this term. So if we used one step induction on y thisoccurrence of s(y) would be di�cult to move and would prevent strong fertilization. Similarremarks apply to the base case.The above process produces a variety of suggestions for induction rules. Some of these can berejected as inferior to others and the rest can be combined together to produce a �nal inductionrule. In our example the choice of x as induction variable is superior to y. This is becauseeach occurrence of x in (6.1) is in a recursion argument position, so each occurrence of x in theinduction conclusion can be potentially be rewritten by a recursive de�nition, making an eventualfertilization more likely. These occurrences of x are said to un
awed. Universal variables, like x,with only un
awed occurrences are said to be un
awed induction variable candidates. In contrast,the second occurrence of y in (6.1) is not in a recursive argument position. This occurrence willbe replaced by s(s(y)), say, and it will not be possible to rewrite this occurrence, preventingstrong fertilization. This occurrence of y is said to be 
awed. Universal variables, like y, withsome 
awed occurrences, are said to be 
awed induction variable candidates.6.1.2. Subsumption of Induction RulesSo x is the best choice for induction variable, but this leaves two possibilities for induction rule:(6.2) and (6.3). Fortunately, rule (6.2) subsumes rule (6.3), i.e. rule (6.2) can stand-in for rule(6.3). This means that rule (6.3) is inferior to rule (6.2) and can be rejected. Roughly speaking,induction rule A subsumes induction rule B i� the induction terms of B are each a subterm ofan induction term of A (see [ Stevens, 1988] for a more detailed discussion). In our example s(x)is a subterm of s(s(x)).Using induction rule (6.2) the induction conclusion is:8y:nat: even(s(s(x))) ^ even(y) ! even(s(s(x)) + y)



The Automation of Proof by Mathematical Induction 19The expression even(s(s(x))) can be rewritten to even(x) using the recursive de�nition ofeven. The expression even(s(s(x)) + y) can be rewritten �rst to even(s(s(x) + y)) and thento even(s(s(x+ y))) by the recursive de�nition of + and then to even(x+ y) with the de�nitionof even, i.e. induction rule (6.2) facilitates a double application of the recursive de�nition of +,instead of the single application we would have gotten from rule (6.3). Here we see consequencesof using a subsuming rule instead of the originally suggested rule. The induction conclusion nowmatches the induction hypothesis and the step case is �nished.Note that the rule (6.3) does not work so well. The induction conclusion is:8y:nat: even(s(x)) ^ even(y) ! even(s(x) + y)Now the expression even(s(x)) cannot be rewritten and the step case proof is stuck. Rule (6.3)applied to y would encounter the same problem, i.e. even(s(y)) cannot be rewritten. So a sub-sumed induction rule cannot stand in for a subsuming one.6.1.3. Containment of Induction RulesAnother way in which one induction rule can be inferior to others is containment. Roughlyspeaking, induction rule A contains induction rule B i� the step cases of B imply those of A, so Awill be easier to prove than B. [ Walther, 1992b] provides a calculus for describing induction rules,called r-descriptions, and gives a containment formula for de�ning and proving containment. Toillustrate containment, consider the following two induction rules for S-expressions:P (nil; ) 8e:sexpr(� ): e 6= nil ^ P (cdr(e))! P (e)8e:sexpr(� ): P (e) (6.4)P (nil); 8e:sexpr(� ): e 6= nil ^ P (car(e)) ^P (cdr(e))! P (e)8e:sexpr(� ): P (e) (6.5)Note that the induction hypotheses of rule (6.4) are a subset of those of rule (6.5). The step caseof rule (6.4) is thus easily seen to imply that of rule (6.5), making the step case of rule (6.5)logically easier to prove. Thus rule (6.5) contains rule (6.4). If both of these rules were suggestedby recursion analysis then rule (6.4) should be rejected as inferior.6.1.4. Combining Induction RulesSometimes no rule is suggested which subsumes or contains all the others. Then it is necessary togeneralise and combine the rule suggestions to construct a rule which does subsume or containthem all. For instance, suppose our conjecture is about S-expressions and recursion analysisyields the following two suggestions:P (nil); 8e:sexpr(� ): e 6= nil ^ P (car(e))! P (e)8e:sexpr(� ): P (e)P (nil; ) 8e:sexpr(� ): e 6= nil ^ P (cdr(e))! P (e)8e:sexpr(� ): P (e)Neither of these contains the other. However, both are contained by the more general rule:P (nil); 8e:sexpr(� ): e 6= nil ^ P (car(e)) ^ P (cdr(e))! P (e)8e:sexpr(� ): P (e)which can be constructed from the two initially suggested induction rules by combining them. Inthis case the combination consists of conjoining the induction hypotheses of the two original rules.



20 Alan Bundy[ Walther, 1992b] de�nes combination, in general, as the separated union of the r-descriptions oftwo induction rules. He also de�nes various ways to generalise induction rules. Note that rulecombination does not necessarily preserve the well-foundedness of the induction order, so thismay need to be proved after a merge has been made.Recursion analysis was invented by Boyer & Moore, [ Boyer & Moore, 1979]. It was furtherdeveloped by Stevens, [ Stevens, 1988], and Walther, [ Walther, 1992b]. Together they haveconstructed a range of techniques for preferring, generalising and combining initial inductionrule suggestions. These are often successful in producing customised induction rules which leadto successful and short proofs of the current conjecture.6.2. Introducing an Intermediate LemmaSometimes a lemma required to complete the proof is not already available and is not deduciblefrom the existing theory without a nested application of induction. This is a consequence of thefailure of cut elimination for inductive theories (see x5.2, p16). Such lemmata must be conjec-tured and then proved as sub-goals. In non-inductive theorem proving, conjecturing lemmatais non-essential, because it can be replaced by back-chaining with existing rules. However, ifinduction is required to prove a lemma then back-chaining is not su�cient, and the lemmamustbe conjectured.6.2.1. Example: Reverse-ReverseAs an example, consider the conjecture:8l:list(� ): rev(rev(l)) = lwhere rev reverses a list and is de�ned by the following rewrite rules:rev(nil) ) nilrev(H :: T )) rev(T ) <> (H :: nil) (6.6)Recursion analysis will suggest the one-step list induction rule (4.6) on l. The step case of thisinduction develops as follows:rev(rev(t)) = t ` rev(rev(h :: t)) = h :: t` rev(rev(t) <> (h :: nil)) = h :: tbut then gets stuck; no rewrite rules apply. Nor will strong fertilization apply16.One solution is to introduce a distributive lemma of rev over <>., namely:rev(X <> Y )) rev(Y ) <> rev(X) (6.7)This allows the step case to continue:rev(rev(t)) = t ` rev(rev(t) <> (h :: nil)) = h :: t` rev(h :: nil) <> rev(rev(t)) = h :: t` (rev(nil) <> (h :: nil)) <> rev(rev(t)) = h :: t` (nil <> (h :: nil)) <> rev(rev(t)) = h :: t` (h :: nil) <> rev(rev(t)) = h :: t16Although weak fertilization will | see below x6.3.2, p23.



The Automation of Proof by Mathematical Induction 21` h :: (nil <> rev(rev(t))) = h :: t` h :: rev(rev(t)) = h :: t` h = h ^ rev(rev(t)) = twhich contains the induction hypothesis. Fertilization leaves the trivial goal h = h ^>.This does not solve the search problem. We need a heuristic to suggest or construct lemma(6.7). We will provide such a heuristic in x8.1, p36.6.2.2. Example: Generalised Rotate LengthAs another example, consider the conjecture:8l : list(� ):8k : list(� ): rotate(length(l); l <> k) = k <> l (6.8)where rotate(n; l) removes the �rst n elements from list l and appends them to the end andlength measures the length of the list. This conjecture says that if we remove length(l) elementsfrom l <> k and put them at the end then we form the list k <> l.The functions rotate and length are de�ned by the following rewrite rules:length(nil) ) 0length(H :: T )) s(length(T ))rotate(0; L)) Lrotate(s(N ); nil)) nilrotate(s(N );H :: T )) rotate(N; T <> (H :: nil))Recursion analysis will suggest the one-step list induction rule (4.6) applied either on l or k. lhas two un
awed and one 
awed occurrences and k has one un
awed and one 
awed occurrences.There is not much to choose between the two variables, but some heuristics would give l a slightedge, so we will choose it.The step case of this induction develops as follows:rotate(length(t); t <> K) = K <> t` rotate(length(h :: t); (h :: t) <> k) = k <> (h :: t)` rotate(s(length(t)); h :: (t <> k)) = k <> (h :: t)` rotate(length(t); (t <> k) <> (h :: nil)) = k <> (h :: t)At this point the proof is stuck: no rewrite rules apply and both weak and strong fertilizationare inapplicable.We need two new lemmas: one to unstick the LHS and one to unstick the RHS. These are:(X <> Y ) <> Z ) X <> (Y <> Z)L <> (H :: T )) (L <> (H :: nil)) <> TThe �rst lemma is the associativity of list append and the second can be thought of as a specialcase of associativity where the middle list is a singleton. Note that they are required with theorientation given, although the opposite orientation is equally natural. As in x6.2.1, p20 thequestion arises as to what heuristic might suggest or construct these lemmas. Again we willreturn to this question in x8.1, p36.



22 Alan BundyWith these lemmas the step case of the proof can continue and is now successful:rotate(length(t); t <> K) = K <> t` rotate(length(t); (t <> k) <> (h :: nil)) = k <> (h :: t)` rotate(length(t); t <> (k <> (h :: nil))) = (k <> (h :: nil)) <> tStrong fertilization now applies. Note that K is instantiated to k <> (h :: nil).As discussed in x2.3, p5, additional universal variables in the conjecture become free variablesin the induction hypothesis and arbitrary constants in the induction conclusion. These freevariables can be instantiated to compound terms when matching hypothesis to conclusion. Thisgives us more 
exibility in the step case of the proof; a 
exibility which is exploited in thisexample.6.3. Generalising Induction FormulaeSuppose we are trying to prove a conjecture, C. Generalisation consists of constructing a gener-alised conjecture, G, and both proving G and G! C.Sometimes a conjecture cannot be proved without �rst being generalised. This is anotherconsequence of the failure of cut elimination for inductive theories. The generalization must bestrong enough that the induction hypothesis can be used to prove the induction conclusion, butnot so strong that it is not a theorem. Various techniques for generalisation have been developed.6.3.1. Example: Generalising ApartThe need for generalisation can arise in even quite simple conjectures. Consider the followingspecial case of the associativity of <>.8l:list(� ): l <> (l <> l) = (l <> l) <> lWhere the only axioms available are the equality axioms and those arising from recursive de�n-itions, e.g. (4.3).Recursion analysis will suggest the one-step induction rule (4.6) on l, even though l is 
awed,because there is no alternative. Unfortunately, these 
aws cause the proof to fail. Note that the3rd, 5th and 6th occurrences of l are not in recursive argument positions. However, the inductionrule will replace these occurrences with the induction term, h :: t. So the induction conclusionhas the form: (h :: t) <> ((h :: t) <> (h :: t)) = ((h :: t) <> (h :: t)) <> (h :: t)The step case of the recursive de�nition of <>, rewrite rule (4.3), is able to rewrite the 1st, 2ndand 4th occurrences of l, but not the other three occurrences. Moreover, the 2nd occurrence canonly be rewritten once. The induction conclusion, therefore, gets stuck in the state:h :: (t <> (h :: t <> (h :: t))) = (h :: (t <> (h :: t))) <> (h :: t)to which neither weak nor strong fertilization applies, causing the proof attempt to fail if nogeneralisation is allowed.To unstick the proof we must generalise apart the occurrences of l to give the conjecture:8l:list(� ):k:list(� ): l <> (k <> k) = (l <> k) <> kRecursion analysis will still suggest a one-step induction on l, but this time it is un
awed. The



The Automation of Proof by Mathematical Induction 23step case then proceeds as follows:t <> (k <> k) = (t <> k) <> k ` (h :: t) <> (k <> k) = ((h :: t) <> k) <> k` h :: (t <> (k <> k)) = (h :: (t <> k)) <> k` h :: (t <> (k <> k)) = h :: ((t <> k) <> k)` t <> (k <> k) = (t <> k) <> kto which strong fertilization applies, allowing the proof to be completed.The generalisation worked by restricting the occurrences of the induction variable to un
awedones. This removed from the induction conclusion those occurrences of the induction term whichcould not be rewritten. Note that the 2nd occurrence of l was replaced by k even though it wasun
awed. To have left it as l would have caused two problems. Firstly, it would have resulted ina non-theorem: 8l:list(� ); k:list(� ) l <> (l <> k) = (l <> k) <> kSecondly, the 2nd occurrence would have become stuck after the �rst rewrite. Deciding whichoccurrences of the induction variable to generalise apart is a non-trivial problem. It may benecessary to try several combinations before the correct one is found. No one has yet found aheuristic which always chooses the correct combination �rst time.We also need a heuristic to decide to try generalising apart in the �rst place. Various heuristicshave been proposed for this, all based on the analysis of initial failed proofs (see, for instance, [Hesketh, 1991]).6.3.2. Example: Generalising a Sub-TermConsider again the rev-rev conjecture:8l:list(� ): rev(rev(l)) = lfrom x6.2.1, p20 and the point at which the step case gets stuck:rev(rev(t)) = t ` rev(rev(t) <> (h :: nil)) = h :: tAn alternative method of unsticking this step case is to use weak fertilization (see x4.2, p12).The induction hypothesis is used as a rewrite rule right to left and applied to the RHS of theinduction conclusion. This yields:rev(rev(t) <> (h :: nil)) = h :: rev(rev(t))We can now try to solve this new goal, using induction if necessary. Unfortunately, the presenceof nested rev functions will cause the step case again to get stuck. However, note that termrev(t) occurs on both sides of the equation. This can be generalised to a new variable, e.g. k,and the resulting formula: rev(k <> (h :: nil)) = h :: rev(k)is still a theorem. Moreover, the problem of nested revs has now gone away. This generalisedconjecture is much easier to prove. For instance, the step case is now:rev(t0 <> (h :: nil)) = h :: rev(t0)` rev((h0 :: t0) <> (h :: nil)) = h :: rev(h0 :: t0)



24 Alan Bundy` rev(h0 :: (t0 <> (h :: nil))) = h :: (rev(t0) <> (h0 :: nil))` rev(t0 <> (h :: nil)) <> (h0 :: nil) = (h :: (rev(t0)) <> (h0 :: nil) (6.9)` rev(t0 <> (h :: nil)) = h :: (rev(t0) ^ h0 :: nil = h0 :: nilto which strong fertilization applies, completing the proof. This generalisation worked by gener-alising away a subterm which caused di�culty during rewriting.Note that in step (6.9) it was necessary to apply the rewrite rule (4.3) from right to left, i.e. inthe wrong orientation. We will propose a solution to this problem in x7.7, p32.The most common heuristic for generalising subterms is to do so only when all occurrencesof a variable, say x, occur in a common term, say f(x). All occurrences of f(x) (and hencex) are then replaced with a new variable y. Another heuristic is to restrict generalisation tovariables in recursive argument positions. The new variable, y, will then be a candidate for aninduction variable. The generalisation can sometimes make possible an induction and subsequentrippling that were not previously available. Even with these heuristics, over-generalisation to afalse conjecture can occur | a problem we will address in x6.3.5.6.3.3. Example: Introducing New Universal VariablesAnother kind of generalisation is illustrated by the rotate length conjecture:8l : list(� ): rotate(length(l); l) = l (6.10)which is a special case of conjecture (6.8). This conjecture says that if we remove length(l)elements from l and put them at the end then we recover the original list l.Recursion analysis will suggest the one-step list induction rule (4.6) on l. The step case of thisinduction develops as follows:rotate(length(t); t) = t ` rotate(length(h :: t); h :: t) = h :: t` rotate(s(length(t)); h :: t) = h :: t` rotate(length(t); t <> (h :: nil)) = h :: tAt this point the proof is stuck: no rewrite rule applies and strong fertilization fails. Weakfertilization succeeds, but the resulting conjecture is harder to prove than the original one.One solution is to generalise the original conjecture by introducing an additional universallyquanti�ed variable. The generalised rotate length conjecture is:8l : list(� ):8k : list(� ): rotate(length(l); l <> k) = k <> lwhich is conjecture (6.8) proved in x6.2.2, p21.This generalisation succeeds because importing an additional universal variable into the con-jecture enables us to exploit the extra 
exibility described in x2.3, p5. In x8.2, p38 we describea heuristic for suggesting and constructing this kind of generalisation.6.3.4. Other Forms of GeneralisationMany other forms of generalisation are possible. Table 1 lists some of these. More discussion canbe found in [ Hummel, 1990].6.3.5. The Problem of Over-GeneralisationA major problem with generalisation is the danger of over-generalisation, i.e. of generalising atheorem into a non-theorem. For instance, consider the theorem:8l:list(nat): sort(sort(l)) = sort(l)



The Automation of Proof by Mathematical Induction 25Original Generalisation DiscussionA! B A$ B implication to equivalenceA! B B dropping a conditionA _B A dropping a disjunctA A ^B adding a conjunctf(s) = f(t) s=t cancelling common structureTable 1Some Other Forms of Generalisationwhere sort is one of many functions for sorting lists of numbers into numerical order. An auto-mated inductive prover might generalise this theorem into the non-theorem:8k:list(nat): sort(k) = k (6.11)by replacing the term sort(l) by the new variable k using the generalisation technique outlinedin x6.3.2, p23.One partial solution to this problem is to check any newly generalised formula with a counter-example �nder, [ Protzen, 1992]. A simple counter-example �nder might generate a small numberof variable-free instances of the generalised formula and check that each evaluates to >. Forinstance, if we checked (6.11) above with the list [2; 1] for k then sort(k) = k would evaluate to? and the generalisation could be rejected. Simple checking of this kind works in the majorityof cases because over-generalisations are rarely false in any subtle way.Another partial solution is to try to modify the over-generalised non-theorem back into atheorem. For instance, non-theorem (6.11) can be modi�ed to the theorem:8k:list(nat): ordered(k)! sort(k) = kwhere ordered(k) means k is an ordered list. Conditions like ordered(k) can often be gener-ated automatically. Moore pioneered this technique in [ Moore, 1974], and it has been furtherdeveloped in [ Franova & Kodrato�, 1992, Monroy et al, 1994, Protzen, 1994]. This techniquehas the advantage that we can continue with the use of generalisation, instead of having to �ndan alternative approach.However, it is not always possible to modify the non-theorem into a theorem which stillsubsumes the original conjecture. For instance, the conjecture:8l:list(� ): l <> (l <> l) = (l <> l) <> l (6.12)can be generalised to the non-theorem:8l:list(� ):k:list(� ): l <> k = k <> lThis can be modi�ed to the theorem:8l:list(� ):k:list(� ): l = k ! l <> k = k <> lsay, but this no longer subsumes the original conjecture, (6.12).



26 Alan Bundy7. RipplingRippling is a di�erence reduction technique developed for induction proofs. It provides a partialsolution to many of the special search control problems described in x6, p17 above. Aubin was the�rst to notice a common pattern in the rewriting of step cases, [ Aubin, 1976]. In [ Bundy, 1988]it was proposed to use this pattern to drive the rewriting process and implementations of thisproposal were �rst reported in [ Bundy et al, 1990b, Bundy et al, 1993, Hutter, 1990].7.1. Rippling OutAubin observed that during the step case the di�erences between the induction conclusion andthe induction hypothesis ripple-out of the induction conclusion, leaving a complete copy of theinduction hypothesis embedded in the induction conclusion. The e�ect is emphasised by annot-ating these di�erences, e.g. by placing them in grey boxes. Consider again the step case of theassociativity of <> reproduced from x4.1.3, p11, but this time with annotation.t <> (Y <> Z) = (t <> Y ) <> Z ` h :: t " <> (y <> z) = ( h :: t " <> y) <> z` h :: t <> (y <> z) " = h :: t <> y) " <> z` h :: t <> (y <> z) " = h :: (t <> y) <> z "` h = h ^ t <> (y <> z) = (t <> y) <> z "The grey boxes indicate the parts of the induction conclusion which di�er from the induction hy-pothesis. They are called wave-fronts. The remaining parts of the induction conclusion, includingthe contents of the holes in the wave-fronts, are called the skeleton. The skeleton always matchesthe induction hypothesis. The arrows indicate the direction of movement of the wave-fronts | inthis case outwards through the induction conclusion until they completely surround the skeleton.Note how the grey boxes getting bigger at each step with more of the skeleton embedded withinthem, until they contain a complete instance of the induction hypothesis. At this point, strongfertilization can take place.Rippling restricts the rewriting process so that the skeleton is preserved and wave-fronts areonly moved in desirable directions. This is achieved by annotating both the rewrite rules andthe induction conclusion and requiring the annotations to match. Annotated rewrite rules arecalled wave-rules. The wave-rules required in the example above are:H :: T " <> L) H :: T <> L "X1 :: X2 " = Y1 :: Y2 " ) X1 = Y1 ^ X2 = Y2 "which are annotated versions of rule (4.3) and the replacement rule for ::. The wave-rules areannotated so that the wave-fronts are further out in the skeleton on the RHS than on the LHS.Any wave-fronts in the redex in the induction conclusion must match corresponding wave-frontsin the LHS of the wave-rule which is applied to it. This last condition reduces the search duringrewriting by preventing rewrites in which the annotation does not match.7.2. Simpli�cation of Wave-FrontsIt is sometimes necessary to apply regular rewrite rules as well as wave-rules during rippling inorder to simplify expressions. However, this simpli�cation can be restricted to wave-fronts. Theskeleton must be preserved, so must not be rewritten. An example occurs in the rev-rev example



The Automation of Proof by Mathematical Induction 27from x6.2.1, p20. In wave annotation the step case of this proof is:rev(rev(t)) = t ` rev(rev( h :: t ")) = h :: t "` rev( rev(t) <> h :: nil ") = h :: t " (7.1)` rev(h :: nil) <> rev(rev(t) ) " = h :: t " (7.2)` rev(nil) <> (h :: nil) <> rev(rev(t)) " = h :: t "` nil <> (h :: nil) <> rev(rev(t)) " = h :: t "` (h :: nil) <> rev(rev(t)) " = h :: t "` h :: (nil <> rev(rev(t)) ) " = h :: t " (7.3)` h :: rev(rev(t)) " = h :: t "` h = h ^ rev(rev(t)) = t "From step (7.2) to step (7.3) no rippling-out takes place, but a wave-front is simpli�ed usingrewrite rules from the recursive de�nitions of rev and <>, (6.6) and (4.3). Note that the skeletonis not rewritten, since this would jeopardise the potential for fertilization.This example also illustrates that rippling can be used to guide the application of lemmas aswell as recursive de�nitions. At step (7.1) the lemma (6.7) is applied. This can be annotated asa wave-rule as: rev( X <> Y ")) rev(Y ) <> rev(X) " (7.4)7.3. Rippling Sideways and InRippling wave-fronts right outside the skeleton is one way to enable fertilization, but it is notthe only way. We can also exploit the 
exibility provided by additional universal variables inthe conjecture (see x2.3, p5). These additional variables become free variables in the inductionhypothesis and arbitrary constants in the induction conclusion. We will call the arbitrary con-stants, sinks. We can move wave-fronts to surround the sinks. They will then be absorbed by thefree variables during fertilization. We will mark sinks thus: bcc; you can think of these marks asrepresenting a kitchen sink with a plug hole at the bottom.To see how this works consider again the example step case from x6.2.2, p21, but this timeannotated with wave fronts and sinks.rotate(length(t); t <> K) = K <> t` rotate(length( h :: t "); h :: t " <> bkc) = bkc <> h :: t "` rotate( s( length(t) ) "; h :: t <> bkc ") = bkc <> h :: t "` rotate(length(t); t <> bkc <> (h :: nil) #) = bkc <> ( h :: t ") (7.5)` rotate(length(t); t <> bkc <> (h :: nil) #) = bkc <> (h :: nil) # <> t (7.6)` rotate(length(t); t <> bk <> (h :: nil)c) = bk <> (h :: nil)c <> t (7.7)At step (7.5) instead of moving the LHS wave-front further outwards we move it sideways and



28 Alan Bundythen inwards towards the sink. The inwards direction of this wave-front is indicated by thedownwards arrow. At step (7.6) the RHS wave-front also moves sideways and then inwards.When an inwards wave-front immediately dominates a sink, as at step (7.6), then it can beabsorbed into the sink. This has been done twice in the last step (7.7). Strong fertilization isnow possible with the free variable,K, being matched to the contents of the sink, k <> (h :: nil).To implement sideways and inwards rippling we need wave-rules with a slightly di�erent kindof annotation. The sideways17 wave-rules used in the above example are annotated as18:rotate( s( N ) "; H :: T ")) rotate(N; T <> (H :: nil) #) (7.8)L <> ( H :: T ")) L <> (H :: nil) # <> TFunctions de�ned by tail recursion are a good source of such sideways rules, e.g. the de�nitionof rotate. The inwards wave-rule used in the above example is one of the many19 annotations ofassociativity: (X <> Y ) <> Z # ) X <> ( Y <> Z #)One of the preconditions of rippling sideways and inwards is that any inwards wave-frontshould have a target to ripple towards (see x7.4.4, p29) in one of its wave-holes. This can be asink, as above, or an outwards directed wave-front, with which it can cancel. Without such atarget the �nal fertilization will not be possible. This precondition puts a further restriction onrippling.7.4. The De�nition of Wave AnnotationWave-rules can be formally de�ned as annotated rewrite rules which are skeleton preserving andmeasure decreasing. Full de�nitions of the concepts of well annotated term, skeleton and measurecan be found in [ Basin & Walsh, 1996], together with a proof of the termination of rippling andan algorithm, called di�erence uni�cation, for annotating formulae. We give an overview of thisaccount here.7.4.1. Meta-Level FunctionsWave annotations can be thought of as meta-level functions which are inserted into the object-level terms. These meta-functions are:wf : which de�nes a wave-front. This meta-function has a second argument of in or out toindicate the direction of the wave-front.wh: which de�nes a wave-hole within a wave-front.snk: which de�nes a sink.So rotate( h :: t "; blc) is represented by rotate(wf(h :: wh(t); out); snk(l)).7.4.2. Normal Forms and Well-FormednessIt is convenient for both technical and implementational reasons to put annotated terms into anormal form in which wave-fronts are all one-functor thick, i.e. to split wider wave-fronts intoa nested sequence of wave-fronts and wave-holes, e.g. s(s( n )) " is put into the normal form17Also called transverse wave-rules, in contrast to longitudinal wave-rules, which ripple-out.18See x7.6, p30 for a discussion of the annotation of wave-rule (7.8).19See x7.7, p32 for more ways to annotate associativity.



The Automation of Proof by Mathematical Induction 29s( s( n ) " ) ". Another part of the normal form is to absorb inward directed wave-fronts intosinks that they immediately dominate, e.g. f(a; bbc ) # is rewritten to bf(a; b)c.Let f be a functor immediately dominated by wf . At least one of the arguments of f mustthen be dominated by a wh, but several can be. For instance, in f( a ; b; c ) " f is dominatedby wf and two of its three arguments are dominated by wh. f and b are said to be in thewave-front and a and c are said to be in wave-holes. It is a condition of well-formedness thatany wave-fronts nested inside f must be nested in one of its wave-holes, i.e. the following is ill-formed f( g( a ) "; b ) ". Sometimes matching inserts a wave-front in one of the non-wave-holearguments of f . The matcher must delete these meta-functions to make the term well annotated,i.e. rewrite the above ill-formed term to20 f(g(a); b ) ". Apart from this requirement, matchingof the LHS of a wave-rule to a redex is done by the standard matching algorithm with the meta-functions being treated as normal functions. Note that this means that any wave annotation inthe LHS must match corresponding wave annotation in the redex and that any wave annotationin the redex must match either a variable in the LHS or corresponding wave annotation there.7.4.3. Skeletons and Skeleton PreservationThe skeleton is a set of terms formed by deleting all the wave-fronts and their contents, butretaining the contents of the wave-holes. A skeleton is a set because multiple wave-holes in afunction give rise to multiple terms when wave-fronts are deleted. For instance, the skeleton ofrev( X <> Y ") is frev(X); rev(Y )g. A weakening of an annotated term is one in which allbut one wave-hole is deleted from each function. For instance, rev( X <> Y ") is a weakeningof rev( X <> Y "). The skeletons of weakenings are always singletons, e.g. frev(X)g in theabove example.A de�ning property of wave rules is that they are skeleton preserving. Skeleton preservationmeans that the skeleton of the LHS of the wave-rule is a superset of the skeleton of the RHS. Usu-ally, they are equal, but in some cases this is not possible. Consider, for instance, the replacementwave rule for <>. X1 <> X2 " = Y1 <> Y2 " ) X1 = Y1 ^ X2 = Y2 "The skeleton of the LHS is fX1 = Y1; X1 = Y2; X2 = Y1; X2 = Y2g but that of the RHS is onlyfX1 = Y1; X2 = Y2g. There is a way of excluding the unwanted elements of the LHS skeleton, inthis case, by associating colours with wave-holes, [ Yoshida et al, 1994]. In this example the wave-rule is viewed as a doubleton whose members have di�erent colours: a red member, X1 = Y1,and a blue member, X2 = Y2. The wave-holes in the wave-rule are coloured appropriately, e.g.Xred1 <> Xblue2 " = Y red1 <> Y blue2 " ) X1 = Y red1 ^ X2 = Y blue2 "and these colours are taken into account in the de�nition of skeleton to ensure that colours arenot mixed. This makes the skeleton of both sides of the wave-rule be fX1 = Y1; X2 = Y2g. Notethat the = on the LHS is shared between the red and blue skeleton members and must be labelledwith the set fred; blueg. The advantage of this colour labelling is that skeleton preservation incoloured wave-rules now means equality of skeletons.7.4.4. The Preconditions of RipplingThe preconditions of a ripple are as follows:20This wave-front is still one functor thick; only f dominates the wave-hole b.



30 Alan Bundy(i) The induction conclusion contains a wave-front.(ii) A wave-rule exists whose LHS matches a redex in the induction conclusion containingthis wave-front.(iii) If the wave-rule is conditional then the condition can be proven.(iv) Any inwards wave-fronts inserted into the induction conclusion contain either a sink oran outwards wave-front in one of their wave-holes.In x8, p36 we will consider various ways in which these preconditions might fail and what patchmight be applied to the proof in each case.7.5. Termination of RipplingTo prove termination of rippling we need a measure onto a well-founded set and we need to showthat each ripple strictly decreases this measure. The intuition behind this measure is that itdecreases when outward directed wave-fronts move towards the root of a term and when inwardsdirected wave-fronts move towards the leaves. [ Basin & Walsh, 1996] de�nes a simple measurewith this property. They prove that it is stable and monotonic (see chapter ?? of this book forde�nitions of these terms), so that if the measure of the LHS of each wave-rule is strictly greaterthan that of the RHS then this will be inherited by the goals which are rippled. This means wecan restrict our attention to wave-rules when proving termination. We outline the Basin/Walshmeasure in three stages.First, consider the case where an annotated term is a weakening, i.e. has a singleton skeleton,and has only outwards directed wave-fronts. Consider this skeleton as a parse tree with each nodelabelled by the wave-fronts immediately dominating that functor in the skeleton. An example isgiven in �gure 1. Now abstract this parse tree by replacing all the labels with the weight of thewave-fronts at that point in the tree. There are various ways to calculate the weight, but theone we will use is just the number of wave-fronts. Finally, we make a list where each elementcorresponds to the depth of the tree and contains the total weight of wave-fronts at that depth.Such lists can be well ordered by the lexicographic order in which the element at greatest depthhas highest precedence. In �gure 2 is an example showing how the measure decreases duringrippling.Secondly, consider the case where a term has a non-singleton skeleton, but still contains onlyoutwards wave-fronts. The measure of this term is the multi-set of the measures of each of itsweakenings, ordered by the multi-set ordering. For instance, the measure of rev( X <> Y ")is f[1; 0]; [1; 0]g.Thirdly, consider the case where a term contains a mixture of outwards and inwards wave-fronts. We de�ne an inwards measure exactly like the outwards one, but with the lists lexico-graphically ordered in the reverse direction, i.e. with the element at least depth having highestprecedence. For instance, the inwards measure of rev( X <> Y #) is f[0; 1]; [0;1]g.The overall measure is the lexicographically ordered pair of the outwards and inwards meas-ures, with the outwards measure having precedence over the inwards one. For instance, the overallmeasure of length( h :: t ") + s(s( dble(bxc) )) # is hf[1; 0; 0]g; f[0;2;0]gi. One consequence ofthe outwards measure having precedence is that just reversing the direction of an outwardswave-front to direct it inwards will result in a measure decrease, but not vice versa. Under thisoverall measure rippling can be shown to always terminate.7.6. Automatic AnnotationTerms can be automatically annotated by a process called di�erence uni�cation, [Basin & Walsh,1993]. This is like regular uni�cation but there is an additional option to hide structure in wave-fronts. The con
ict rule of uni�cation fails the uni�cation attempt if the outermost functions ofthe uni�cands are not identical. In di�erence uni�cation the con
ict rule is replaced with two



The Automation of Proof by Mathematical Induction 31+s( + ) "x �� TTs( y ) "�� TT zs( x+ s( y ) " ) " + z 010�� CC1�� CC0 011[1,1,0]In the bottom left hand corner is the term whose measure is to be calculated. In the top lefthand diagram the wave-front is used to label the parse tree of the skeleton. In the middlediagram the node labels are abstracted to show just the weight of the wave-fronts at thatpoint. In the top right hand diagram the parse tree is replaced by a list with each elementshowing the total weight of wave-fronts at that depth. This list is reproduced in the standardhorizontal format at bottom right.Figure 1. The Outwards Measure of Annotated Termshide rules: one to hide the mismatching function on the left and one to hide the one on the right.The choice of hiding rules makes di�erence uni�cation non-deterministic; in general, it returnsseveral di�erence uni�ers . If hiding is only allowed on one side we have di�erence matching. Ifno instantiation of variables is allowed then we have ground di�erence uni�cation. Wave-rulesand induction rules can be annotated by ground di�erence uni�cation.Directions of wave-fronts can then be inserted by a generate and test process; each possiblecombination of directions is tested for measure decrease. Because the outwards measure is lex-icographically ordered before the inwards one it is always possible to obtain a measure decreasein a wave-rule by directing LHS wave-fronts outwards and RHS wave-fronts inwards. In orderto prevent over production of wave-rules it is usual to restrict this device to those situationswhere it is strictly necessary to enable a legal annotation. For instance, if di�erence uni�cationhas found and inserted the following wave-fronts in the associative law of <>:( X <> Y ) <> Z ) X <> ( Y <> Z )then the only way that directions can be added to these wave-fronts to create a measure decreaseis: ( X <> Y ") <> Z ) X <> ( Y <> Z #)However, the following wave-fronts of the step case of the rotate function:rotate( s( N ) ; H :: T )) rotate(N; T <> (H :: nil) )can be directed , for instance, as:rotate( s( N ) "; H :: T ")) rotate(N; T <> (H :: nil) ")



32 Alan Bundy( s( x ) " + y) + z++s( x ) "�� TT y�� BBz[1,0,0]
( s( x+ y ) ") + z+s( + ) "x�� BBy�� TT z[0,1,0]

( s( (x+ y) + z ) "s( + ) "+x�� BBy�� BBz[0,0,1]In the top row are three annotated terms in successive stages of a ripple. In the middle rowthese three terms are each represented by the parse trees of their skeletons annotated by thewave-fronts at each node. In the bottom row are the measures of these three terms. Notethat under the lexicographic order each measure is strictly less than the one before.Figure 2. The Strict Decrease of the Outward MeasureIt is not necessary to direct the RHS wave-front inwards to get measure decrease, i.e.rotate( s( N ) "; H :: T ")) rotate(N; T <> (H :: nil) #)But sometimes we do want a wave-rule of this form (see, for instance, wave-rule (7.8) in x7.3,p27). To make such annotations available we can either remove the restriction on non-minimalwave-rule annotations and allow (7.8) as a legal annotation or we can employ a meta-rule thatany outwards wave-front in the induction conclusion can be turned inwards provided it containsa sink or an outwards wave-front in one of its wave-holes. Of course, we cannot turn inwardswave-fronts outwards since this would usually increase the measure.There is a similar choice over weakenings. Sometimesweakened forms of wave-rules are requiredfor a proof. Consider, for instance, the use of wave-rule (7.4) in x7.2, p26. This wave-rule is aweakening of: rev( X <> Y ")) rev(Y ) <> rev(X) "We can either generate such weakenings explicitly or adapt wave-rule matching to automaticallyweaken the wave-rule as required. This is a space/time tradeo�.7.7. Bi-Directional RewritingEquations can be annotated as wave-rules in more than one way. In particular, an equationcan often be annotated in either orientation. For instance, the associativity law of <> can be



The Automation of Proof by Mathematical Induction 33annotated in the following six ways:X <> ( Y <> Z ")) (X <> Y ) <> Z "X <> ( Y <> Z ")) (X <> Y ) # <> ZX <> ( Y <> Z ) # ) ( X <> Y #) <> Z( X <> Y ") <> Z ) X <> ( Y <> Z ) "(X <> Y ) " <> Z ) X <> ( Y <> Z #)(X <> Y ) <> Z # ) X <> ( Y <> Z #)The �rst three are oriented in one direction and the second three are oriented in the other.Moreover, all six wave-rules are measure decreasing, left to right. This means that we could useany combination of them in the same ripple sequence without risk of non-termination. This isa surprising departure from the normal situation in rewriting. Normally using an equation as arewrite rule in both orientations could cause looping.What prevents rippling from looping is thatthe wave annotations will prevent the same equation being applied to reverse a previous rewrite,i.e. that if you take the meta-functions into account then the equations are not reversible.This ability to rewrite in either direction is frequently useful. We found a need for it in step(6.9) in x6.3.2, p23. The step case of the generalised rev-rev conjecture required a rewrite ruleto be applied backwards. If we annotate this step case we can see how rippling can enable this.The annotated step case is:rev(t0 <> (h :: nil)) = h :: rev(t0)` rev( h0 :: t0 " <> (h :: nil)) = h :: rev( h0 :: t0 ")` rev( h0 :: t0 <> (h :: nil) ") = h :: rev(t0) <> (h0 :: nil) " (7.9)` rev(t0 <> (h :: nil)) <> (h0 :: nil) " = h :: rev(t0) <> (h0 :: nil) " (7.10)` rev(t0 <> (h :: nil)) = h :: (rev(t0) ^ h0 :: nil = h0 :: nil "Note that step (7.10) is achieved on the RHS with the wave-rule:H :: T <> L " ) H :: T <> L "which is an annotation of rewrite rule (4.3), but in an inverted orientation. Step (7.9) on theLHS, on the other hand, is achieved by a di�erent annotation of rewrite rule (4.3) in its givenorientation, namely: H :: T " <> L) H :: T <> L "This bi-directional use of the same equation within the same derivation is handled smoothly byrippling without looping.Examples where the same equation needs to be used in di�erent orientations within the sameproof are relatively rare (but do happen { see the example above). However, it is very commonfor the same equation to be used in di�erent orientations within a family of proofs. For instance,associativity and distributivity laws are used in both orientations quite frequently. Individual



34 Alan Bundyproblem equations can be built-into the uni�cation algorithm, e.g. associativity, but there willalways be equations which have not yet been so built-in or which cannot easily be built-in.Rippling gives a useful 
exibility in such cases.7.8. Ripple AnalysisRippling suggests a useful alternative to recursion analysis (see x6.1.1, p17) for providing initialinduction rule suggestions to prove a conjecture. In recursion analysis we use the recursivearguments of functions in conjectures to suggest induction rules. In ripple analysis we look aheadinto the rippling process to see which induction rules will support the initial stage of rippling.This will allow us to use any argument of a function, provided there is a wave rule in whichthis argument contains a wave-front. Since recursive de�nitions provide wave-rules in which therecursive arguments contain wave-fronts, ripple analysis includes but extends recursion analysis.To see how this works, consider the conjecture:8y:�; xs:list(� ): y � foldleft(�; e; xs) = foldleft(�; y; xs) (7.11)where foldleft is a functional de�ned by:foldleft(F;X; nil) = Xfoldleft(F;X; H :: T ")) foldleft(F; F (X ;H) "; T ) (7.12)and � is an associative function with a right identity e:X � ( Y � Z ")) (X � Y ) � Z "X � e = XAssume, in addition, that the following wave-rule is also available as a lemma:foldleft(F;Z; L <> (X :: nil) ")) F ( foldleft(F;Z; L) ; X) " (7.13)Since foldleft recurses on its �rst argument, xs is un
awed in (7.11). Thus recursion analysiswill suggest a one-step induction on xs using (4.6). However, this induction does not lead tofertilization. The step case will proceed as follows:Y � foldleft(�; e; xs) = foldleft(�; Y; xs)` byc � foldleft(�; e; h :: xs ") = foldleft(�; byc; h :: xs ") (7.14)` byc � foldleft(�; e; h :: xs ")| {z }blocked = foldleft(�; by � hc; xs) (7.15)at which point the left-hand side wave-front is blocked because of there is no sink in the secondargument of foldleft. Weak fertilization can take place to yield:y � foldleft(�; e; h :: xs) = (y � h)� foldleft(�; e; xs)but again one-step induction on xs is suggested and this time no rippling is possible, resultingin a failed proof.We now consider how rippling analysis will deal with this example. We look ahead into therippling process and for each combination of occurrences of universally quanti�ed variables in



The Automation of Proof by Mathematical Induction 35the conjecture we ask if they were replaced by suitable wave-fronts, whether a wave-rule wouldthen apply. Consider, for instance, the second occurrence of xs in (7.11). If this occurrence of xswere replaced by h :: xs " then wave-rule (7.12) from the recursive de�nition of foldleft wouldapply to (7.11), as at step (7.14) above. So the second occurrence of xs suggests an induction onxs using the one-step list induction (4.6). To implement this ripple analysis process e�cientlywe can invert the reasoning described above, i.e. we can use the available wave-rules to suggestwhich combinations of variables to replace with which wave-fronts, so that those wave-rules willapply.So far, this reasoning merely recapitulates recursion analysis in di�erent terminology. The�rst di�erence comes when we consider the �rst occurrence of xs. Under recursion analysis thisalso suggested induction rule (4.6), since it also occurred in the recursion argument of foldleft.However, under ripple analysis, if this occurrence of xs were replaced by h :: xs " then wave-rule (7.12) would not apply, but would be blocked due to the absence of an appropriate sink, asin step (7.15) above.The second di�erence with recursion analysis, is that ripple analysis can use use lemma (7.13)with both occurrences of xs to suggest a di�erent induction rule. If either occurrence of xs isreplaced by xs <> (x :: nil) " then wave-rule (7.13) will apply. This wave-front suggests theinduction rule:P (nil); 8x:�; l:list(� ): P (l)! P (l <> (x :: nil))8l:list(� ): P (l) (7.16)Since both occurrences of xs suggest induction rule (7.16) and only one occurrence suggestsinduction rule (4.6) then rule (7.16) is preferred. Under this rule the step case is successful:byc � foldleft(�; e; xs <> (x :: nil) ") = foldleft(�; byc; xs <> (x :: nil) ")byc � ( foldleft(�; e; xs) � x ") = foldleft(�; byc; xs) � x "(byc � foldleft(�; e; xs)) � x " = foldleft(�; byc; xs) � x "byc � foldleft(�; e; xs) = foldleft(�; byc; xs)using two applications of lemma (7.13), one of associativity law (7.13) and the replacement rulefor �. Strong fertilization is now possible.Recursion analysis suggests induction rules dual to the recursive de�nitions of functions inthe conjecture. Ripple analysis uses the available wave-rules to suggest induction variables andrules. The wave-fronts in these wave-rules suggest the form of induction. In example (7.11),xs <> (x :: nil) " was used to replace both occurrences of xs. This is the wave-front whichoccurs in induction rule (7.16). For ripple analysis to recover the appropriate induction rule,each induction rule must be indexed by the wave-fronts in its induction term, e.g. (7.16) mustbe indexed by xs <> (x :: nil) ". Unfortunately, no-one has yet developed a mechanism whichgiven an induction term creates a corresponding induction rules. So, in our example, if rule (7.16)is not already pre-stored then it cannot be used. We return to this issue in x9.4.So, just as in recursion analysis, induction rules must be constructed from the terminationproofs of recursive functions in conjectures. In addition the induction hypotheses and inductionconclusions of these induction rules must be di�erence matched and annotated with wave-fronts.The induction rules must then be indexed by the wave-fronts they contain, so that ripple analysiscan access induction rules containing appropriate wave-fronts. Induction rules created by othermeans, e.g. provided by a user, must be indexed in a similar way.Ripple analysis, like recursion analysis, only supplies the initial induction rule suggestions.Where these suggestions are incompatible it may be necessary to reject inferior suggestions and



36 Alan Bundycombine the remainder using the techniques described in x6.1.4, p19 for recursion analysis.8. The Productive Use of FailureThe discussion of search control problems in x6, p17 identi�ed lots of places where guidancewas needed during inductive proofs. For instance, when is it necessary to introduce a lemma orgeneralisation and which lemma or generalisation should be used? One successful approach toinductive search control is: to detect when a proof attempt is breaking down; analyse the causeof the failure; and use this analysis to direct the search process. This approach is usually calledthe productive use of failure. See [ Ireland, 1992, Ireland & Bundy, 1996b], for instance, for morediscussion of this approach.In order to detect proof failure you have to have a strong expectation of how it should havegone. Such a strong expectation is provided, for instance, by rippling. So we will illustratethe detection, analysis and correction of failure with two examples based on the breakdownof rippling. In both cases the initial proof attempt has reached the step case of an inductiveproof and rippling has been initiated. It has then failed because the preconditions of a particularripple (see x7.4.4, p29) were not met. Di�erences in the precondition failure, however, suggest adi�erent proof patch in each case.8.1. Example: Speculating a LemmaConsider again the generalised rotate length conjecture, (6.8) from x6.2.2, p21. We saw howan attempt to prove this conjecture without lemmas would get stuck in the step case after thefollowing ripple:rotate(length(t); t <> K) = K <> t` rotate(length( h :: t "); h :: t " <> bkc) = bkc <> h :: t "` rotate( s( length(t) ) "; h :: t <> bkc ") = bkc <> h :: t "` rotate(length(t); t <> bkc <> (h :: nil) #) = bkc <> ( h :: t ")At this point no further wave-rules apply.In terms of the preconditions of rippling we have the following situation:(i) Both sides of the induction conclusion contain wave-fronts.(ii) No wave-rule exists whose LHS matches any redex in the induction conclusion containingthese wave-fronts. There isn't even a near match. So this precondition fails.(iii) With no wave-rule there is no condition to check.(iv) Similarly, there are no inwards wave-fronts to check.In such cases the best bet seems to be to introduce a lemma which can be annotated as themissing wave-rules. We can say a lot about the structure of this missing wave rule. For instance,on the LHS of our example above the redex we want to rewrite is: ( t <> bkc ) <> (h :: nil) #.So the LHS of the missing wave-rule must have the form: (X <> Y ) <> Z #. Note that wemust preserve all the structure of the skeleton, but can generalise the contents of the wave-frontto a new variable. We can also say a lot about the RHS of the missing wave-rule. It shouldhave the same skeleton as the LHS, but the wave-front can take any form. We can representthis uncertainty about the wave-front by using a second-order meta-function, F , to represent it.Since the point of this wave-rule is to ripple the wave-front towards the sink, bkc, we can saythat the wave-hole of F should be Y , the free variable that will match bkc. So we can speculate



The Automation of Proof by Mathematical Induction 37the missing wave-rule to be:9F:8X;Y; Z: (X <> Y ) <> Z # ) X <> F ( Y ; Z) # (8.1)Quanti�ers have been inserted to clarify the status of the variables in the proof, but types havebeen omitted to facilitate readability.(8.1) can now be fed to the inductive theorem prover as a new conjecture. The proof ofconjectures containing second-order meta-functions requires special treatment. In particular,instead of using rewriting we need to use narrowing, i.e. rewriting in which free variables in theredex can be instantiated by uni�cation with the rewrite rule. It will also be necessary to usesecond-order uni�cation during narrowing. Note that universal variables like X, Y and Z shouldnot be instantiated, but existential variables like F can be. During the proof of (8.1) the second-order variable F is instantiated to <>, so the missing rule turns out to be the associativity of<> annotated as: (X <> Y ) <> Z # ) X <> ( Y <> Z #) (8.2)as expected.Similar reasoning will speculate the missing RHS wave-rule as:L <> ( H :: T ")) G( L ;H) # <> Tduring the proof of which G is instantiated to reveal the wave-rule as:L <> ( H :: T ")) ( L <> (H :: nil) #) <> T (8.3)again, as expected.This lemma speculation mechanism can also be used to suggest the missing wave-rule (6.7)from x6.2.1, p20. Analysis of the stuck ripple suggests that the form of the missing wave-rule is:rev( X <> Y ")) F (X;Y; rev(X) ) "The meta-variable F will be instantiated during subsequent proof to: F (X;Y; Z) = rev(Y ) <>Z, so that the missing wave-rule is revealed as:rev( X <> Y ")) rev(Y ) <> rev(X) "as required.Second and higher-order uni�cation algorithms are non-deterministic. The branching rate canbe very high and can cause severe search problems. In this application we can exploit the waveannotations to reduce the branching signi�cantly, i.e. we insist that wave-fronts unify with wave-fronts and skeletons with skeletons. These additional constraints make the lemma speculationtechnique tractable in many practical cases. [ Hutter & Kohlhase, 1997] describes a higher-orderuni�cation algorithm for annotated terms which embeds these additional constraints.In addition, the termination of rippling is lost when meta-variables are present in the conclu-sion. The search control must avoid in�nite branches, e.g. by some element of parallelism in thesearch using breadth-�rst or iterative deepening, and by using eager fertilization to terminatebranches whenever this is possible.



38 Alan Bundy8.2. Example: Introducing a SinkNow consider the rotate length conjecture, (6.10), from x6.3.3, p24. An attempt to prove thisconjecture using rippling will get stuck in the step case after the following ripple:rotate(length(t); t) = t ` rotate(length( h :: t "); h :: t ") = h :: t "` rotate( s( length(t) ) "; h :: t ") = h :: t "At this point no further wave-rules apply.In terms of the preconditions of rippling we have the following situation:(i) Both sides of the induction conclusion contain wave-fronts.(ii) A wave-rule exists whose LHS matches a redex containing both the LHS wave-fronts,namely: rotate( s( N ) "; H :: T ")) rotate(N; T <> (H :: nil) #)(iii) The wave-rule is unconditional so there is no condition to prove.(iv) The inwards wave-front inserted into the induction conclusion would be t <> (h :: nil) #.This contains neither a sink nor an outwards wave-front in its wave-hole. So this preconditionfails.Since we have a matching wave-rule already, there seems little point in looking for anotherone, until we have tried harder to make the existing one applicable. What is preventing it fromapplying is the absence of a sink or an outwards wave-front in the appropriate place. So insuch cases we should try to insert one of these, starting with a sink. Sinks are created by thepresence of additional universal variables in the conjecture. So this analysis suggests generalisingthe theorem to introduce an additional universal variable.The original conjecture is: 8l : list(� ): rotate(length(l); l) = lWe need a sink in the second argument of rotate. Since we don't know how it is attached to theexisting argument we can link it with a meta-variable, i.e.8l; k : list(� ): rotate(length(l); F (l; k)) = lTo balance up this conjecture we had better add the new variable to the RHS too.8l; k : list(� ): rotate(length(l); F (k; l)) = G(k; l)We can now prove this generalised conjecture using narrowing with second-order uni�cationto instantiate F and G. Assuming that the lemmas (8.2) and (8.3) are available the step case ofthe proof proceeds as follows:rotate(length(t); F (K; t)) = G(K; t)` rotate(length( h :: t "); F (bkc; h :: t ")) = G(bkc; h :: t ")` rotate( s( length(t) ) "; h :: t <> F2(bkc; h :: t ") ") = G(bkc; h :: t ")` rotate(length(t); t <> F2(bkc; h :: t ") <> (h :: nil) #) = ( G2(bkc; h :: t ") <> (h :: nil) #) <> twhere F (k; l) = l <> F2(k; l) and G(k; l) = G2(k; l) <> l. These instantiations are made bysecond-order uni�cation during the application of wave-rules (4.3) and (8.3), respectively. The



The Automation of Proof by Mathematical Induction 39step can now be completed by strong fertilization, with F2 and G2 both being instantiatedto projection functions onto their �rst arguments in the process. These instantiations of themeta-functions reveal the generalised conjecture to be:8l : list(� ):8k : list(� ): rotate(length(l); l <> k) = k <> las expected.As with lemma speculation (see x8.1, p36) the presence of these meta-functions creates branchpoints in the proof search, but the extra constraints provided by the wave annotation reduce thesearch and make it tractable in many practical cases. We must also take care to avoid in�niteregress in the rippling search process.9. Existential TheoremsThe discussion so far has mostly been restricted to conjectures containing only universal variables(see x1.2, p4). Dealing with conjectures which include existential variables requires extendingthe techniques described above.9.1. Synthesis ProblemsExistential variables are required to represent synthesis problems as theorem proving problems.For instance, suppose the task of sorting a list has been speci�ed as producing an ordered per-mutation of the original list. The problem of synthesising a sorting algorithm can be representedas the conjecture: 8l : list(� ):9k : list(� ): ordered(k) ^ perm(l; k)where ordered(k) means k is ordered and perm(l; k) means k is a permutation of l. If thisconjecture is proved in a constructive logic then a program for sorting lists can be recoveredfrom the proof. Various techniques have been devised for extracting the synthesised programfrom the proof, but the simplest is as the witness of the existential variable k, i.e. during theproof k will be instantiated to a term sort(l) and the proof will ensure that:8l : list(� ): ordered(sort(l)) ^ perm(l; sort(l))The synthesis proof of sort will require induction and this will cause sort to be de�ned recursively:the form of induction determining the form of recursion. Di�erent proofs of the theorem willsynthesise di�erent algorithms for the same function, e.g. bubble-sort, merge-sort, quick-sort,etc (see [ Darlington, 1978] for a detailed discussion).Synthesis of recursively de�ned software, hardware, etc is an important application of induct-ive theorem proving. So it is important that inductive theorem proving techniques can handleexistential variables, in particular, conjectures of the form:8i�!:��!:9o:� 0: spec(i�!; o)where spec(i�!; o) speci�es the relationship between the inputs, i�!, and the output, o, of the objectto be synthesised. Note that spec may contain further quanti�ers. Unfortunately, automatedsynthesis is an area where current technology is weak.9.2. Representing Existential TheoremsThere are a variety of techniques for representing existential variables during automated proof.



40 Alan Bundy9.2.1. Existential Variables as First-Order Free VariablesThe classic technique, which is standard in resolution theorem proving, for instance, is to dualskolemise the conjecture, replacing universal variables with skolem functions and existentialvariables with free variables. So our sort example will become:ordered(K) ^ perm(l;K)This conjecture will then be proved with �rst-order uni�cation instead of matching, so that Kcan be instantiated as a side e�ect of the proof. At the end of the proof K will be instantiatedto sort(l) and a recursive de�nition of sort will be extracted from the inductive proof.9.2.2. Existential Variables as Second-Order Free VariablesAn equivalent21 formulation of the sorting algorithm synthesis problem is as the second-orderconjecture: 9f : list(� ) 7! list(� ):8l : list(� ): ordered(f(l)) ^ perm(l; f(l))This can be dual skolemised to: ordered(F (l)) ^ perm(l; F (l))and second-order uni�cation used to instantiate F to sort (see x8.1, p36 and x8.2, p38 forexamples of this technique). Again the recursive de�nition of sort must be extracted from theproof.9.2.3. Existential Variables as Skolem FunctionsNotice that these techniques of instantiating free variables during the proof do not buy us verymuch. The variable is merely instantiated to the name of the synthesised object, e.g. sort, andmost of the work of extracting the recursive de�nition of this object remains. So we might aswell do the instantiation at the outset, i.e. prove the conjecture:8i�!:��!: spec(i�!; prog(i�!))where prog is the object to be synthesised. This technique was originally developed by Biundo,[ Biundo, 1988]. We then need to extract a recursive de�nition of prog from the inductive proof.9.3. Extracting Recursive De�nitionsWe discuss two techniques for extracting programs from proofs.9.3.1. Proofs as ProgramsThe proofs as programs technique was designed for the extraction of programs from synthesisproofs. It uses a constructive type theory, like that due to Martin-L�of, [ Martin-L�of, 1979] andimplemented in NUPRL, [ Constable et al, 1986]. From our viewpoint the idea is to associatewith each rule of inference, a program construction rule. Initially, the program is representedby a free variable. Each time the prover applies a rule of inference the program is instantiatedby the associated program construction rule. This instantiation usually introduces further freevariables which are instantiated by subsequent proof steps. At the end of the proof the programcan be read o� as the instantiation of the original free variable.21Modulo the axiom of choice.



The Automation of Proof by Mathematical Induction 41The proofs as programs technique is based on the Curry-Howard isomorphism, [ Howard, 1980],which draws on an analogy between logical rules and type construction rules. Speci�cations arerepresented as types and programs meeting these speci�cations as members of those types,i.e. prog : spec. The logical rules manipulate the types and the program construction rules ma-nipulate their members (roughly speaking). Both parts are based on a sequent calculus present-ation of � calculus. Higher-order functions and � abstraction both play an essential role. Theyare needed in some of the tricky manipulations required in the program construction rules, es-pecially the rules that construct recursive programs from induction proof steps. The programassociated with the induction hypothesis must be embedded as the recursive call in the programassociated with the induction conclusion. This embedding is neatly done in Martin-L�of TypeTheory by representing recursion with recursive functionals, i.e. higher-order functions whichcreate recursive functions from their de�ning functions. The extracted program is a � calculusfunction which can be interpreted as a program in a functional programming language. Proofsas programs can also be adapted to the synthesis of hardware and other kinds of objects.9.3.2. The Speculation of Program De�nitionsAn alternative approach to synthesis is to try to recognise de�nition-like subgoals during thesynthesis proof and convert them into program de�nitions. These de�nitions can then be usedto complete the proof and to de�ne the synthesised program. This has been explored in di�erentforms by Biundo, [ Biundo, 1988], and Kraan, [ Kraan et al, 1996]. We illustrate the generalidea by adapting the technique of lemma speculation of x8.1, p36 using the skolem functionrepresentation of x9.2.3, p40 on the sort example.We start with the synthesis conjecture:8l : list(� ): ordered(sort(l)) ^ perm(l; sort(l))We cannot prove this because we lack a de�nition of sort. This lack may manifest itself duringthe course of the proof attempt by the failure of rippling. Using the techniques of x8.1, p36 wemay speculate the wave-rule: sort( H :: T ")) F (H; sort(T ) ) "Instead of trying to prove this we can adopt it as the step case of the recursive de�nition ofsort. The second-order, meta-variable F can be instantiated to a constant and becomes a newprogram to be synthesised by the remainder of the synthesis proof. If we instantiate F to insert,say, then the partial de�nition of sort is:sort(H :: T ) = insert(H; sort(T ))This alternative technique has the advantage of requiring theorem proving only in the uni-versal fragment of �rst-order logic22. It has the disadvantage of currently lacking the theoreticalunderpinning of proofs as programs.9.4. Problems with Recursion AnalysisIf recursion analysis (see x6.1.1, p17) is used to construct the induction rule in the synthesisproof of a recursive program then we run into the following problem. The form of inductionconstructed is based on the forms of recursion in the functions in the conjecture. These functionsare all drawn from the speci�cation of the program. The induction rule used will determine therecursive structure of the synthesised program, and thus its essential algorithmic structure. This22Unless we want to use it to synthesis higher-order functions, of course.



42 Alan Bundymeans that the essential algorithmic structure of the synthesised program is already implicitlypresent in its speci�cation.This puts a limit on the practical creative power of synthesis by proof. The technique cannotbreak out of the circle of forms of recursion known to it, except by combination and mergingof existing forms of recursion. Something radically new (as, for instance, quick-sort historicallywas) cannot be built without user assistance. Moreover, it is necessary to include algorithmiccontent in speci�cations, in the sense that they must include functions with essentially the samekind of recursion as needed in the synthesised program.Ripple analysis (see x7.8, p34) gives a pointer as to how to break out of this circle. In rippleanalysis, induction rules are cued on the basis of wave-fronts in known wave-rules, not recursivefunctions in the speci�cation. These wave-fronts need not (and often do not) index an induc-tion rule dual to any recursion present in the speci�cation. This frees speci�cations from beingalgorithmic. Consider, for instance, the problem of synthesising quicksort from the speci�cation:8l:list(� ):9k:list(� ): ordered(k) ^ perm(l; k)where ordered and perm are de�ned as:ordered(nil)$>ordered(H :: nil)$>ordered(H1 :: (H2 :: T ))$ H1 < H2 ^ ordered(H2 :: T )perm(nil; L)$ L = nilperm(H :: T; L)$ perm(T; delete(H;L))where delete(H;L) deletes one copy of H from L. Note that recursion analysis will suggest asimple two-step structural induction rule, leading to a similar two-step recursion in the synthes-ised sorting algorithm, which is not what is required. Ripple analysis, on the other hand, couldsuggest the correct form of induction for this synthesis problem using the wave-rule:ordered( less(H; T ) <> (H :: greater(H; T )) ")) ordered(T ) (9.1)assuming it was available as a lemma23.However, the wave-front must index an induction rule already known to the prover, i.e. inpractice, one that has arisen from the termination proof of a known recursive function. Thusthe synthesis technique cannot break out of the circle of known forms of recursion and simplecombinations of them. To construct a radically new form of recursion it would be necessary tosynthesise new induction rules from wave-fronts. In our example it would be necessary to usethe wave-fronts in wave-rule (9.1) to synthesise the special-purpose induction rule:P (nil) 8h:�:t:list(� ): P (less(h; t)) ^ P (greater(h; t))! P (h :: t)8l:list(� ): P (l)which is a special case of N�therian induction, x2.1, p4, where � is the relationship of one listbeing shorter than another. Synthesising induction rules from wave-fronts is a hard problem (itembeds the halting problem) and even partial24 solutions are currently beyond the state of theart.23Which is, admittedly, a strong assumption24Of course, in view of the link to the halting problem, we cannot hope for more than partial solutions.



The Automation of Proof by Mathematical Induction 4310. Interactive Theorem ProvingThe di�culty of the search control problems that arise in inductive theorem proving means thatall current automatic provers fail even on some apparently simple conjectures. Even apparentlytotally automatic proofs are often sensitive to the precise de�nitions of functions in, paramet-erisation of, or lemmas available to the prover. Until the technology is signi�cantly improved itis, therefore, necessary to involve a human user in assisting with proof search.10.1. Division of LabourThere is a continuum from purely interactive to purely automatic provers, and most proverslie somewhere in the middle of this continuum; routine proof tasks are automated and hardproof tasks require human interaction. Examples of routine tasks which are often automated are:keeping track of the state of the proof; matching and uni�cation of expressions; the simpli�cationof expressions; the application of decision procedures; and the exhaustive application of a setof rewrite rules. Typically, these require the application of a straightforward algorithm, so areeasy to automate, but are long-winded manipulations in which humans can easily become lostor make errors. Examples of hard tasks which are sometimes left to human interaction are: thechoice of induction rule; the decision to split into cases; the application of a lemma; and thegeneralisation of the conjecture. Typically, these involve a crucial search decision or constructionof a key expression which require some insight into the structure of the proof.10.2. Tactic-Based ProversA popular framework for semi-automated theorem proving is the use of tactics. A tactic is acomputer program for guiding the proof search. This program may apply a rule of inference orcombine two or more tactic applications using tacticals. There are tacticals for successive applic-ation, repeated application, conditional application, etc. Tactics are constructed for a variety ofroutine tasks, e.g. simpli�cation of expressions, applying decision procedures, applying sets ofrewrite rules, applying induction, generalising formulae, etc. The user can then direct the proofsearch either by calling individual rules of inference or by calling a tactic, which will apply severalrules of inference. Much of the tedium and error is thus removed from the interactive process.The user may assist the tactic application by providing key parameters, e.g. which inductionrule to use, which formula to generalise the current conjecture to. The user can view the proofeither at the high level of tactic applications or at the low level of individual rules.Tactics were invented by Milner and his co-workers and �rst implemented in the LCF system, [Gordon et al, 1979]. They developed the ML (Meta-Language) functional programming languageto describe tactics in LCF. Each tactic is an ML program which can construct new theoremsfrom old ones. ML uses types to ensure the soundness of the tactics. \Theorem" is an ML type;an expression cannot be of type theorem unless it is the result of a proof. A whole family oftactic-based provers have been built in the LCF tradition, including Coq, HOL, Isabelle, NuPrland Oyster.10.3. User InterfacesTo enable users to guide semi-automated inductive provers it is necessary to provide a userinterface. Such interfaces need to be designed with the problems of inductive search control inmind so that the user gets maximum assistance when making di�cult search control decisions.The design of a theorem prover interface depends on the intended user. Novices need someway to de�ne the conjecture, to view the proof and to provide proof guidance. More experiencedusers may also require ways to de�ne new theories, to browse through libraries of conjectures,



44 Alan Bundyde�nitions, lemmas, etc, and to switch between one part of a proof attempt and another. Sys-tem developers want access to the underlying system and want to interleave testing the proverand modifying it. Novices want a simple interface with limited functionality, so that they donot become confused and/or issue instructions at variance with their intentions. Experts wantmultiple views onto the prover and proof process and want a rich functionality.User interfaces to theorem provers have exploited many interface design techniques advocatedby the human computer interaction (HCI) community. These include: simple command line in-terfaces; via text editors (including structure editors); and graphical user interfaces (GUIs) withmultiple windows, menus and icons. Each approach has its advantages and disadvantages fordi�erent groups of users. For instance, GUIs and structure editors are particularly attractive fornovices, since they provide limited functionality in a readily understood format which minimisesthe memory requirements on the user. Experts, on the other hand, often require a richer func-tionality and require access to a command line interface. For convenience, this is often calledfrom within a text editor, which facilitates recording, cutting and pasting of interactions. Manyinterfaces provide a combination of these techniques, so that users have access both to multiplegraphical views and memory aids, on the one hand, and to rich functionality and the innards ofthe prover, on the other. This may enable one interface design to satisfy several di�erent kindsof user.The design of user interfaces to theorem provers provides a tough challenge to HCI. To guidethe prover e�ectively requires a good understanding of the current state of the proof and thereasons for previous failures. Mathematics is inherently di�cult and proofs can be very complexand subtle. Some potential users (e.g. systems designers using formal methods) may not befamiliar with formal proof. A good interface must: assist users to understand the current proofattempt; provide mechanisms for them to interact with the proof process; avoid bewildering themwith too much information, while providing what is required; and help them explore their optionswithout imposing too high a cognitive load. This problem is by no means solved. Research onthe various approaches to it can be found in the proceedings of the Workshops on User Interfacesfor Theorem Provers.11. Inductive Theorem ProversMany theorem provers have been built with some kind of inductive capability. In this briefsurvey we restrict our attention to those explicit induction provers used as vehicles for signi�cantadvances in the automation of inductive reasoning. Interactive systems were brie
y discussed inx10, p43. Implicit induction provers are dealt with in chapter ??11.1. The Boyer/Moore Theorem ProverNqthm, better known as the Boyer/Moore theorem prover, was the �rst theorem prover to focusspeci�cally on the problems of search in inductive proof. It has a long history starting at theUniversity of Edinburgh in the early 70s, [ Boyer & Moore, 1973], and undergoing developmentat SRI International, Xerox PARC and the University of Texas at Austin, before becoming themain development system of the company, Computational Logic Inc (CLInc), founded by Boyerand Moore. It has been the subject of two books, [ Boyer & Moore, 1979, Boyer & Moore, 1988a]and has recently been completely re-implemented as ACL2, [Kaufmann & Moore, 1997, Brocket al, 1996]. There is also a version, PC-Nqthm, [ Kaufmann, 1988], with improved interactivefacilities.It has been applied to a massive number of conjectures | its standard corpus now stands at 24megabytes | including some very hard problems like the veri�cation of complete microprocessorsand the proof of G�odel's incompleteness theorem. During most of its history it has been regardedas the state of the art inductive prover. More details can be found on the following web pages:ftp://ftp.cs.utexas.edu/pub/boyer/nqthm/index.html



The Automation of Proof by Mathematical Induction 45ftp://ftp.cs.utexas.edu/pub/boyer/nqthm/nqthm-bibliography.htmlhttp://www.cs.utexas.edu/users/moore/acl2/Both Nqthm and ACL2 use a simple, sub-�rst-order, type-less logic, based on Goodstein'sprimitive recursive arithmetic adapted from numbers to lists. Variables are regarded as implicitlyuniversally quanti�ed, so there is no existential quanti�cation. There are no explicit types in thelanguage but implicit types can be imposed either by adding conditions to conjectures or by usingcoercion functions which limit expressions to an appropriate range. An example of a coercionfunction is num, which makes any term into a natural number, i.e.num(x) = (x if x : nat0 otherwiseMany of the proof techniques described above were invented by Boyer and Moore and �rstimplemented in Nqthm. These include: recursion analysis; destructor elimination; generalisa-tion of subterms; the 
exible use of decision procedures; and the productive use of failureto decide when to apply induction. Most of these are described in [ Boyer & Moore, 1979,Boyer & Moore, 1988a, Boyer & Moore, 1988b].11.2. RRLThe RRL (Rewrite Rule Laboratory) system was initially developed in the early 80s by Kapur,Sivakumar and Zhang at General Electric and Rensselaer Polytechnic, [ Kapur et al, 1986]. Fol-lowing the move of Kapur to SUNY at Albany, the main development moved there, [Kapur &Zhang, 1995]. Initially RRL used only implicit induction techniques, but subsequently it alsoincluded explicit induction, to which it made signi�cant advances, justifying its inclusion in thissurvey. It has been used for the proof of some signi�cant mathematical theorems including theChinese remainder theorem and Ramsey's theorem.RRL, as its name implies, is based exclusively on rewriting with, possibly conditional, equa-tions. This is not as limiting as it �rst appears since any predicate can be encoded as an equationby making the boolean truth values into terms. Indeed, RRL has competed against resolutiontheorem provers by translating resolution and paramodulation into forms of conditional rewrit-ing.One of RRLs' main contributions has been to adapt the techniques of implicit induction(see chapter ??) to explicit induction, using a technique called cover-sets, [ Zhang et al, 1988].This constructs induction rules whose well-founded order is based on syntactic orderings de-veloped for orienting rewrite rules, e.g. recursive path orderings (see chapter ??). RRL also usesKnuth-Bendix completion for improving the computational power of the set of rewrite rulesprovided. More recently, it has been used as a vehicle to develop ideas about lemma discovery, [Kapur & Subramaniam, 1996].11.3. INKAThe INKA prover was initially developed in the 80s by a team of four researchers: Biundo,Hummel, Hutter and Walther, from the University of Karlsruhe, [ Biundo et al, 1986]. Whenthis team broke up separate development continued at Darmstadt by Walther and Saarbr�uckenby Hutter, [ Hutter & Sengler, 1996]. INKA is based on a resolution theorem prover for clausal,�rst-order logic. At various times in its history it has formed the inductive component of largerprovers, e.g. the MarkGraf Karl prover, [ Eisinger et al, 1980], the 
mega prover, [Benzm�ulleret al, 1997], and the VSE system, [ Hutter et al, 1996]. It has been used for the veri�cation ofsoftware of industrial interest and signi�cant size. More details can be found on the followingweb page:



46 Alan Bundyhttp://www.dfki.de/vse/systems/inka/Each of the INKA authors has made signi�cant contributions to the proof techniques de-scribed above. Walther's contributions have been the proof of termination of recursive functions,[ Walther, 1994], and the construction of induction rules, [ Walther, 1992a, Walther, 1993].Hutter's contributions have been in techniques for guiding search, especially the developmentand application of ripple, [ Hutter, 1990, Hutter, 1997, Hutter & Kohlhase, 1997]. Hummel'scontribution was the development of heuristics for generalisation, [ Hummel, 1990]. Biundo'scontribution was the synthesis of programs by the proof of existential theorems, [ Biundo, 1988].11.4. Oyster/CLAMThe Oyster/CLAM was developed at the University of Edinburgh in the 90s by a large team ledby the author, [ Bundy et al, 1990a]. Oyster is a Prolog re-implementation by Horn of NUPRL,i.e. it is a tactic-based proof editor based on Martin-L�of constructive type theory. CLAM isa proof planner which guides Oyster. The behaviour of each Oyster tactic is speci�ed in ameta-language. CLAM reasons in this meta-language to construct a customised tactic for eachconjecture and then supplies this tactic to Oyster. These tactics include rippling. The combinedsystem has been used for the veri�cation of a complete microprocessor and the synthesis of therippling tactic. More details can be found on the web page:http://dream.dai.ed.ac.uk/home.htmlThe contributions of the Edinburgh team include: proof planning, [Bundy, 1988, Bundy etal, 1991, Bundy, 1991]; rippling, [ Bundy, 1988, Bundy et al, 1993]; recursion analysis andripple analysis, [ Stevens, 1988, Bundy et al, 1989];, and the productive use of failure includ-ing techniques for choosing induction rules, speculating lemmas and generalising conjectures, [Ireland, 1992, Ireland & Bundy, 1996b, Ireland & Bundy, 1996a]. Proof planning has also beenadapted by Lowe to lift the level of interaction and implemented in the semi-automated prover,Barnacle, [ Lowe & Duncan, 1997, Lowe et al, 1995].12. ConclusionIn this chapter we have surveyed the automation of inductive inference. We have seen thatautomating induction is necessary for some of the most important applications of automatedreasoning, in particular, meeting the proof obligations that arise from formal methods of systemdevelopment. But we have also seen that inductive proof raises di�cult search control problemsfor automation. The construction of appropriate induction rules, the use of intermediate lemmasand the generalisation of conjectures all introduce in�nite branch points into the search space.It is necessary to develop special search control techniques to solve these problems. Since theyare undecidable problems, these search control techniques are necessarily partial and heuristic,i.e. they will sometimes fail and are always open to improvement. We can hope only that theyhelp prove a signi�cant proportion of the inductive theorems that arise in practice. Sometimesthe failure of a particular technique can be analysed to suggest what additional techniques shouldbe applied to patch the initial proof attempt.There has been signi�cant progress over the last three decades of research. Some quite subtleand long proofs can be found automatically.Unfortunately, automated inductive theorem provingis not yet robust enough to be used unaided and reliably on problems of industrial interest. Forpractical inductive theorem proving it is currently necessary to use an interactive system wherethe user provides guidance to the proof at critical stages. However, automation is a vital adjunctto interactive proof to reduce the burden on the user so that proofs can be completed within areasonable timescale.The following are some of the key research issues for future research in inductive theoremproving.



The Automation of Proof by Mathematical Induction 47(i) Practical proof problems do not consist of induction alone. It is vital to integrate induct-ive techniques with non-inductive proof techniques, in particular, successful techniques like modelchecking, decision procedures, rewriting, built-in uni�cation, etc. Much progress has already beenmade in this area by systems in everyday use, but more is needed.(ii) In semi-automated systems it is sometimes di�cult for users to orient themselves withina failed automatic proof attempt to suggest an appropriate patch. More automatic analysis ofthe failed attempt is required to put the user in context and suggest what kinds of interactionmight be most e�ective.(iii) The heuristics for lemma speculation, generalisation and induction rule choice are alwaysin need of improvement. The �rst two are especially weak at present.(iv) Most work on automation has focussed on the universal fragment of �rst-order logic, butmany practical problems are not naturally formulated within this fragment. More work is neededto extend existing heuristics to deal with existential quanti�cation and higher-order logic.For a longer introduction to automated inductive theorem proving the reader is recommendedto read, [ Walther, 1992b].References[Aubin, 1976] Aubin, R. (1976). Mechanizing Structural Induction. Unpublished Ph.D. thesis,University of Edinburgh.[Basin & Walsh, 1993] Basin, David and Walsh, Toby. (1993). Di�erence uni�cation. In Bajcsy, R.,(ed.), Proc. 13th Intern. Joint Conference on Arti�cial Intelligence (IJCAI '93),volume 1, pages 116{122, San Mateo, CA. Morgan Kaufmann. Also available asTechnical Report MPI-I-92-247, Max-Planck-Institute f�ur Informatik.[Basin & Walsh, 1996] Basin, David and Walsh, Toby. (1996). A calculus for and termination of rippling.Journal of Automated Reasoning, 16(1{2):147{180.[Benzm�uller et al, 1997] Benzm�uller, C., Cheikhrouhou, L., Fehrer, D, Fiedler, A., Huang, X., Kerber, M.,Kohlhase, K., Meirer, A, Melis, E., Schaarschmidt, W., Siekmann, J. and Sorge,V. (1997). 
mega: Towards a mathematical assistant. In McCune, W., (ed.), 14thConference on Automated Deduction, pages 252{255. Springer-Verlag.[Biundo, 1988] Biundo, S. (1988). Automated synthesis of recursive algorithms as a theoremproving tool. In Kodrato�, Y., (ed.), Eighth European Conference on Arti�cialIntelligence, pages 553{8. Pitman.[Biundo et al, 1986] Biundo, S., Hummel, B., Hutter, D. and Walther, C. (1986). The Karlsruhe in-duction theorem proving system. In Siekmann, Joerg, (ed.), 8th Conference onAutomated Deduction, pages 672{674. Springer-Verlag. Springer Lecture Notes inComputer Science No. 230.[Boyer & Moore, 1973] Boyer, R. S. and Moore, J S. (August 1973). Proving theorems about LISP func-tions. In Nilsson, N., (ed.), Proceedings of the third IJCAI, pages 486{493. Inter-national Joint Conference on Arti�cial Intelligence.Also available fromEdinburghas DCL memo No. 60.[Boyer & Moore, 1979] Boyer, R. S. and Moore, J S. (1979). A Computational Logic. Academic Press,ACM monograph series.[Boyer & Moore, 1988a] Boyer, R. S. and Moore, J S. (1988a). A Computational Logic Handbook. Aca-demic Press, Perspectives in Computing, Vol 23.[Boyer & Moore, 1988b] Boyer, R. S. and Moore, J S. (1988b). Integrating decision procedures into heur-istic theorem provers: A case study of linear arithmetic. In Hayes, J. E., Richards,J. and Michie, D., (eds.), Machine Intelligence 11, pages 83{124.[Brock et al, 1996] Brock, B., Kaufmann,M. andMoore, J S. (November 1996). Acl2 theorems aboutcommercialmicroprocessors. In Srivas,M. and Camilleri, A., (eds.),Formal Meth-ods in Computer-Aided Design (FMCAD'96), pages 275{293. Springer-Verlag.[Bryant, 1992] Bryant, R. E. (September 1992). Symbolic boolean manipulation with orderedbinary-decision diagrams. ACM Computing Surveys, 24(3):293{318.[Bundy, 1988] Bundy, Alan. (1988). The use of explicit plans to guide inductive proofs. In Lusk,R. and Overbeek, R., (eds.), 9th Conference on Automated Deduction, pages 111{120. Springer-Verlag. Longer version available from Edinburgh as DAI ResearchPaper No. 349.[Bundy, 1991] Bundy, Alan. (1991). A science of reasoning. In Lassez, J.-L. and Plotkin, G.,(eds.), Computational Logic: Essays in Honor of Alan Robinson, pages 178{198.MIT Press. Also available from Edinburgh as DAI Research Paper 445.
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