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Normalisation and embedded domain specific languages

Why normalisation for embedded DSLs (QDSLs)

What is normalisation by evaluation (NBE)

How to use NBE for embedded DSLs (EBN)




Reduction-based normalisation

Syntax



Equational normalisation

Syntax



NBE

Syntax Semantics

%!

reify

‘ norm = reify o [—] ‘




Why NBE?

v

Embedding DSLs (Shayan’s lecture tomorrow)

v

Partial evaluation (Oleg’s finally-tagless optimisations)

» Semantics

v

Proof theory

v

Type theory

v

Efficiency



Simply typed lambda calculus

Typing rules
VAR
I''x:AAFVarx:A
—>—I —>—E
Ix:AF-M:B 'L:A—B 'EM:A

'LamxM:A—B I'-AppLM:B



Simply typed lambda calculus

Conversions
(Lam x M) N =g M[N/x]
M =~ Lam x (M x)

B-normal form (intensional)

(NF) M:=N|LamxM
(NE) N:=Varx|AppNM

Bn-long normal form (extensional)

(NF) M, =N,
My_pg:=Lam x Mg
(NE) Np::=Var x| App Na—pg My

NF = normal form
NE = neutral




Simply typed lambda calculus

Semantics

[=s L [[Varx%to:px[[ ]]
— Bl = [A] — am x M]p = Av.[M]plx— vl
[A— B] = [A] — [B] Aop ¥ N = (Mo Ll

S can be any countably infinite set.

Theorem (Soundness)
IfTEM=N:A, then [M] = [N].

Theorem (Completeness)
If[M] = [N], thenTHFM=N:A.




What is reification?

Reification extracts a term from a semantic object by “poking it”.

Example 1: f€ [t — (]
Structure of normal forms / parametricity =

reify f=Lam x (Var x)

But this is not reification.

Example 2: g€ [t —1— (]
Two possible closed normal forms of this type:

Lam x (Lam y (Var x)) and Lam x (Lam y (Var y))

Pick a suitably syntactic interpretation for : and run g.

» gx' Y =% = reify g=Lam x (Lam y (Var x))
» gx Y=Yy = reify g=Lam x (Lam y (Var y))

This is reification.



Simply typed lambda calculus

Residualising semantics

[Varx]p=p x
[Lam x M]p = Av.[M]plx— v]
[App M N]p = [M]p [N]p

[] = NE,
[A— B] = [A] - [5]



Simply typed lambda calculus

Extensional NBE
reify, : [A] — NF4
reify, N=N
reify ,_.g f = Lam x (reify (f (reflects (Var x)))), xfresh
reflectq : NE4 — [A]

reflect, N=N
reflecta—.p N = Av.reflectg (App N (reify, v))

normy M = reify , ([M] @)



Type-directed partial evaluation (TDPE)

TDPE is an implementation of NBE in which the object language is a
subset of the host language and the residualising semantics
coincides with the semantics of that subset of the host-language.

[Danvy, POPL 1996]



Correctness properties for NBE

Theorem (Soundness)
IfM = N then [M] = [N].

Theorem (Consistency)
reify [M] = M

soundness A consistency = completeness of the semantics

Proving consistency

» existence of normal forms A soundness A
preservation of normal forms (VM € NF.reify [M] = M)
=> consistency

» otherwise, consistency is typically proved with logical relations



Simply typed lambda calculus

Intensional residualising semantics

[] = NE, [Varx]p=px
[A— B] = ([A] — [B]) + NE4op  [LamxM]p=2Av.[M]plx— v]
[App M N]p =app [M]p [N]p
Intensional NBE
app : [A— B] - [A] — [B]
appfv=fv
app N v=App N (reify, v)
reify4 : [A] — NF4
reify, N=N
reify ,_.g f = Lam x (reify (app f (reflecta (Var x)))), xfresh
reflecty : NEy — [A]
reflecty N=N

normy M = reify , ([M] @)



Simply typed lambda calculus

Intensional residualising semantics

[ = NE, [Varx]p=px
[A— B] = ([A] — [B]) + NEa_p [Lam x M]p = Av.[M]plx— v]
[App M N]p = app [M]p [N]p
Intensional NBE

app : [A— B[ —[A] — [B]
appfv=fuv
app N v=App N (reify v)
reify : [A] — NF4
reify N=N
reify f = Lam x (reify (app f (Var x))), xfresh

norm M = reify ([M] @)



Untyped lambda calculus

Intensional residualising semantics

[Varx]p=px
[Lam x M]p = Av.[M]plx— v]
[App M N]p = app [M]p [N]p

[A] = NE+([A] = [AD

Intensional NBE

app : [A] = [A] = [A]
appfv=fuv
app N v=App N (reify v)
reify : [A] — NF
reify N=N
reify f = Lam x (reify (app f (Var x))), xfresh

norm M = reify ([M] @)



Typing rules
x-1 x-E
'-M:4A I'EM:A I'FM:A xA

I'HPair M N: A; x Ay '+ Proj; M: A;



Conversions

App (Lam x M) N =g M[N/x]
Proj; (Pair My M>) =g M;
M =, Lam x (App M x)
M =, Pair (Proj; M) (Proj, M)

pBn-long normal form

(NF) M, ::= N,
My_gu=Lam x Mg
MAxB ::= Pair MA MB
(N E) NB m=Varx | App NA—»B MA | Projl NBXA | Proj2 NAxB



Semantics

[Var x]p=p x
[]=S [Lam x M]p = Av.[M]plx— v]
[A—Bl=[A]~[B]  [App MN]p =[M]p [N]p
[AxB] =[A] < [B]  [Pair M N]p = ([M]p,[N]p)
[Proj; Mp = ([M]p).

S can be any countably infinite set.



Residualising semantics

[Var x]p=p x
[] = NE, [Lam x M]p = Av.[M]plx— v]
[A—B]=[A]—[B]  [App MN]p =[M]p [N]p
[AxB] =[A] < [B]  [Pair M N]p = ([M]p,[N]p)
[Proj; Mp = ([M]p).



Extensional NBE

reify, : [A] — NF4
reify, N=N
reify . g f = Lam x (reify (f (reflecty (Var x)))), xfresh
reify 4. g p = Pair (reify 4 p.1) (reifyz p.2)

reflecty : NE4 — [A]
reflect, N=N
reflecta—.p N = Av.reflectg (App N (reify, v))
reflectaxp N = (reflecty (Proj; N),reflectp (Proj, N))

normy M = reify , ([M] @)



Sums

Typing rules

+-E
+-1 I'-M:A1+A
I“I—M:A,- F,x1:A1I—N1:C F,XZIAZFNZIC

I'Hlnj; M: A+ A I'Case Mx; Ny x5 N> : C




Sums

Conversions

App (Lam x M) N =g M[N/x]
Proj; (Pair My M,) =5 M;
Case (Inj; M) x1 N1 x2 No =g N;[M/ xi]
M =, Lam x (App M x)
M =, Pair (Proj; M) (Proj, M)
N[M/z] =, Case M x; NllInj; x1/2] x2 N(lInj, x2/2]

Extensional normalisation with sums is hard due to the unruly n-rule.
[Ghani, TLCA 1995; Altenkirch et al., LICS 2001;
Balat et al., POPL 2004; Lindley, TLCA 2007; Scherer, TLCA 2015]



Sums

Semantics

[Varx]p=p x
[]=S [Lam x M]p = Av.[M]plx— v]
[A—B] =[A] = [B]  [App M N]p = [M]p [N]p
[AxB]=[A]<[B]  [Pair M N]o = ([M]p,[N]p)
[A+B] = [A] +[B] [Proj; Mp = ([M]p).i
[inj; M]p = (i, [M] p)
[M]plx—vl, if[M]p=(@1,v)

[Case M x; Ny x; No]p = {[[Ng]]p[xz —v], if[M]p=(@2,v)

S can be any countably infinite set.

Despite the unruly n-rule, the semantics for sums is straightforward.



Sums

Extensional NBE?

reify, : [A] — NF4
reify, N = N
reify 4. g f = Lam x (reify g (f (reflects (Var x)))), xfresh
reify 4. g p = Pair (reify 4 p.1) (reifyz p.2)
reify 4, 44, (5 V) = Inj; (reify , V)

reflecty : NEgy — [A]
reflect, N= N
reflects—.p N = Av.reflectg (App N (reify 4 v))
reflectaxp N = (reflecty (Proj; N),reflectp (Proj, N))
reflectAl+A2 N =222



Computations

Typing rules
T-1 T-E
'=M:A r-M:TA Ix:AFN:TB

'+ValM:TA 'LetxMN:TB



Computations

Conversions

App (Lam x M) N =g M[N/x]
Proji (Pair Ml Mg) =B Mi
Let x (Val M) N =5 N[M/x]
Lety (LetxLM) N =y Let x L (Let y M N)
M =p Lam x (App M x)
M =, Pair (Proj; M) (Proj, M)
M =, Let x M (Val x)

pBn-long normal form

(NF) M, =N,
My_pg:=Lam x Mg
MAxB == Pair MA MB
M+rp::=Val My | Let x N7y Mtp
(NE) Np::=Var x| App Na—p Ma | Proj; Npxa|Proj, Naxp



Computations

Semantics
[Varx]p=p x
[]=S$ [[[[Lam xM%p = E[lv.][][M[][]pixH vl
Rl — AT App M N|p = [M]p [N]p
A S G
roj; = N/
[T4] = Tl4] [[V;I M]]g = retur: [M]p
[Let x M N]p = [M]p>= Ax.[N]p

S can be any countably infinite set.
T can be any monad:

T:%x— %
return: A—TA
(>=): TA—-(A—-TB —TB

return vs=f=fv
(cx=f3=g=c>3>=Axfx>=g)
¢ = c¢>= (Ax.return x)



Digression: pronouncing the word “monad”

Is it “moanad” or “monnad”?

Does “monad” rhyme with “gonad” or does its first syllable rhyme
with the first syllable of “monoid”?

A monad is a monoid in the category of endofunctors!



Computations

Extensional NBE?

reify,, : JA] — NF4
reify, N=N
reify 4. g f = Lam x (reify (f (reflecty (Var x)))), xfresh
reify 4. g p = Pair (reify 4 p.1) (reifyz p.2)
reifyT4 ¢ =222 (need to collect let bindings here)

reflecty : NEg — [A]
reflect, N= N
reflects—.p N = Av.reflecty (N (reify 4 v))
reflectaxp N = (reflecty (Proj; N),reflectp (Proj, N))
reflectty N =222 (need to register a let binding for IV here)



Residualising monads

To support reification the monad T must include sufficient syntactic
data in order to keep track of let bindings.

A residualising monad is a monad equipped with operations

bind: NEt4— T V4 (register a let binding)
collect: T NFt4 — NF14 (collect let bindings)

satisfying the equations:

collect (return M) = M
collect (bind N>=f) = Let x N (collect (f x)), xfresh

where V4 is the set of object variables of type A.



Residualising monads

Continuation monad
TA=(A— NF) - NF
return v= Ak.kv
c>3=f=Ak.c(Ax.f x k)
bind N= Ak.Letx N (kx), xfresh
collect c=cid

Free monad over a list of let bindings

TA=puXVal A+Let xNETg X

return v=Val v
Valvs=f=fv
LetxNes=f=Letx N (c>=f)

bind N=Let x N (Val x), xfresh
collect Val M) =M
collect (Let x N ¢) = Let x N (collect ¢)



Computations

Residualising semantics

[Varx]p=p x
[ = NE [Lam x M]p = Av.[M]plx— v]
|IA—>B]]=[[A]]L—> [B] [App M N]p = [M]p [N]p
oo L S
~ roj; M|p = (|[M]|p).i
[T4] ="T{Al [Val M]p = return [M]p
[Let x M N]p = [M]p == Ax.[N]p

T can be any residualising monad.



Computations

Extensional NBE

reify, : [A] — NF4
reify, N=N
reify ,_.g f = Lam x (reify 5 (f (reflects (Var x)))), xfresh
reify 4« g p = Pair (reify 4 p.1) (reifyz p.2)
reifyt4 ¢ = collect (c>= Av.return (reify , v))

reflect4 : NE4 — [A]
reflect, N=N
reflecta—.p N = Av.reflectp (N (reify 4 v))
reflectaxp N = (reflecty (Proj; N),reflectp (Proj, N))
reflectto N = bind N>= Ax.return (reflecty (Var x))

normy M = reify , ([M]®)

[Filinski, TLCA 2001; my PhD thesis]



Computational sums

Typing rules

+-E
+-1 I'EM:A +A
FI—M:Ai I“,xlell—Nl:TB r,xZZAzl_NziTB

THlinj; M: A + A I'Case M x; Ny xo N> : TB




Computational sums

Extensional NBE?
reify, : [A] — NF4
reify, N= N

reify 4.g f = Lam x (reify g (f (reflects (Var x)))), xfresh
reify 4. g p = Pair (reify 4 p.1) (reifyz p.2)
reify 4,44, (i, V) = Inj; (reify 4. V)
reifyT 4 ¢ = collect (¢>= Ax.return (reify 4 x))
reflects : NE4 — [4]
reflect, N=N
reflecta—.p N = Av.reflects (App N (reify 4 1))
reflectaxp N = (reflecty (Proj; N),reflectp (Proj, N))
reflecta,+4, N = binds N>=?22 (need a computation type here)
reflectt4 N = bind N>= Ax.return (reflecty (Var x))

Fix
» change the type of reflect, to NEy — T[A]
» restrict function types to be of the form A— TB



Call-by-value

Typing rules
—-1 —-E
Ix:A-M:TB 'L:A—-TB TFM:A

'-LamxM:A—TB I'AppLM:TB



Call-by-value computational sums

Conversions

App (Lam x M) N =g M[N/x]
Proj; (Pair My M) =4 M;
Case (Inj; M) x1 N1 x2 No =g N;[M/ x;]
Let x (Val M) N =5 N[M/x]
Let y (Case Lx; My xp M) N =, Case Lx; (Lety My N) xp (Let y Mz N)
Lety (Letx LM) N ~, Let xL (Let y M N)
M =, Lam x (App M x)
M =~ Pair (Proj; M) (Proj, M)
M =y Case M x; (Val (Inj; x1)) x2 (Val (Inj, x2))
M =, Let x M (Val x)

The restriction to call-by-value computational sums weakens the
unruly n-rule.



Call-by-value computational sums

Bn-long normal form

(NF) M, =N,
M,_tp:=Lam x Mg
My g ::= Pair My Mg
MA1+A2 = Inji MAi
Mqtp:=Val My | Let x N4 M1p
| Case N, +4, X1 Mqp X0 M',I'_B .
(NE) Np::=Var x| App Na—p Ma | Proj; Npxal|Proj, Naxp



Call-by-value computational sums

Semantics

[Var xp=p x
[]=s HﬂLame%Fﬁu][][M[][]p][]x—» vl
— TB] =[A] — App M N]p = [M]p [N]p
TN A Y AR
[A+B] = [A] +[B] [[FE[IIrojiM%p = ([[JE[/I]]pH).i
= nj; Mllp = (i, [M] p)
[TA)=TlA] [Val M]p = return [M]p
[Let x M N]p = [M]p>=Ax.[N]p
[Mlpla — o), if [M]p=(1,v)

[Case M x; Ny x; No]p = {[[Nz]]p[xz — v, if[M]p=(@2,v)

S can be any countably infinite set. T can be any monad.



Residualising sum monads

A residualising sum monad is a monad equipped with operations

bind : NEt4— T Vj4 (register let binding)
binds: NEa+g— T (V4+Vp) (register case binding)
collect: T NFr4— NF14 (collect bindings)

satisfying the equations:

collect (return M) = M
collect (bind N>=f) = Let x N (collect (f x)), x fresh
collect (binds N>= f) = Case N x; (collect (f (1,x1)))
X (collect (f (2,x2))), x1,xp fresh



Residualising sum monads

Continuation monad
TA=(A— NF) - NF
return v=Ak.kv
c>=f=Ak.c(Ax.f x k)

bind N = Ak.Let x N (kx), x fresh
binds N = Ak.Case N x; (k (1, x1))
x (k(2,x2)), x1,x fresh
collect c = cid



Residualising sum monads

Free monad over a tree of let and case bindings
TA=puX\Val A+ Let x NEvp X+ Case NE4, +4, X1 X 10 X

returnv="vo
Valvs=f=fv
Letx Nc>=f=Letx N (c>=f)
Case Nx; ¢ xp o >=f = Case N x1 (c1 >=f) % (c2>=f)

bind N = Let x N (Val x), x fresh
binds N = Case N x; (Val (1,x1))
xy (Val 2,x2)), x1,x fresh
collect (ValM) = M
collect (Let x N ¢) = Let x N (collect ¢)
collect (Case N x1 ¢1 x2 ¢») = Case N x; (collect ¢1) x (collect ¢)



Call-by-value computational sums

Residualising semantics

[Varxlp=px
L App M N]p = [M]p [N]p
[A—TH] - [A] — [T5] [[PEiiMN]]Z = ([M]p,[N]p)
[Ax B] - [A] = [B] [Proj; M]p = ([M]p).i
[A+B] = [A] + [B] [Inj; M]p = (i, [M]p)
[TA]=T[A] [Val M]p = return [M]p
[Let x M N]p = [M]p>=Ax.[N]p
[Case M x1 Ny X2 NoJp = {%ﬁjg{z : Z}: ii %ﬁ%g z g: 113

T can be any residualising sum monad.



Call-by-value computational sums

Extensional NBE
reify, : [A] — NF4
reify, N=N

reify .15 f = Lam x (reify1p (reflect4 (Var x) == f)), xfresh
reify 4. g p = Pair (reify 4 p.1) (reifyg p.2)
reifyAlJrA2 (i,v) = Inj; (reifyAi V)
reify1 4 ¢ = collect (¢>= Ax.return (reify 4 x))
reflects : NEo — T[A]
reflect, N = return N
reflect,_.15 N = return (Av.reflecttz (App N (reify, v)) >= id)
reflectaxp N = reflects (Proj; N) >= Ax.
reflectp (Proj, N) == Ay.return (x,)
reflecta, +4, N = binds N >= A(j, x;).reflects, (Var x;) >= Av.return (i, v)
reflectt4 N = return (bind N >= Ax.reflects (Var x))

normy M = reify , ([M] @)
[Filinski, TLCA 2001; Lindley, NBE 2009]



A summary of extensional NBE for sums

» Normalising with sums is non-trivial

» Call-by-value sums can be interpreted using continuations or a
suitable free monad
[Danvy, POPL 1996; Filinski, TLCA 2001; Lindley, NBE 2009]

» Call-by-name sums require more care
[Altenkirch et al., LICS 2001; Balat et al., POPL 2004]



From reduction-based normalisation to NBE

NBE can be derived from reduction-based normalisation by a series
of standard program transformations.

Example: naive -reduction — intensional NBE
Input: naive normalisation algorithm (top-down traversal
contracting -redexes by substitution)

1. add an environment in place of substitution

2. factor through weak normalisation (not reducing under lambda)
3. replace lambda abstractions with closures
4

. replace closures with higher-order functions
Output: intensional NBE
[my PhD thesis; Danvy, AFP 2008]
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NBE

Syntax Semantics

%!

reify

‘ norm = reify o [—] ‘




