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Effect handlers are a popular programming language idiom providing a unified interface to a range of features:
exceptions, state, I/O, concurrency, dynamic binding, and more. Effect handlers are typically introduced in
high-level languages and implemented through existing lower-level constructions: by contrast, in this work
we introduce AsMFX, an abstract assembly language where a handful of instructions directly express the
processor-level control-flow requirements for effectful programming. We demonstrate the expressiveness of
AsMFX with a compiler from a functional core calculus that generalises all of deep, shallow, and parameterised
handlers with multi-shot resumptions. A key contribution is our proof of compiler correctness, obtained by
enriching the source program with annotations that track the behaviour of compiled code fragments.

1 Introduction

Effect handlers are a powerful and elegant programming language abstraction providing facilities
to define and control a wide range of program behaviours classed as “side effects”. Operationally,
they are similar to resumable exception handlers, but they can also be used to model state, I/O,
asynchronous programming, concurrency, dynamic binding, and probabilistic programming [6, 8, 9].
Effect handlers are particularly helpful in achieving clean separation of concerns and modularity
and have recently been implemented in many research and mainstream languages. Implementations
of effect handlers in high-level languages often convert them to existing features like closures,
continuations, or prompts [15, 20, 28, 30]; while low-level approaches, on the other hand, often
manipulate an existing stack [2, 12, 25]

Our approach in this work is different: instead of translating effect handlers away into other
constructs, we provide a foundation for studying their direct implementation by propagating
them all the way down to an abstract instruction set architecture with a primitive notion of effect
handlers. In particular, we want this language to allow reasoning about effect handlers and concrete
low-level implementations of them in the same calculus. We do not know of existing studies of a
direct instruction-set representation of effect handlers.

As a starting point for our investigation, we define SFX, a core calculus with effect handlers to act
as our high-level effectful source language (Section 3): its design goal is to provide a sufficiently rich
effect-handling infrastructure, where resumptions may be single-shot, affine, or multi-shot, where
the traditional setting of deep handlers can be extended by parameterised handlers, or replaceable
handlers (such as the sheep handlers of WAsSMFX [25]). The source language is thus capable of
expressing a large range of effects, including but not limited to state, exceptions, nondeterminism,
and dynamic scoping. Following prior work [16, 17], we express the semantics of SFX via a CEK-like
abstract machine (Section 4).

We then introduce AsMFX (Section 5), an abstract register-based instruction set architecture with
primitives to define, install, and invoke effect handlers. The goal of this ISA is to support all forms
of effect handler expressible in SFX (and possibly more). Concretely, AsMFX adds to a traditional
register-based architecture seven additional instructions, four of which allow the extended control-
flow behaviour of effectful programs; the remaining three implement additional load operations
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needed for creating special data structures used by AsmMFX for representing continuations, handlers,
and external code pointers as first-class values. As a reasoning tool, AsMFX does not prescribe
particular memory layouts or restrict the amount of data that can be stored in registers. The
semantics of the ISA is expressed by means of an abstract machine, which uses, along with main
memory, an independent stack-like data structure describing the current effect handler state.

AsMFX provides an interesting computational model in its own right and can be used to study
effectful programs written directly in a suitable ISA or as the intermediate language of a compiler
for high-level languages. In Section 6 we describe a compiler for SFX targeting AsmFX. The compiler
yields both AsMFX assembly code and an augmented version of the original source code annotated
to denote which AsMFX code addresses implement each program expression. The augmented
(ASFX) code is crucial for stating and proving our main correctness theorems.

We conclude our investigation of the expressive power of AsMFX with a proof of correctness of
the SFX compiler, described in Section 7. Due to fundamental differences between declarative and
procedural languages, proving directly that compiled AsMFX source code simulates corresponding
SFX source code directly is particularly challenging. Instead, we split our proof into two parts, using
ASFX as an intermediate step. ASFX provides a generalisation of both SFX and AsmFX by tracking
intermediate AsMFX machine states directly in (an extension of) SFX: specifically, ASFX extends the
SFX notion of continuation with epilogues, which denote fragments of machine code that have no
direct representation in the source, but must be executed nonetheless. To our knowledge, this proof
technique, and in particular our use of epilogues, is novel. The proof constitutes a key technical
contribution of our work.

2 Overview

In order for us to understand the requirements of an assembly-level implementation of effect
handlers, we will present a few examples in high-level pseudo-code, highlighting a few different
uses of handlers and what we would expect their compiled version to look like.

Before we begin, let us establish terminology for the various layers of an effectful program: we
distinguish external code, which is any part of the program which may install handlers but does not
necessarily run in the context of a handler, and client code, which is called by the external code after
installing a handler, and will return to the external code that invoked it after terminating normally;
handler code includes globally defined handlers in the form handler & {return x — M | #t(y) —
(r).N| ...}, consisting of a return clause whose purpose is to post-process the result of a client
computation before returning to the external code, and zero or more operation clauses expressing
the semantics of effectful operations such as #t(y), where #t is an operation tag, and y its formal
argument, which may resume the client code that invoked the effect by means of a resumption r,
or return control to the external code.

An effectful assembly language should provide instructions to transition between these code
layers, installing and uninstalling effect handlers as needed.

2.1 Runners

One of the simplest applications of effect handlers is the implementation of runners [1]: the
functionality of runners corresponds to handlers in which a resumption may only be invoked once
by means of a tail call. To illustrate this functionality, we consider an example in which a certain
program needs to track a limited resource budget by means of a handler. The handler stores its
budget within a mutable variable budget.

var budget = 100
handler track_budget {
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return x — return (x, budget)
| #charge(n) — (r).
if (budget > n) then budget := budget — n;resume r(())
else return (0, —1)

}

let (x, balance) «—
handle {
let _ « do #charge(10) in
leta «— p()inletb « q() in return a + b
} with track_budget
in print_int(balance)

The program uses the handle keyword to execute client code within the context of the handler
track_budget, providing access to an effect #charge(n). The client code charges the budget for an
amount of 10, then runs two subroutines p() and g() which may charge the budget as well; finally
it sums the results of the two subroutines and returns. The handler track_budget provides a return
clause that pairs the result x of the client code with the remaining budget; the operation clause for
#charge performs different actions depending on the available budget: if there is enough budget to
grant the request, it subtracts the requested value from the variable budget and then resumes the
client code; otherwise, it aborts the client code and returns (0, —1), where 0 is a dummy result, and
the negative balance —1 signals to the external code that the client failed to complete.

At an assembly level, to implement the code above, we can assume that the client code is at
a memory location denoted by label budget_client, and that the handler is implemented by
clauses identified by labels track_budget.ret and track_budget.charge. The client would use
instructions do and return respectively to perform an effect and to return to the external code.
Registers $a0, $a1, ... are used to exchange arguments/results between function and operation
calls.

budget_client:

$a0 := 10

do #charge

; [...] code to call p()

$t0 := 3%a0 ; save result of p() to scratch register

; [...] code to call q()
$a0 := $t0 + $a0 ; add result of q() to previously saved result
return

To execute this code under the handler track_budget, our assembly language provides an in-
struction resume to run a continuation under a handler, and instructions loadk and loadh to
load continuations and handlers. To tell the machine where to jump once the handler terminates
correctly, we will use instruction loadl, initialised to the address of the instruction after resume.
The external code would therefore be able to run budget_client by means of the following code:

loadk budget_client
loadh (return=track_budget.ret, #charge=track_budget.charge)
loadl budget_client_done
resume
budget_client_done:

The loadk instruction creates a continuation invoking the code at label budget_client; similarly,
loadh creates a handler from its return and operation clauses; and loadl a leave record pointing to
code label budget_client_done. The continuation, the handler, and the leave record may be held
in distinguished registers $kr, $hr, and $1r.
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The track_budget.ret clause needs to leave the client result in $a@ untouched, and copy the
current value of budget into $a1, then yield control to the external code by means of a suitable
instruction exit (operationally, this will jump to the code address specified by register $1r).

track_budget.ret:
$al := mem[budget]
exit

When running the track_budget. charge clause, the machine automatically loads the current
handler, leave record, and the continuation to the client into the corresponding registers: this allows
the client to be resumed by a simple resume instruction, without any additional loadh, loadl, or
loadk instructions. To abort the client and yield control to the external code, we may be able to
use the same exit instruction used in the return clause:

track_budget.charge:
$t0 := mem[budget]
if ($t@ < $a@) branch abort
$t0 := $t0 - $a0
mem[budget] := $t0
resume
abort:
$a0 := 0
$al := -1
exit

2.2 Parameterised handlers

The budget example we gave uses a mutable global variable to store the budget balance; while this
variable should only be used by the handler, there is no way to prevent unauthorised code from
altering it. A common idiom with effect handlers is to represent the private state of a handler as a
parameter, which is initialised when the handler is installed and can be updated before invoking
a client resumption. By using parameterised handlers, the budget example can be rewritten as
follows:

handler track_budget(budget) {
return x — return (x, budget)
| #charge(n) — (r).
if (budget > n) then resume r(()) with track_budget(budget — n)
else return (0, —1)

}

let (x, balance) «—
handle {
let _ « do #charge(10) in
leta — p()inletb « q() in returna + b
} with track_budget(100)
in print_int(balance)

We would like to support parameterised handlers at the assembly level, using registers to pass
the parameters. The loadh instruction can accept an additional state operand declaring a list of
registers containing the handler state that must be saved. For instance, the external code would
load the track_budget handler with an initial budget of 100 as follows:

$s0 := 100
loadh (return=track_budget.ret, #charge=track_budget.charge),state: ($s0)
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This ensures that whenever the handler clauses are run, the register $s@ contains the same value
it contained when the loadh instruction was executed. Similarly, the track_budget.charge code,
before resuming the client, would update the state and refresh the handler:

track_budget.charge:

; $s@ contains the current budget

if ($s@ < $a0@) branch abort

$s0 := $s0 - $a0

loadh (return=track_budget.ret, #charge=track_budget.charge),state: ($s0)

resume

Refreshing the handler is crucial to inform the machine that the updated content of $s@ should
be used the next time the handler code is run.

2.3 Producer/consumer

In some cases, when implementing an effect, we may want to resume a client under a different
handler from the one that was originally invoked. Consider the following example consisting of
two functions prod and cons: the first uses the #send operation to send two integer values over
a shared channel, while the second invokes a #recv operation to get two integer values from the
same channel and return their sum.

// Producer sends a couple of values and then stops
fun prod(_) {
do #send(1); do #send(2); return ()

}

/| Consumer receives a couple of values and then returns their total
fun cons(_) {
let x < do #recv({)) in lety « do #recv(()) in return x + y

}

The two operations are implemented in two different handlers. The producer handler ph parame-
terised over a consumer resumption cr handles #send by resuming cr under the consumer handler
ch, which is passed as a parameter the producer resumption pr:

handler ph(cr) {
return () — handle prod(()) with ph(cr)
| #send(x) — (pr).let r « (cr with ch(pr)) in resume r(x)

}

Symmetrically, the consumer handler ch, parameterised over a producer resumption pr, handles
#recv by resuming pr under the producer handler ph, which is passed as a parameter the consumer
resumption cr:

handler ch(pr) {
return result — return result
| #recv(_) — (cr)letr « (pr with ph(cr)) in resume r(())

}

The main program is started by handling the consumer cons under an appropriate handler: ideally,
this would be ch, but the producer has not started yet, so we do not have a producer resumption to
pass as a parameter yet; instead, we use an initial consumer handler ih which handles the #recv
operation by starting prod rather than calling a producer resumption.

/| Program starts the consumer under an initial handler

fun main(_) {
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handle cons(()) with ih(())
}

// An initial version of the consumer handler, which starts the producer rather than resuming it
handler ih(_) {
return x — return x
| #recv(_) — (cr).handle prod(()) with ph(cr)
}

When control is transferred to an operation clause, the resumption received by that clause would
normally continue execution under the handler defining that operation, according to deep handler
semantics. However, one can view a resumption as a pair consisting of a head continuation and
of the handler delimiting it, and allow the handler to be replaced. The resume keyword works
by calling the continuation after reinstalling the delimiting handler. The with keyword allows us
to replace the delimiting handler with a handler of our choice, recovering the semantics of sheep
handlers [25]. At the machine level, a resumption can be represented as a continuation value and
a handler value (which need to be loaded into the registers $kr and $hr to be executed), and the
handler replacement functionality of with can be expressed by means of the 1oadh instruction. For
example, we could implement the #send clause of handler ph by means of the following assembly:

ph.send:
; handler parameter cr (consumer resumption) in ($s0, $s1)
; value to be sent in $a@, producer resumption pr in ($kr, $hr)

$to := $kr
$t1 := $hr
$kr := $s@ ; continuation of cr
$s0 := $t@ ; continuation of pr

$s1 := $t1 ; delimiting handler of pr

; load $hr with ch(pr)

loadh (return=ch.ret,#recv=ch.recv),state: ($s0,$s1)
; resume (cr with ch(pr))

resume

2.4 Multi-shot resumptions

Our final example illustrates more complex handlers by evaluating propositional formulas under a
non-deterministic choice of variables. We use a Boolean valued effect #flip to generate values for
the propositional variables, then combine them with standard Boolean operators to evaluate the
formula of interest. The tautology (A A B) V =A V =B can then be expressed by the following code:

fun prop(_) {
let a « do #flip(()) in
let b « do #flip(()) in
return (a && b) || not a || not b

}

The value of the propositional variables depends on the handler implementing the #flip effect. We
can have trivial handlers always returning true or false, or randomly returning either value (given
a source of randomness). Most interestingly, we are not limited to one truth value, but we may see
what happens when the propositional variables are assigned all possible combinations of truth
values. The following tautology handler implements #flip by resuming the (Boolean-valued) client
twice, once with true and once with false, and then taking the conjunction of the results of the
two resumption calls. The final result will be true if and only if the client evaluates to true for all
the truth assignments of the propositional variables, i.e. if the client represents a tautology.

handler tautology(_) {



295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
334
335
336
337
338
339
340
341
342
343

Effect Handlers All the Way Down 111:7

return x — return x
| #flip(() — (1).
let x « resume r(false) in
let y < resume r(true) in
return x && y

}
handle prop(()) with tautology(())

This example differs from the previous ones in two ways: first, the resumption is invoked more than
once; and second, the resumption call is not the last action in the operation clause — it is not a tail
call. This means that when the resumption (really, the client computation) completes its execution,
it must not return to the external code, but to the operation clause that invoked it; in other words,
when performing a non-tail resumption, the handler code that invoked the resumption becomes
the external code with respect to the client code it resumed.

An assembly-level machine needs to be made aware of this fact to correctly implement the
control flow. In AsMFX we have allocated a distinguished register $1r to contain the address of
the code that needs to be executed after a client completes its work. Note that the handler code
invoking the resumption will want to preserve some registers, and in particular the original value
of $1r, which still contains the address the handler must jump to upon termination: these registers
can be specified as an additional save parameter to loadl, and will be restored to their original
value when an exit instruction is performed.

We can then implement the #flip operation as follows:

tautology.flip:

$a0 := 0 ; false

loadl 11, save:($1r)

resume ; will jump to 11 when the resumption ends
11:

; $1r restored to original value
$t0 := $a@ ; save result

$a0 := 1 ; true

loadl 12, save:($lr,$t0)

resume ; Will jump to 12 when the resumption ends
12:

; $1r and $t@ restored to the original value
$a0 := $t0 && $a0
exit ; return r(false) && r(true)

3 A source calculus for effect handlers

The first step towards our goal of studying the compilation of effect handlers is to introduce a
core declarative language expressive enough to easily implement the idioms we are interested in.
For our purposes, it makes sense to restrict ourselves to programs using only first order global
functions, since techniques to convert nested functions to global definitions are well established
(see for instance [18, 23]) and we do not intend to discuss them in this work; we do however support
simple and mutual recursion. For similar reasons, we will use globally defined handlers. Based on
these requirements, we define the source calculus SFX, whose syntax is given by the following
grammar (where we have highlighted non-standard expressions).

{#t: A — B}
A=C|(AC=D

— C
Value types A, B 7| (A)| A— D  Effect types E
Comp. types C,D := AlE Top-level types G
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Open values UV, W
Computations M,N

x[e|(V)

return V | ®(V) | f(V) | if (V, M, N)
let x < M in N | unpack x « V in M
do #t(V) | handle M with h(V)

newbroom(f) with A(V) | U with h(V) | resume U(V)

Literal values wo,w u= c|@)]| (x h(v))

Environments y == XPo0

Continuations Kk u= 0] (x).M[y] -x|h(0)- -«

Functions F == fun f(x) {M}

Handlers H == handler h(x) {returny — M | #t(z) — (r).N}
Specifications % u:= FH

Programs P == EM

As syntactic sugar, we use a vector notation such as x, to indicate the sequence xj . .. x,_1; the
same notation, without subscript, indicates a sequence whose length is unspecified because it is
irrelevant or can be inferred from the context.

SFX is a fine-grain call-by-value source language with a basic effect type system; terms fall into
two categories: values, representing what the program computes, and computations describing how
values are computed. Value types A comprise primitive types 7, n-ary tuples of value types (A), and

the novel broom type A ) generalising functions to resumptions, where a type A argument
produces a computation of type C under a handler giving a result of type D. Computation types
C, D = A!E combine a return type A with an effect type E specifying the effects that computations
of this type may invoke. Effect types assign signatures A — B to a finite number of operation
tags #t, where A is its input type and B is its output type. If E is empty then by abuse of notation
we write computation type A!{} simply as A. Handlers are parameterised [19, 26], so a handler type
is of the form (A)C = D where A is the type of the parameter, C is the type of the computation
being handled, and D is the type of the resulting computation. With resumptions and handlers
limited to a single argument parameter we use tuples to used to express n-ary versions.

Value terms U, V, W comprise variables x, constants c, and n-tuples: these are open, since they
may contain variables that reference values stored in an environment. We distinguish them from
literal values u, v, w, which are closed, and beside constants and tuples can also be resumptions
consisting of a continuation paired with a distinguished handler in the form (x, h(v)) — we call
these broom resumptions, or just brooms, because like the tool used for sweeping they consist of a
head x and a handle h(v). Programs can only refer explicitly to value terms: in particular, broom
values cannot appear in a program, except as variables of continuation type. At runtime, value
terms will evaluate to literal values.

Besides returning a value, primitive operations, conditionals, sequencing (let), tuple decompo-
sition (unpack), function application (f(V), where f is the name of a globally defined function),
we provide computation terms do #t(V) to perform an effect #¢ with input V. Computations can
also handle effects with the syntax handle M with h(V), where M is the client computation, h the
name of a globally defined handler, and V its actual parameter, representing its initial state.

Our reason for the “broom” terminology is to manage all of deep, shallow, and sheep handlers:
a broom resumption has a head (the continuation) and a handle (its effect handler); and in some
cases either component may be replaced to refresh the broom. Resuming a broom invokes the
continuation and also installs the handler: syntax resume U (V') invokes broom U with argument V.
Brooms most often represent a suspended computation that has requested performance of an effect,
being passed to the corresponding operation clause of the closest matching handler installed. It is



393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429

431
432
433
434
435
436
437
438
439
440
441

Effect Handlers All the Way Down 111:9

also possible to convert a function f into a broom by means of the syntax newbroom( f) with A(V):
this broom will take an argument as input, install the handler A(V), and then apply f to the
argument received. Fitting a broom U with a new handle h(V) is written as U with A(V), allowing
us to implement sheep handlers.

Top-level handlers handler hA(x) {returny — M | #t(z) — (r).N} accept a parameter x and
provide operation clauses for each effect #t they handle: the effect receives an input argument z,
and additionally a broom r that allows the handling code to resume execution within the client,
by resuming r with a value which will appear, to the client, as the result of evaluating the effect
#t(z); the handler also provides a return clause receiving in the variable y the value computed
by the client. Given such a handler, we will use the following metalinguistic operations to refer
to its bound variables: dom(h) for the parameter variable x, dom(hyeturn) and dom(hs;) for the
formal arguments of the return and operation clauses (respectively, y and z), and res(hy;) for
the continuation argument r of the operation clause. The syntax to define top-level functions is
self-explanatory.

Continuations k are sequences of continuation frames: the base case 0 expresses program
termination. Pure continuation frames (x).M[y] consist of a closure M[y] abstracted over a variable
x: given a literal value, say v, returned by a computation and stored in variable x, the pure frame
continues as M, where free occurrences of x have been replaced by v, and any other free variable
is defined by y; pure computations are used in the intermediate steps of sequencing. Handler
continuation frames h(v) consist of a handler identified by its name h, applied to a literal value
v representing its state; when a computation is running in the context of such a handler frame,
the effects defined by h are available, and if that computation returns a value u, u is passed to the
return clause of h.

Programs consist of any number of mutually defined handlers and functions plus a main compu-
tation that may use them.

3.1 Typing

Typing judgements for the source calculus include four main forms for values, computations,
continuations, and handlers/functions. We also provide two minor judgements for environments
and for the program. Judgements that depend on the specification ¥ are annotated with ¥ on the
turnstile (+5). However, since X does not change in recursive typing assumptions, we will often
assume it is fixed for a given program and omit it from the subscript. Figure 1 presents the typing
rules.

Value typing. Value typing T +x V : Aor T Fx v : A assigns a value type A to an open value V or
to a literal value v (even though we distinguish the two cases syntactically, they are typed under
the same judgement and the same rules) under a typing context I' associating variables to their

value type. The interesting rule T-BrRoom says that a broom (k, h(v)) of type A S, D consists of a
continuation head x taking a value of type A and returning a computation of type C, and a handle
which is its delimiting handler k of type (B)C = D instantiated with a value v of type B: h(v) must
transform the computation type C returned by « to another computation type D.

Computation typing. Computation typing uses the judgement I' 5 M : C. The interesting rules
are those for invoking and handling effects. An effectful operation do #t(V) (rule T-Do) has type
BIE if the effect type E assigns the type A — B to #t and V has type A. Rule T-HANDLE assigns the
type D to handle M with A(V) when M has type C, the handler’s parameter V has type A, and that
h is defined in the signature as a handler of type (A)C = D linking all three together.
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T-Var T-VaL T-TupPLE T-Prim
x:A€eT ¢ € Val(r) Tty VA Tty VA Type(®) =A —> B
Trsx:A Tbyc:t [y (V) : (A) Tty ®(V):B
T-BrooMm T-RET T-Arp
by k:A—>C Tty o:B >+h:(B)C=D Tty VA THV:A Srf:A=C
Tty (K,h(v)) ALD Ity returnV : AIE FI—f(V) :C
T-Ir T-LET T-UnpACK _
T+ V : Bool Tty M:AE Ty V:(A)
Trs M:C Try N:C I'x:Avry N:B!E ILx:Ars M:C
Ity if(V,M,N):C Ity letx < Min N : BIE Ity unpackx <~ VinM:C
T-Do T-HANDLE
Tty VA E(#t)=A—> B I'esM:C I'ts VA +h:(A)C=D
Tty do #t(V) : BIE I +3 handle M with A(V) : D
T-WitH T-RESUME
TrsU:A-5D Ty V:B Sth:(B)C=D Trs U:A-5D T V:A
[hy Uwith h(V) : A = D/ ['rs resume U(V) : D
T-NEwBroom T-Env
Srf:AC Tty V:B S+h:(B)C=D dom(y) = dom(I") (ks ¥(x) : T(x))xedom(y)
T +5 newbroom(f) with h(V) : A Sbp Fry:T
T-KLET T-KHANDLE
T-KIp Fy:T T,x:ArN:BIE Sth:(A)BE=BIE t+ov:A
x:B— B'E +x:B — B'\E’
F0:A— AE F(x).N[y] -x:A— BE +h(v) -xk:A— B'F
T-HANDLER

C=BI({(#;:B; - B,);}UE) D=BI(EUE) x:Ay:BrsM:BE
(x:Azi:Bj,ri:B; > Dy N; : B'IE'); (handler h(x) {return y — M | (#t;(z;) — (ri).N;)i}) € =

Sth:(A)C=>D

T-Fun T-PROGRAM
x:Ars M:C Fy M:C

(fun f(x) {M}) €2 Er2(f) 1 A = Cf) fedom(z) (Z+2(h) : (An)Ch = Dp)hedom(x)
Srf:A=C FXM:C

Fig. 1. SFX: typing rules.

To type handle replacement U with A(V) on a broom U with type A R D, the handler h must
have a type (B)C = D’ where C matches, and the parameter V must have the expected type B:

then the broom after replacing the handle will have an updated type A S

c
Rule T-RESUME assigns to resume U (V) the type D whenever U has a broom type A — D
and V has type A. Finally rule T-NEwBroowm lifts a function f from type A = C to a broom type

c
A — D by means of a handler h of type (B)C = D instantiated on a value v of type B. Note that
since brooms have a first class type, newbroom allows us to convert a function into a value that
can be freely passed around as an argument or returned.
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Continuation typing. The judgement +y k : A — C states that the continuation x receives a value
of type A and continues as a computation of type C. Continuations include the identity continuation
0, which takes a value of any type A and returns a (trivial) computation of type A!E, and composite
continuations obtained by prepending to an existing continuation a pure frame or a handler frame.
The typing judgement for pure frames extension T-KLET ensures that the computation N in the
frame is well-typed under an environment I, x : A, where x is the abstracted variable, that the
environment y has type T, and that the base continuation k has an input type matching values
returned by N and that its output effect matches the effects available to N. Extension by handler
frames (rule T-KHANDLE) requires h to be the name of a valid handler of type (A)B!E = B’!E’; the
actual parameter v must have type A in the empty context, and the base continuation ¥ must have
type B’ — B”’!E, where B’ matches the type of values returned by h and E’ matches the output
effect type of h.

Handler/function typing. Handlers and functions must be global items defined in the static
specification X. The judgement T-HANDLER states that to give h the type (A)C = D we need to be
able to express C as B{(#t; : B; — B!);} UE and D as B'!(E’ U E), where E is the type of forwarded
effects, i.e. client effects that are not handled by A, the #t; are the effectful operations handled by h,
and E’ is the type of additional effects that may be raised by h. The rest of the judgement states
that the definition of h in ¥ must provide a return clause M and an operation clause N; for each
handled operation #t;, all of type B’!E’ matching the output type of the handler; the typing contexts
for M and N; assign types to the handler parameter x, to the return parameter y (for M) and to the
operation argument z; and the resumption 7; (for N;). The typing of functions is standard.

4 An abstract machine for SFX

To provide a semantics for SFX, we develop an abstract machine in the style of the CEK machine [10].
The machine thus manipulates triples of control-environment-continuation, where the control is a
computation or a closed value.

The machine is an adaptation of previous work on deep and shallow effect handlers [17]; however,
our language presents a few differences, which are reflected into the definition:

e We lack type polymorphism and effect polymorphism and do not need to account for them
in the machine.

e We include brooms as first-class terms of the language, with their own type. Brooms are
structurally similar to the continuation data structure of the abstract machine both in this
work and in [17]; however, while in our work SFX brooms and continuations of the abstract
machine are structurally the same, their semantics differs subtly: brooms appear as the
argument of a resume, where they are applied to a value: since the argument is a value, it
cannot invoke an effect. On the other hand, abstract machine continuations behave like
evaluation contexts: a machine triple (M, y, k) must be understood as the term x[M[y]],
where all the unhandled effects invoked in M[y] can be handled by k. The two notions
are related, in the sense that resuming a continuation x with a value V is semantically
equivalent to applying the evaluation context represented by « to the trivial computation
return V.

e We do not differentiate between deep and shallow handlers; instead we have a single kind
of handlers (implemented similarly to deep handlers), and we use the handle replacement
operation of brooms to express sheep handlers.
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To save a few transition rules that are not relevant to the topic of this paper, we choose to assume
that functions are translated to trivial handlers by a pre-processing operation:

fun f(x) {M} ~ handler f(()) {return x — M}
f(V) ~ handle return V with f(())

Closures are only needed in pure continuations. When we have a value V and an environment y,
we substitute eagerly via the operation [V] y. Such eager substitutions are trivial and always yield
a literal value o.

The full machine is given in Figure 2: it consists of a dozen rules, but those implementing
primitive operations, conditionals, and tuple unpacking are trivial. Sequencing let x < M in N
is also standard, but it is worth noting that it proceeds by evaluating M under the continuation
extended by a pure frame (x).N[y], where the variable x, which will receive the result of the
evaluation of M, abstracts over the closure N[y] — this behaviour is expressed by the dual rule
evaluating the closed value v when the continuation starts with a pure frame: notice that this rule
reinstates the environment stored in the closure for N, which may have been destroyed by the
intermediate evaluation steps for M.

Similarly, to evaluate a handled computation handle M with h(V), we proceed by evaluating M
under a continuation extended with a handler frame h([V] y). The dual rule evaluating the closed
value v when the continuation starts with a handler frame proceeds to evaluate the return clause
of the handler h, completely replacing the environment with only two elements: the actual value w
of the handler parameter, and the actual return value v received as input.

The evaluation of an effectful operation do #t(V) depends on the current continuation, which
must be of the form k™! - h* - k’, where the superscript —t means that x does not handle #t, and the
superscript +t expresses the fact that the handler h specified in this frame must provide a clause for
#t: in other words, h is the first handler in scope which will handle #t. To execute this operation,
we proceed to evaluate hy; (the body of the operation clause for #t defined by h); the continuation
is split: the base continuation k’ is kept as the current continuation, whereas the initial fragment
(x7!, h**(w)) is stored in the environment as the value of the resumption variable res(hs;), along
with the values for the handler parameter and for argument of #t. The original environment y is
discarded, but may be reinstated by subsequent resumptions.

The expression newbroom( f) with (V) immediately produces the broom corresponding to
the function f: this consists of a pure frame (x). freturn (remember that functions are encoded as
the return clause of a trivial handler), delimited by the handler A([V] y). The handle replacement
expression U with h(W) is evaluated by obtaining the broom [U] y, discarding its handle, and
replacing it with A([W] y).

To evaluate a simple resumption resume U(V), we apply the environment y to U to obtain the
corresponding literal continuation (x’, h(w)): then we proceed by evaluating return V, where the
continuation k has been extended by x” - h(w).

We evaluate return V by converting it to the closed value [V]y.

5 An abstract assembly language with effect handlers

Having formalised the high-level effect idioms we intend to support by means of SFX and its
abstract machine, it is now time to develop a low-level target language in the style of the typical
instruction set architectures supported in hardware, but providing instructions to install effect
handlers and perform effects: we call this language AsmFX.

AsMFX comprises a small set of instructions operating on registers, a main memory containing
data and code, and an effect context, special storage manipulated as a stack and separated from
main memory. Though close to typical instruction sets, AsMFX leaves several features abstract:
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control env. continuation control env. continuation
o(V) Y K o] (V1Y) Y K
iV, M, N)
where: 4 K M 4 K
[V]y = true
it (V, M, N)
where: Y K N Y K
[V]y = false
letx — Min N K M y (x).Nlyl -«
unpack X, «— (V,,) in N K N (;C" = [Valv) K
handle M with h(V) K M Y h([V]y) -k
(res(#t) = (k T, A" (w))
do #t(V) % k=t ht(w) k! hyy (dom(#t) — [V]y) K’
-(dom(h) > W)
}(f(’ﬁ)-{;et;x;n [],
. Vly
newbroom(f) with h(V) | y K where: Y K
X = dom(f;‘elurn)
U with h(W)
where: Y K (', h([W]y)) % K
[Uly= ()
resume U (V) ,
where: Y K vly y K’ h(w)
[Uly = (&' h(w)) "
return V Y K vly Y K
v Y (x).NIy'l - & N (x—0) -y K
: v | rw x return ) > ©) x

Fig. 2. SFX abstract machine

e Every register and every memory location is large enough to store any value, including
certain complex values with special architectural meaning that we will call records, used to
implement control flow.

e There are as many registers as may be needed by any program. Registers are referred by
their name, starting with a dollar sign ‘$’. While all registers can contain any value, we
will use naming conventions to divide them in different categories for different purposes.
The register $pc is the program counter and it contains the memory address of the next
instruction that will be executed.

e Only instructions explicitly needed for implementing effect handlers are included. Other
standard instructions including unconditional jumps, conditional branches, arithmetic and
logical operations, register moves, or load and store from main memory are left unspecified,
but are intended to be available as needed, with their natural semantics.

Main memory is an array of words, and memory addresses a, @', ... are indices in the array
specified as natural numbers. Effects are specified by tags #tag; the special tag return identifies the
return clause of handlers. We now describe the syntax of AsmMFX:

Handlers: H == return— amum,m

Records: R == Ry |Ry|Ryp

Handler rec.: Ry == H(H, $ry =0p)

Continuationrec.:  Rge ==  K(ar,$rc =vc, Dy)

Leave rec.: Ry == L(a;$re=ve)

Values: v == Rlalll...

Instructions: I == loadh H, state($ry,) | loadk ay, save($rc) | loadl aj, save($re)
| resume | do #tag, save(m) | return | exit

Effect contexts: C,D == H(H$rp=0vpRy)
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Records. To implement effect handlers at the assembly level, we introduce representations of the
key linguistic concepts we need as special values that can be directly stored in registers: in our
terminology, these are called records. Records are similar to closures, and will be used to represent
three kinds of objects:

e Effect handlers, by means of records in the form H (H, ($ry = vp)), where H is a finite
partial map from operation names to memory addresses of code to handle that operation,
including one address providing code for returning from the handler; the second subterm is
a finite partial map from registers names to values, used to store the handler state.

e Continuations, by means of records K(ay, ($rc = v.), D;), where a, is the address of the
code that will be executed when resuming the continuation, and the other two parameters
express the local environment that needs to be reinstated when control is passed to the
continuation: this local environment consists of a finite map from register names to their
values, and a delimited effect context expressing additional handlers that will need to be
added to the effect context to execute the continuation.

e Leave records, in the form £ (aj, ($re = v.)), indicate what code should be executed after
leaving the scope of a handler; they are similar to continuations, except that they do not
provide a delimited effect context because when we leave the scope of a handler we never
need to install additional handlers.

Effect context. The effect context is a stack of handler frames representing the active handlers at
any given moment at runtime. Handler frames contain the same information as a handler record,
pairing it with a leave record indicating what code should be run after returning from the handler.

Instructions. AsmMFX introduces three instructions loadh, loadk, loadl to load handler, continu-
ation, and leave records into registers. The three instructions use, respectively, registers $hr, $kr,
and $1r as their targets: these registers have an architectural meaning in that their content can
affect the control flow; it is however possible to copy the content of these registers to any other
register, and vice-versa, using general-purpose instructions.

loadh H, state :($r”) loads a handler record into $hr. The handler specification H contains pairs
of tag names and code addresses implementing the handler operation specified by that tag; the

pseudo-tag return is always present. The content of registers $r’, specifying the current state of
the handler, is saved within the record.
loadk ay, save :($r’) loads a continuation record into register $kr by specifying the address a,
of its code and the registers $r’ whose value must be saved now and restored if the continuation is
run and terminates regularly. The continuation is created with a trivial (empty) delimited context.
loadl a;, save :($r”) loads a leave record into register $1r, where q; is the address of the code

that will be run when the leave record is triggered, and the save registers $r’ contain the values
that need to be restored to execute that code.

The remaining four instructions deal with control flow. The instruction resume invokes the
continuation stored in the special register $kr, wrapping it in the handler specified by the special
register $hr. Note that the two registers together essentially perform the same function as brooms
in SFX, with $kr acting as the head, and $hr as the handle.! In order to execute this instruction, the
register $1r must also contain the record referencing the code that will be executed if and when
the resumed continuation terminates. To resume the continuation, the machine pushes into the
context a new handler frame obtained by combining the contents of $hr and $1r, followed by the

To be more precise, ASMFX, unlike SFX, enables a slightly more liberal policy by allowing the code to reference and replace
heads and handles independently. By a cultural reference to the British sitcom Only Fools and Horses, we describe the pair of
$kr and $hr as Trigger’s broom.



Effect Handlers All the Way Down 111:15

687 delimited context from $kr, then restores the contents of the registers saved in $kr and jumps to
638 the code address of the continuation.

689 do #tag, save :($r) performs an effectful operation by jumping to the corresponding handler
690 code; after the jump, the registers $kr, $hr, and $1r are loaded with the continuation record for
691 the suspended computation that triggered the effect (including saved values for the registers $r,
692 the handler record that is handling the effect, and the leave record associated with that handler;
693 the handler state registers are also restored from the handler record. When (and if) the operation
694 returns a value, it will use the continuation in $kr to jump back to the next instruction after do,
6% restoring the contents of the save registers $r.

696 return operates similarly to do but it always matches the handler at the top of the context and
7 when jumping to its return clause it does not need to provide a resumption. This means it loads
698 $1r and the state registers from the handler frame, and then jumps to the address specified by the

099 return clause H (#return).
700 exit completes the exit procedure from a handler by triggering the leave record in $1r and
701 restoring the registers saved in it.
702
703 instruction arguments context — new context reg. updates
704 loadk @a | c $kr = K (ar, ($rc = 0($rc)), [1)
705 ;?W: (8rc)
06 loadh state: () | © c $hr = H(H, ($rn = ©($rn)))
707 loadl a - |e c $1r = L(az, ($re =0(Sre)))
save : ($re)
708 C
where: D,
709 I " _
resume Shr = H(H, ($rn = o)) - H(H, (Srh = 04), Rr) i‘r’c%
710 $kr = K (ar, ($rc = o), Dy) ¥e ¢t
711 $lr=Rp .
712 $kr = K(©($pc), ($rc = O($rc)), Dy %)
D% $hr = H(H*'E, ($ry = o))
713 do #ag tag (G = o C $lr =R
(e ~H(H*, ($rn = op),Rg) r=xc
» save : ($rc) A $pc = H*'98 (#tag)
$rn=oy
715 ( $pc = H (#return)
716 return H(H, ($rh = on),Rr) C $rn = oy
€ $lr=Ry
717 6
718 exit where: C $pc7fal
719 $1r = L(ay, (Sre = ve)) $re = ve
Domain of contexts:
720 dom([]) =0 dom(H(H,$rn = vp, Re) - C) = dom(H) U dom(C) dom(#t; — ay, ..., #ty > ap) = {#ts,..., #tn ).
721 D! indicates any delimited context such that #t ¢ dom(D~"). H*' denotes any handler definition where #t € dom(H*").
722 )
793 Fig. 3. AsMFX machine transitions.
724
725 The semantics of AsMFX is expressed by the abstract machine in Figure 3. A machine state is

726  specified by a tuple (Z, ©,C), where =, the main memory, maps addresses to values, which may
727 be data or instructions; ©, the register file, maps register names to their current value; and C, the
728 effect context, is a stack of handler frames specifying what effect implementations are available
720 to the code currently running. When it is ready to execute an instruction, the machine fetches it
730  from memory E at the address stored in the $pc register (it is assumed that the memory at that
731 address contains a valid instruction, otherwise the machine will be stuck); at this point the machine
732 immediately increments $pc to ensure it points to the next instruction, then it matches the current
733 instruction (including its arguments) and the effect context C against the first three columns of the
73¢  transition table: execution involves updating the context C and the registers file ® according to the
735
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content of the last two columns: among other things, this allows an instruction to perform a jump
by updating the register $pc.

The instructions we describe do not use the main memory E except as storage for the code
being executed, but a concrete instance of AsMFX can read memory values into registers and write
arbitrary values into memory by defining its own load/store instructions.

6 From SFX to AsmFX

We have defined an assembly language with an intuitive notion of effect handlers and the instruc-
tions we deemed essential to write effectful programs. Though these instructions, after careful
analysis of their machine semantics, may appear to reasonably implement the semantics of effect
handlers when considered in isolation, to provide a solid foundation for this claim, we will show
that SFX programs can be compiled to AsmFX. For this abstract discussion, we can conveniently
express the compiler by means of recursive procedures taking SFX syntactic forms as input, and
returning an AsMFX memory image as output. For reasons that will be clear when we will prove
the correctness of the compiler, we assume that, along with producing the compiled program, the
compiler will also reflect the result of the compilation in the source code in the form of annotations
stating, for each subexpression, the memory location ¢ of the AsMFX code that evaluates it: this
means source values, computations, or programs V, M, P will be augmented into annotated versions
V, M, P; we call the language of augmented SFX expressions ASFX. We will refrain from giving
the tedious details of this backwards annotation (entirely analogous to the debugging symbols
produced by most compilers), and we will assume that it is correct (in the sense that each annotation
corresponds to the address of the code produced when compiling the corresponding subexpression),
and that by erasing annotations we get back the original source. We use u(-) and v(-) to denote
the starting and ending AsMFX location for a given augmented expression, and |-| to indicate the
erasure of an augmented expression into the corresponding plain SFX expression.

Fact 6.1. Let =p be the AsMFX memory image containing the compiled version of the SEX program P,
and P be the augmented version of P produced by the compiler: then for every computation M or value
14 appearing in P, we have that the portion of Zp delimited by [y(M) v(M)) (resp. [,u(V) v(V)))
contains the compiled code for |M‘ (resp. |V‘)

Sometimes we will also write explicitly the annotations of expressions using the syntax M@ to
indicate that y(M) = ¢. A formal grammar of ASFX is included in the appendix.

Due to limitations on the type of data that can be stored in a single AsMFX register, we will use
the notation ||V]| or ||A|| to denote the number of registers needed to store a certain SFX value V,
or values of a certain type A.

By convention, the compiler will partition the register set into variable registers $x; (where x is
an SFX variable), argument registers $a; (holding function inputs or the value of an expression),
state registers $s; (used for handler state), and separate special registers $hr, $kr, $1r, $pc with
architectural meaning. Registers in the first three classes are available in unlimited number.

Compiling computations. To denote the compilation of SFX computations M, we use the syntax
[M]* = L. The operation takes two auxiliary parameters: a set of input registers I whose value
is used in the computation and must be preserved at the end of the compiled code, corresponding
to free variables in the source computation M (in particular, each free variable will correspond
to zero, one, or more registers depending on its type); and the used label set L, which is needed
to avoid collisions when generating new AsMFX code labels. The result of running the compiled
computation is always placed in an initial segment of the argument registers $a.
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|M|" = L produces a main output, i.e. a list of AsMFX instructions annotated with labels
representing the result of compiling E, and a secondary output (the updated list of used labels L’,
which is always a superset of L). The definition of | M|~ = L’ is given, for any expression M, by
using syntax such as the following:

let S=exp...

IamL ’
M S

The let syntax tells the compiler to evaluate a certain meta-expression exp once and introduces
a metavariable S to indicate the result of said evaluation: we use this syntax to introduce fresh
code labels, or to express sets of registers or labels in a short form. The recursive compilation
of M inlines the compiled code for M and introduces a metavariable L}, for the extended set of
used labels. The ellipses may contain AsMFX instructions and labels. It is always assumed that the
secondary output of the compilation is the one assigned at the end of the compilation process for a
given expression to the metavariable I’. We also assume an operation ¢(n, L), producing n labels
fresh with respect to the used label set L. The concrete choice of labels is irrelevant and consistent
renaming is assumed to denote the same code (we use labels for the sake of readability, but each
label must be considered notation for an absolute memory index).

Space constraints prevent us from presenting the details of the compiler here: instead, we will
comment the code implementing the compilation of do and handle.

ldo #:(V) "L =L’ = V]
do #t, save :1
letl’ =L

To compile do #t(V), we first compile V, whose value will be then found in $_a, then we use the do
instruction (the save clause states that the value of the registers I used in the client must be saved
now and restored if the effectful operation returns to this code).

|handle M with h(V) |’ = 1/ = let I g, loxi = @(2,1) Lloadl $1r, lexis, save :I
let Ly =L U {l;, lexit } resume
let Iy = $s)v| Leti :
v (MM = 1
I < $a)y return
loadh $hr, | k], state :Ip, lexit :
loadk $kr, I s, save :() letl’ =1},

To execute a computation under a new handler by means of handle M with h(V), we compile
V, dopy its evaluation in the $s registers, and use it together with | k] to create a handler and
place it in $hr. We also create a continuation pointing to the code for M (l.;;) and place it in $kr,
and a leave record for the code to be executed after this computation (lexi;), with saved registers
corresponding to the input set I). After these three registers have been loaded, we invoke the client
by resuming the continuation we created, using the instruction resume. Notice that the client code
at location I j; is terminated by a return instruction, so that the result of M will be delivered to the
return clause of the newly installed handler: we call this a return epilogue. Tracking epilogues is
essential to prove the correctness of the compiler.

Compiling handlers. Handlers consist of a computation expression for each return and operation
clause: it is easy to compile each of them separately using the same procedure we use for all other
computations. Additionally, for each clause, the compiler takes care of moving the actual parameter
of the handler from the state registers s to variable registers X corresponding to the formal parameter
x used by the SFX handler definition. The compiler will also insert code to move the arguments
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of each return clause from the argument registers a to variable registers y corresponding to the
formal argument y of that clause in the SFX definition, and to move the broom resumption from
the special registers $kr, $hr to the appropriate variable registers $ry, $r.

The handler result (returned when exiting the handler, either normally through the return
clause or abnormally through an operation clause) is stored in an initial segment of the argument
registers $a. Each clause is terminated by an exit instruction which triggers the leave register;
this instruction also constitutes an epilogue that needs to be accounted for in the soundness proof.

For each clause return, #t; of a handler h, we will generate a unique label Ayeturn, h#t; pointing to
its code: this allows us to compile a handler specification |A] as

return v Areturn, #t1 > hay,, ..

7 Soundness of compilation

As a final step in our effort to assess the expressiveness of AsMFX, we need to prove the correctness
of our compiler. The most basic correctness property would state that for any SFX program P and
its ASMFX counterpart | P|, if P terminates returning a value v, then | P] also terminates and a
machine representation of v can be found in an initial segment of the $a registers; however, we
are also interested in proving the correctness of partial executions, by showing that the transition
system induced by the AsMFX machine simulates the one induced by the SFX abstract machine.

The proof is not entirely straightforward. The main difficulty lies in the fact that executing an
SFX program consumes part of the program itself, blurring the correspondence between source
and compiled object code beyond recognisability: the code resulting from the recompilation of a
partially executed program will not match, even partially, the code of the original program, because
parts of the code are completely lost and thus ignored by the compiler. To match partially executed
source code to partially executed AsmMFX code we need a more sophisticated instrument.

Our solution is to prove soundness by reasoning not on the plain source code, but on its ASFX
version. We refine the SFX abstract machine to operate directly on ASFX programs, which now
carry along location information and other information about execution history. The execution
of an ASFX program differs from that of the corresponding SFX program especially in the form
of its continuations: the identity continuation and all frames are annotated with a start location;
additionally, pure frames ((x).M)@¢ contain a naked computation instead of a computation closure;
we also introduce epilogue frames jump, exit, leave representing AsMFX instructions that must be
executed in order to link the various portions of compiled code together. The closures missing from
pure frames resurface as an additional environment y component of ASFX brooms.

Much like we did for SFX, we formalise the semantics of ASFX by means of a CEK-like abstract
machine. The main difference between the two abstract machines is that the ASFX machine is
aware of location annotations and propagates them during its execution, ensuring that all relevant
information is preserved. The definition of continuations also differs in that it tracks certain
intermediate execution steps that are implicit in SFX but explicit in AsMFX.

For example, the rule for do #£(V) is now refined to the following form:

(do #t(V), 7, k™t - K (W, Rp)@F - ') —>
(hyt, (LEAVE — Ry) - (res(#t) — (k7L B (W)@, 7))
(dom(#t) = [V] 7) - (dom(h) = W), exit@v(h) - &)

In this rule, the AsmFX-like leave record R, is manipulated explicitly and bound to the pseu-
dovariable LEAVE (meaningful to the abstract machine, but not directly accessible to the code).
Furthermore, an exit epilogue is added to the output continuation, expressing the fact that if the
evaluation of the operation clause hs; completes without calling a resumption, we need to execute
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‘ Values and environments ‘

(k,h(w)) < (REW)@L, k) == k< JiK) Aw=<w
V<0 = v:|| (ifo # k)
y<y = € dom(y).y(x) < y(x)

Continuations

V(LEAVE) = (_, ¥x)

Kk < (7,K) K < (Jx, K) k < ((LEAVE - L(£+2,[])) -7, %)
< (7,0@¢) Kk < (y,jump@? - k) K < (7, exit@¢ - k) K < (7, leave@? - k)
Vok < (x> 0)-7.&)  ynv<7 N=|N| K < (Ji. &)
((x).N[ynD) -k < (7> ((x).N)@¢ - k) h(w) -1 < (7, h(w, L(tg, ) @¢ - k)
(M,y, k) (M, Ry = |M| =M Ay <§ Ak < (7.K) (0,7,6) < 6, 7,8 =0 < Ak < (J,R)

Fig. 4. Scope-preserving simulation

some AsMFX code (an exit instruction) that will dispose of the handler A and return to the external
code. Due to space constraints, the full definition of the abstract machine and an explanation of its
rationale is deferred to the appendix.

7.1 Well-scoping

We prove that single step transitions in SFX are simulated by multistep transitions in ASFX. Since
ASFX epilogues essentially correspond to no operation at all in SFX, the main challenge is to
show that in spite of a different approach to handling environments, ASFX provides a correct
implementation of scopes. The simulation relation, summarised in Figure 4, essentially expresses a
well-scoping invariant.

When an SFX configuration s is simulated by an ASFX configuration §, we write s < $. The relation
is defined by means of auxiliary definitions for the simulation of environments and continuations.
An interesting fact about the simulation of continuation is that SFX continuations are simulated by
pairs of ASFX continuations and environments: this is explained by the fact that SFX pure frames
are closed with respect to an environment, while ASFX frames are not.

The environment simulation y <  expresses the fact that whenever x is in the domain of y, it is
also in the domain of § and the values for x in the two environments “agree”. When y(x) is not
a broom, y(x) agrees with it if by erasing annotations we get the same value; if y(x) is a broom
(k, h(w)), then 7(x) must be a broom &, h(w)@¢, 7 such that k is simulated by (Jy, k).

The continuation simulation ¥ < & is defined by means of an inductive judgement, with a base
rule for the identity continuation and recursive rules for each type of frame. Identity continuations
are simulated by identity continuations regardless of the environment. In the interesting case of
exit frames, the active augmented environment is swapped with the one contained in the LEAVE
pseudovariable (which must be defined), reflecting the semantics of the AsMFX instruction exit,
which will be executed if the exit frame is activated. This kind of rule ensures that while the
environment of the SFX machine and that of the ASFX machine may temporarily differ in non-
trivial ways (specifically when the control is a value), the ASFX machine will eventually synchronise
its environment.
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The other interesting case is that of pure frames. If both continuations start with a pure frame,
in order for the simulation to hold, the computations N and N in each pure frame must match
(meaning that by erasing N we get N). Furthermore, the SFX pure frame is closed by an environment
yn: that environment must be simulated by the ASFX environment y, reflecting the fact that in
ASFX we do not need an environment in the pure frame, because the active environment is already
the correct one. If these conditions hold, the simulation is valid if there is a simulation between the
two remaining parts of the two continuations; however on the ASFX side we need to extend the
environment with a value for the variable x expected by the pure continuation, and the simulation
must hold independently of the value chosen.

This definition allows us to prove the theorem:

THEOREM 7.1. For all SFX configurations s, s’ such thats < s’, for all ASFX configurations § such
that s < §, there exists an ASFX configuration §’ such thats’ < § and$§ — §’.

The proof, which is detailed in the appendix, is by case analysis on the transition s < s” and on
the relation s < §.

7.2 Control flow simulation

To complete the proof of correctness of the compiler, we now need to establish a simulation relation
between ASFX and AsMFX. We consider AsMFX configurations a = (Z, ©, C), whose elements are
memory stores = (containing the program), register files © (finite maps from registers to values),
and effect contexts C. Since a property of our compiler is that the memory store for a given source
program is established at compilation time and stays read-only during execution, we will allow
ourselves to omit it from AsMFX configurations and write (®, C) for (=, ©, C).

A source configuration § for a program P should correspond to an AsMFX configuration a on
|_|13|J actually, for every § there are multiple such a, because of the plethora of registers available
in the architecture: some of the registers will not have a counterpart in the source configuration
and will thus be irrelevant. Therefore, the translation to AsMFX of a source configuration §, which
we denote by [$], will be the set of AsMFX configurations that are a model for § up to relevant
registers. If we write a k § to mean that a models §, then we can define |$| := {a : a £ §}. We define
what it means to be a model separately for the register file and effect context components: the
register file must be a model for the whole configuration; on the other hand, the effect context only
needs to model the continuation.

(©,C) £ (M, 7,k) = (O £ (M, },&)) A (CER)

We can define what it means for an effect context to model a continuation by means of a direct
translation that only needs to consider the handler frames:

Cek = C=I[&]
A {Lh(W,Rz))@fJ-Lk’J if & = h(W, R )@ - &'
S lw iff=¢-# and & # h()
Lh(w,Re)@¢t] = H(Lh], ($s = [w]), [Rc])
L&) = L&L7])

[G8)] = 6x=1a)

A register file models a source configuration if every variable defined in the source environment is
backed by (any number of) registers containing the AsMFX representation of that variable’s value;
if the program counter matches the address of the beginning of the computation being evaluated
or, when the computation has ended and we are returning a value, when it matches the address of
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o/ = Vk € subval(d) : kv/
§v = Vx € dom(y) : (x)V
kv = V(R h(W)@L }) = k, VRV, V) S/

7S (&-h(W, LR, 7))@ - &) A (& - h(w, L(u(R), 7))@ - &)V

j < &= v AP(LEAVE) = (£,7)) = € = laddr(R) A § < lcont(R)

e E(f) =3 p(k) kv E(f) = exit
0@tV jump@? - kv exit@? - kv

&/ E(0)=loadl (f+2)  &=jump@(£+1)- ((x).N)@u(N) - exit@v(N) - k(W)@ (£ +2) - ko
leave@f - kv

kY B =%x «$a|N|  v(N) = p(k) kv E(f)=return jok

(x).N)@¢ - kv h(w, L(p(k), 7))@t - &V

undefined ifk =0@¢ork =h(_)@f &’
leont(k) =4 &’ if & = exit@f - &’

leont(') ifk=¢-kK andé # h()@!
laddr(x) := p(lcont(k))

Configurations

(6,7, 80 =07 AJ S RARY

Fig. 5. Augmented source validity.

the beginning of the continuation. Note that the pseudovariable LEAVE is always mapped to the
register $1r, and every variable x is mapped to as many $x registers as it is necessary.
© E (M, 7.%) :=O($pc) = p(M) A Vx € dom(y).0($x) = [7(x)]
Ok (0,7,&) :=0($pc) = u(k) AVx € dom(y).0($x) = | y(x)]

The soundness property we seek states that the modelling relation is a simulation: whenever we have
a source transition § < §’ and an AsMFX configuration a F §, then there exists a transition chain

a <> a where a’ £ §. However, this property cannot be proved for an arbitrary §: augmented source
configurations contain metadata that encodes part of the execution history; while the compiler
produces correct metadata, and the abstract machine ensures that the metadata is propagated
correctly, arbitrary configurations could be unsound and not allow the simulation we need for the
soundness theorem. We thus need to restrict ourselves to valid configurations (denoted by §v') and
prove, as part of our theorem, that validity is preserved by transitions.

The validity predicate is defined in Figure 5: its role is to check that all the ASFX annotations are
consistent with the compiled AsMFX program. A configuration is valid if its environment y and
continuation K are valid and additionally the environment and the continuation are coherent (nota-
tion: y < k). Furthermore, we require that in a valid configuration whose control is a computation
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1030 M, the ASMFX code at location p(M) corresponds to the compiled code for M, and that if instead
1031 the control is a value v, the value itself is valid.

1032 A value is valid if any broom k syntactically contained in it is valid; an environment is valid if
1033 all the values it assigns to its domain are valid. A broom is valid if, when we resume in any valid
1034 environment y’ and continuation k’ such that the two are coherent, we get a valid continuation
1035 and, furthermore, the environment in the broom is coherent with the extended continuation.

1036 What it means for a continuation to be valid is expressed by an inductive predicate, with a base
1037 rule for the identity continuation and a recursive rule for each frame type. These rules ensure that
1038 the annotation for each frame corresponds to suitable AsmMFX code: for instance, the annotation for
1039 jump frames must reference a jump to the rest of the continuation. The theorem we prove states
1040 that transitions starting at valid ASFX configurations preserve validity and can be simulated:

1041 A a
THEOREM 7.2. Let P be a source program, and = = | P]. For all source configurations $, §’ such that

1042 . . . —\ apa N ~ . A
$V/ (valid with respect to ), if § < §’, then §'v and for all ASMFX configurations a such that a & §

1043

e
aa  thereexists a’ such thata — a’ anda’ £ §'.

1045 The proof, detailed in the appendix, is by case analysis on the transition § < §’.
1046
1047 7.3 Soundness

1048 Tt is straightforward to show that the annotations produced by compilation are correct and therefore
1049 the initial configuration of the ASFX machine is related by simulation to the corresponding initial

1050 configurations of the SFX machine and the AsmMFX machine.
1051 . -
1052 LEmMmA 7.3. If M is the result of annotating M according to the compiler, \M| = M and, consequently,

1053 (M, [],0) < (M, [],O@H(M»-

1054 LEMMA 7.4. Let P = M;3. If|_PJ = E, then E(u(M)) = |_]\;IJ Consequently (M, [],0@u(M))v/

1955 (with respect to Z).
1056

1057 LEMMA 7.5. If© = [$pc > p(M)], thenE £ (M, [],0@u(M)). Consequently, (Z, [1) + (M, [], 0@u(M)).

1058 The soundness theorem then arises from Theorems 7.1 and 7.2 as a corollary:

1059

1060 COROLLARY 7.6. Let P = M; 3. be an SEX program and s = (M, [], 0). Let P = M; 3 be P annotated
1061 by the compiler, ® = [$pc — pu(M)], and a = (®,[]). Then if's < s, there exist a’,§" such that
wez s <§ anda’ E§.

1063

164 8 Discussion

1065 We showed that AsMFX can correctly implement a large class of effect handlers. In devising our
1066 compiler we focused on the general case. However, there are many opportunities to provide alternate
1067 more efficient strategies in specific cases (exceptions, runners, tail-resumptive handlers, single-shot
1068 resumptions, etc.), whether identified by special syntax, static analysis, or dynamically at runtime.
1069 For instance, specialised compilation of tail-resumptive handlers could invoke a broom without
1070 setting up a new leave record (similarly to how tail-calls to functions are optimised to reuse the
1071 caller’s stack frame). A similar optimisation is performed by existing effect handler implementations
1072 including Effekt, Koka, and libmprompt.

1073 Another obvious optimisation concerns the implementation of functions. For the purposes of
1074 this paper it was convenient to treat functions as syntactic sugar for trivial handlers consisting of
1075 just a return clause: this trick is standard in the literature, however it may obfuscate the means by
1076 which functions are implemented. When we implement a function call as a handle expression, the
1077 compiler emits the code to set up a new handler frame, which includes a leave record: while the
1078
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handler functionality is trivial, the leave record plays the role of the call stack, thanks to its ability
to store the caller’s return address and environment (including the previous leave record). Indeed,
it is easy to give a direct translation of functions to AsMFX that does not make use of handlers: all
that is needed to implement functions in AsMFX is the functionality of the leave register $1r, with
the instructions 1oadl and exit used to push and pop stack frames.

A desirable feature of the AsMFX implementation of handlers is that it naturally provides a
certain level of memory protection: the state of a handler is stored in the effect context and cannot
be directly accessed by other code fragments (including client code or other handlers); our compiler
does not actively wipe registers when transitioning in and out of handler code, so (read only)
information leak is still possible, but it is possible in principle to write a refined compiler that would
ensure no such leak happens. Additionally, we believe AsMFX could be useful as an intermediate
language, particularly for further translation to hardware capability architectures such as CHERI [29].
We conjecture that fine-grained compartmentalisation provided in such architectures could be
used to provide an implementation of effect contexts and handler, continuation, and leave records
ensuring that information can only be accessed by the code that owns it (and particularly separation
between code that uses effects and code that implements them). Inspired by the Cerise program
logic [11] and its assembler for an idealised capability architecture, we plan to eventually provide
an effectful CeriseFX to explore the relationship between handlers and machine-level capabilities.

WasmFX [25] extends WebAssembly (Wasm) [14], a low-level portable bytecode-driven stack
machine, with support for effect handlers. Though the design of AsmFX is inspired by WasmFX,
the two systems have quite different characters and purposes: in particular, WasmFX is rightly
matched to the existing Wasm stack model, where AsmMFX aims to be agnostic about the underlying
implementation of its primitives. OCaml 5 [28] incorporates a high-performance implementation
of effect handlers based on low-level stack manipulation operations. The intended semantics
of OCaml 5 effect handlers is given by a CEK-like abstract machine much like that of SFX. As
with WasmFX, the OCaml 5 implementation is closely tied with underlying features of the host
language, in this case delimited continuations and multicore fibers. C libraries such as 1ibseff [2]
and libmpeff [21] provide low-level effect handler implementations in C based respectively on
coroutines and on multiprompt delimited control. It would be interesting to try to more formally
relate systems such as WasmFX, OCaml 5, libseff and libmprompt with AsMFX.

Muhcu et al.[24] present an implementation technique for multi-shot resumptions in the context
of named handlers [5, 31] and stack-allocated mutable state. Their work partially overlaps with
ours as they too describe a compilation technique (building on prior work [22]); while we directly
compile a high-level language with standard (unnamed) effect handlers to the effectful AsmFX,
their work starts with an intermediate language with multi-prompt delimited control implementing
named handlers (which they call “lexically-scoped handlers”) and compiles it to an abstract assembly
without primitive effect handlers, but with explicit memory allocation. A direct comparison between
their work and AsMFX is challenging: not only are the two works based on different semantics
for effect handlers, but they also have different purposes: AsMFX is concerned primarily with
expressiveness and soundness, whereas [24] is geared towards implementation efficiency. Extending
AsmFX to support named handlers would however be interesting: to achieve that, we could provide
variants of the resume and do instructions respectively returning or accepting a handler name as
an additional argument; the name may concretely be an index into the effect context (allowing
efficient addressing of a handler frame), but the code should have no access to its representation.

Our proof of correctness of the SFX compiler relies on information on execution history that
needs to be logically preserved step by step by our execution models. The ASFX language we
devised to enrich source programs with annotations providing evidence for such information is
reminiscent of other work in the field of provenance [4], studying metadata on the origin, history,
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and derivation of information, and techniques to propagate it through computation [7, 13]. This is
not accidental: it is easy to imagine that a compiler such as the one we have described could be
written in a provenance-tracking language (for instance [27]): the compiler would then produce
object code annotated with provenance information about the source code that yielded it; by
reflecting that information back into SFX, we would get ASFX. Another related area is justification
logic [3], a modal proof system where propositions can carry evidence of their validity. We have
shown that these related concepts of origin, history, evidence, justification are not only important
for their epistemological value, but provide an insight on logical constraints on the relationship
between the input and output of a computation (in our case, source code and object code), which can
be useful to validate the correctness of an algorithm: we regard this as one of the key contributions
of this paper.
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We give here a detailed definition of the SFX compiler that we only sketched in Section 6. The
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Compiling values. To express the compiler, we start by giving a procedure to compile SFX open

values: the operation |V | (Figure 6) produces code which will load an initial segment of the $a
registers of suitable length with the AsMFX representation of that value. We use blue symbols
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to differentiate meta-operations such as the compiler and its definition from the object syntax it
manipulates.

Compilation of values uses an auxiliary definition | V]” where the subvalues are loaded starting
at register $a,The representation of constants |c] is assumed as primitive. In the case of free
variables x, we assume that the registers $xo, ..., $X|x-1 contain the ASMFX representation of the
value of x, and we move their content to the argument registers.

Compiling computations. The table in Figure 7 describes the compilation rules for each possible
syntactic form of computations. Before discussing some relevant cases, we note the following
preliminary facts:

e We assume that every SFX primitive operation & is correctly implemented by an AsmFX
instruction | @], taking as many register arguments as needed to contain its input, and
similarly storing its output in an a suitable number of output registers.

e Booleans are represented as integers in the obvious way.

e Instructions j target_code and bz target_code, $r representing an unconditional jump to
target_code and a branch to target_code if $r is zero are available.

e The operation ¢(n,L) produces n labels fresh with respect to the used label set L. The
concrete choice of labels is irrelevant and consistent renaming is assumed to denote the
same code (we use labels for the sake of readability, but each label must be considered
notation for an absolute memory index).

We discuss the compilation rules in detail. To compile a return, we simply compile the returned
value. A primitive operation @&(V) is compiled by compiling V first, then executing the instruction
|®] implementing @ using the $a registers both as input and as output. Conditionals if (V, M, N)
require us to compile V first and then use a bz “branch if zero” instruction to discriminate between
true and false values: in one case we continue with the code for M, in the other case we branch to
leise and the code for N; at the end, both branches meet again at label [,,,5. A let x < M in N is
compiled by compiling M first: after executing the compiled code for M, we will copy the result
of that computation from the $a register where it has been stored into the $x registers, where N
expects to find it; finally we compile N. The compilation rule for unpack simply needs compile its
value argument and then move the result of its evaluation to the registers for the x* variables (the
rule makes use of an extended vector notation m which stands for n registers starting from $xp,
ie. $Xm $Xmets - o $Xmeno1.

Now we consider computations for the effectful sublanguage. The U with h(V) computation is
compiled by compiling V first and storing the result of its evaluation in an initial segment of the $s
registers; we use these registers together with the handler specification |A] to load the handler
h(V) into register $hr; then we compile U: its value will be stored in $ay, $a1; finally, we replace
the content of $a; with the content of $hr.

vl = v[°
LxJ” = $an...$an+||x||_1 — $X@...$X||X||_1
Le/" = $an...S8anc|-1 < Lel
l<vp>Jn = Vol Ve Il |,y PR Vilo. e
Fig. 6. Compilation SFX values to AsmFX.
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(M =1
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unpack kv IL /.=
inM '
letIpy=IU {$xﬁXn”}
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0
$x — $aHXO||

$X, iy < 35 ui-1 3 x|

71 -
$X|f n1 N $ay xn-25 xn-1|
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LU with (V) |PE = L=
Lv]
$svi < $apvy
loadh |, state :($s)v )
LU]
$a1 — $hr
letl’ =L

lo(V) |’ > L=
LV]
$ajour(e)| < L& $ajv)
letl’ =L

ldo #t(V) M =1/:=

LV]
do #t, save :1
letl’ =L

|resume U(V) | = L/:=
let lexir = ¢(1,L)
LU
$kl" “— $a@
$hr « $a4
LV]
loadl $1r, loxis, save :1
resume

lexit

letl’ =L

newbroom f |;p. r_
{ with h(V) J TobE
let lyes, lexits lend = 90(3’ IL)
letl’ =LU {lres, lexit, lend}
LV]
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loadh | k], state :($s)v||)
loadk lyes
$ap, $a1 « $kr, $hr
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j fretum
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Lif(V,M,N) "L = L=

let lend, leise = @ (2,1)
let Lar =L U {lengs leise
LV]
bz leyse, $a0
(MMM =1L
3 lend

leise
LNJLL;VI =1L

lend :

handle M |;, i
{ with 7 (V) J =L=
let Lo, lexir = @ (2,1L)
let Layr =L U {lcys, lexie }
letl, = $5HV||
V]

In < $ayv
loadh $hr, | k], state :Ip,
loadk $kr, I.s;, save :()
loadl $1r, lexis, save 1
resume

lepi
(MMM =L
return

lexit

letl' =L},

Fig. 7. Compilation of SFX computations to AsmFX.

To create a continuation from a function by means of newbroom( f) with AV, we need to create

a suitable broom and place it in register $ap, $a1. We first compile V, place its content in the $s
registers, and use it together with | k] to create a handler which will be loaded into $hr first and
then $a;. Then we construct a continuation pointing to a label /,.s which will contain code to invoke
f: the continuation is initially stored in $kr, then moved into $a,. Finally we jump to l.,4, the end
of the code. At location .., we to call f we actually need to invoke its return clause: this is done by
jumping unconditionally to the fieturn address, after installing in $1r a leave record indicating what
code should be executed when f terminates — f is executed within the handler A(V), therefore
at the end of its execution it should invoke the return clause for A(V): that corresponds to the

instruction return, at the label I.;;.

To invoke an effect by means of do #t(V'), we first compile V: this places the result of its evaluation

into the $a, where the operation handler expects to find it. To invoke the operation handler, we
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let hreturn, h7#t = 90(1 + ||#7TM
let Lreturn =L U {hreturn, h#[}
let ]Ix = $X||x||

hreturn

letIyn = =3yjy)
return

Le < $s)x|

I o Sayy)
h Le UHNh U{$1r}.Lreturn
handler h (x){ |INE return = Ly,
h .
return1 y— N{eturnh L = exit
[#t1(2") — (r').Nyj, hyy, -
- 1 gpl
|} let]INthl =$z! Hz‘|,$r1,$r2

Ly & $sx|
I — $a|‘2H,$kr,$hr
LeUL p, U{SLrhLeg,
N
{N’ZJJ #n = L
exit

h
Nit,

/=
L= L#tn+l

Fig. 8. Compilation of SFX handlers to AsmMFX.

just execute the instruction do #t, save :I (saving all the input registers will allow the resumption
for the #t operation to restore the original client environment).

To execute a computation under a new handler by means of handle M with h(V), we compile
V, dopy its evaluation in the $s registers, and use it together with | k] to create a handler and
place it in $hr. We also create a continuation pointing to the code for M (I.;;) and place it in $kr,
and a leave record for the code to be executed after this computation (l.x;;), with saved registers
corresponding to the input set I). After these three registers have been loaded, we invoke the client
by resuming the continuation we created, using the instruction resume. Notice that the client code
at location I j; is terminated by a return instruction, so that the result of M will be delivered to the
return clause of the newly installed handler: we call this a return epilogue. Tracking epilogues is
essential to prove the correctness of the compiler.

A resume U (V) works similarly: registers $kr and $hr are filled with the result of the evaluation
of U; the result of the evaluation of V is put in registers $_a; we create a leave record for the code
lexi: to be run after executing this computation (again, the input registers I must be added to the
save area of $1r). Finally, we invoke the resume instruction.

Compiling handlers. The procedure to compile handlers is detailed in Figure 8. The return and
operation clauses of each handler are compiled separately using the same algorithm defined for
computations. In particular, for each handler h with clauses for operations ##; we generate unique
global labels Aretyrn, h_#,- for the code implementing the operations. Each parameterised handler
with x as its formal parameter will receive its state in an initial segment of the state registers $s of
suitable size, and will allocate variable registers $x corresponding to the SFX parameter variable x
to copy the state into (each clause performs this copy separately).

The return clause Arerurn and all operation clauses hyy, receive their arguments in an initial
segment of the argument registers $a of suitable size: those are also copied into variable registers
$y, $z1 corresponding to the formal arguments y (for the return clause) and z; (for the #t; operation
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clause). Operation clauses will also copy the content of registers $kr, $hr (which contain the broom
resumption for the operation) to variable registers $r1i, r% corresponding to the SFX broom variable
rt.

Then the SFX computation for each clause Nr};tum, N;:lt,- is compiled by providing the suitable set
of input registers, which must contain the leave register $1r, as this should not be accidentally
overwritten.

The handler result (returned when exiting the handler, either normally through the return
clause or abnormally through an operation clause) is stored in an initial segment of the argument
registers $a. Each clause is terminated by an exit instruction which triggers the leave register;

this instruction also constitutes an epilogue that needs to be accounted for in the soundness proof.

B Soundness of compilation

As a final step in our effort to assess the expressiveness of AsMFX, we need to prove the correctness
of our compiler. The most basic correctness property would state that for any SFX program P and
its ASMFX counterpart | P|, if P terminates returning a value v, then | P] also terminates and a
machine representation of v can be found in an initial segment of the $a registers.

In fact, we are also interested in proving the correctness of partial executions: to show this, we
need to prove that the transition system induced by the AsmMFX machine correctly simulates the
transition system induced by the SFX abstract machine.

The proof is not entirely straightforward. The main difficulty lies in the fact that executing an
SFX program consumes part of the program itself, blurring the correspondence between source
and compiled object code beyond recognisability: the code resulting from the recompilation of a
partially executed program will not match, even partially, the code of the original program, because
parts of the code are completely lost and thus ignored by the compiler. To match partially executed
source code to partially executed AsMFX code we need a more sophisticated instrument than the
compiler itself.

Our solution is to annotate key parts of the source terms with the memory locations where
they were originally placed by the compiler. If we have enough annotations, we may reconstruct a
location-preserving compiled code which will partially match the original AsmMFX code for the full
program.

B.1 Augmenting SFX

We introduce the augmented source language ASFX: a conservative extension of SFX embedding
location information and other information about execution history. Compared to SFX, ASFX sports
an enriched syntax and a specific abstract machine clearly derived from its SFX counterpart, but
presents some key differences that makes it mimic AsMFX code more closely. For our goals, we do
not need to provide a type system for ASFX.

The syntax of ASFX is shown in Figure 9. Augmented values annotate SFX values with a single
location referencing the code responsible for loading the value in the appropriate registers (an
instance of |V |). Augmented computations M are isomorphic to a plain M, but every subcomputa-
tion (including M itself, save for the case of return) is annotated with a start location. For every
V and M we define their start locations (V) and (M) as its top-level annotation (in particular,
p(return V@t) = p(V@?) = £). We also define the end location of a value or computation as the
compiled length of that value or computation plus its start location:

(V) = u(V) + length(LV ])
V(M) = p(M) + length(|M])
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Open values: U, V,W
Computations: M,N

V@r

return V | @(V)@¢ | if (V, M, N)@¢

(let x — M in N)@¢ | (unpack ¥ « V in M)@¢
(do #t(V))@¢ | (handle M with h(V))@¢
(resume U(V))@¢ | (U with h(W))@¢
(newbroom@Y,; () with h(W))@l’

Literal values: 0,0, w c| @) |k

Environments: Y = x>0

Literal cont.: k == (& h(d),7)

Continuations: KK = 0@f|¢@-K

Frames: &¢ u= el (x).M|h(, L(L7T))

Epilogues: & u= jump | exit|leave

Handlers: H == handler h(x) {return y— M | #t(z) — (r).N}
Specifications: $ = H

Programs: P = fl; M

Fig. 9. ASFX: syntax.

Compared to SFX, ASFX continuations have some important differences: the identity continuation
and all frames are annotated with a start location; additionally, pure frames ((x).M)@¢ contain a
naked computation instead of a computation closure; we also introduce epilogues ¢, a type of frame
that has no counterpart in SFX but allows us to more closely track the execution of the compiled
AsMFX code. The start location p(x) of a continuation « is defined as the start location of its first
frame, or in the case of the identity continuation as u(0@¢) = £. We do not define the end location
of a frame or of a continuation.

The closures missing from pure frames resurface as an additional environment y component of
ASFX brooms: this structure must not be understood as a closure, in the sense that the environment
does not apply to the whole broom: it is set as the initial environment when the broom is resumed,
and it may be extended or entirely removed before the execution of the continuation is completed.

The other syntactic categories of ASFX are analogous to their SFX counterparts, but use the
augmented versions of each nested expression.

B.2 An abstract machine for the augmented source language

Much like we did for SFX, we formalise the semantics of ASFX by means of an abstract machine. The
main difference between the two abstract machines is that the ASFX machine is aware of location
annotations and propagates them during its execution, ensuring that all the relevant information is
preserved. As we previously mentioned, the definition of continuations is also different.

The full definition is given in Figure 10. Note that we omit the top-level location of the augmented
code because it is irrelevant to the machine, however the subexpressions contain locations that are
used in the transition rules.

The environment can now reference a pseudovariable LEAVE that has no counterpart in SFX,
but is analogous to the leave records of AsmMFX. Note the invariant that the evaluation of a certain
computation always terminates with an environment that is an extension of the original one:
for this reason, the evaluation of primitive operations terminates with the original y instead of
the empty environment [] — this was irrelevant in SFX, but it is crucial in ASFX to ensure the
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Re= LK), 7)
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]+ Y [ilpec |7
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newbroom@¢
with h(V) (leave@?
where: Jump@?
dom(f) =x . ’% '((?Ct)vf(%fturn)@[f . "
lr = H(freturn) ¥ ext @ ’ ¥
€ = V(freturn) h( [[V]] nee,
=t+1 mh
= f{:Z -
return V v K [[V]] 4 v K
0 2 jump@f - k 0 2 K
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5 i | exite@e- & b #(LEAVE)..env W?)ﬁ:;":
= J(LEAVE).loc
b i | leave@t - & o F?LEAVE P L2 ]) | .
0 4 ((x).N)@? - k N (x> 0) -y 4
(LEAVE > Rz)
0 v h(w, Rp)@¢ - k Areturn -(dom(hyeturn) — 0) exit@v (hreturn) - K

-(dom(h) > w)

Fig. 10. ASFX: abstract machine

correctness of the evaluation of let bindings despite the fact that we removed closures from pure

frames.

Beside the change in pure frames, ASFX introduces epilogue frames, used in the target of the
rules for if (when the guard evaluates to true), for do, for resume, and in the value case when the
continuation starts with a handler frame. Epilogues do not correspond to any code in SFX, but
do correspond to AsMFX code that needs to be executed after evaluating a certain computation,
and before moving to the next one. In the case of the guard of an if being evaluated to true, after
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evaluating the then branch M and before moving to the next computation, we need to jump over
the code for the else branch: this is why we add to the continuation a jump epilogue, which will be
located at v(M) (immediately after the code for M: this fine grained analysis will help greatly in
matching SFX code, where control flow is dictated in part by the syntactic structure, and AsmMFX,
which is unstructured and whose control flow depends exclusively on explicit instructions.

The rule for handle is similar to the one in SFX, but it clears the content of LEAVE because the
AsMFX implementation trashes the original content of register $1r (if any). The new handler frame
receives an annotation V(M), reflecting the fact that for all computation states, the end location of
the current computation must match the start location of the current continuation.

Execution of a do differs from the corresponding rule in SFX in that the target environment has
an updated resumption value, which saves the source environment y, ready to be restored when the
resumption is triggered (SFX does not need to do this because all pure frames have an environment,
and all other frames do not care about the environment). We also provide a value for LEAVE, the
leave record of the handler being invoked, which is meaningful to the exit epilogue in the target
continuation: exit corresponds to the exit instruction at the end of the AsMFX code for a handler
operation clause or return clause: when we reach such an instruction, or equivalently when the
epilogue exit is activated, control is transferred to the code referenced by that leave record.

The computation resume U (V) is evaluated similarly to SFX, but the environment is replaced
in the target with the one found in the broom U, whereas the original environment is saved in
the leave record linked to the broom handle that is being added to the target continuation. Broom
handle replacement U with V is similar to its SEX counterpart, but it needs to take account for the
additional environment field of augmented brooms.

The rule for newbroom@¢(f) with h(V) is more complex than its SEX counterpart: while it
does create a broom whose head is the body of f and whose handle is the specified handle A, it
also needs to decorate the head with a number epilogues for administrative instructions that are
executed either in the AsMFX code for newbroom (leave, jump) or at the end of the function f
(exit).

The transition for return simply substitutesd the environment into the return value to obtain a
closed value. Then we have four different transitions for states examining a closed value, one for
each possible frame at the start of the continuation:

o If the continuation starts with a jump epilogue, the epilogue is simply removed from the
continuation, reflecting the fact that we have jumped to the next frame.

o In the case of an exit epilogue, we similarly remove the epilogue from the continuation,
but we also replace the environment according to the active leave record, reflecting the
execution of an exit instruction.

e A leave epilogue corresponds to an AsMFX loadl instruction loading a distinguished
address (two positions after the instruction itself) into the current leave record.

e When the continuation starts with a pure frame, we are passing the value under considera-
tion as an argument to the computation N enclosed in the pure frame: the corresponding
transition rule works similarly as in SFX, however since augmented pure frames do not
come with an environment, we must assume that the source environment is compatible
with N.

e Finally if we are returning a value to a handler frame, we are really invoking its return
clause: just like in SFX, we will continue execution with the return branch of that handler.
Compared with SFX, we need to load the leave record of the handler into LEAVE, and also
extend the target continuation with an exit, to denote the fact that when the evaluation of
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the return clause terminates, one has to move to code external to the handler itself. Again,
this corresponds to an exit instruction placed at the end of the return clause.

B.3 Well-scoping

We can prove that single step transitions in SFX are simulated by multistep transitions in ASFX.
Since ASFX epilogues essentially correspond to no operation at all in SFX, the main challenge of
this proof is to show that in spite of a different approach to handling environments, the ASFX
provides a correct implementation of scopes. The simulation relation, summarised in Figure 4,
essentially expresses a well-scoping invariant.

When an SFX configuration s is simulated by an ASFX configuration §, we write s < §. The
relation is defined by means of auxiliary definitions for the simulation of values, environments
and continuations. There are two different cases based on whether the control element of the two
configurations is a computation or a closed value: in the first case, (M, y, k) < (M, ¥, k) means that if
we erase all annotations from M , we obtain M; additionally, the augmented environment y simulates
the simple environment y, and the pair of augmented environment and continuation (7, k) simulates
the simple continuation k. If instead we are in the value case, we have that (v, y,x) < (9, 7, k) if and
only if the augmented value ¢ simulates the simple value v, and the pair of augmented environment
and continuation (¥, k) simulates y (however y need not be simulated by 7). It may seem odd that
the continuation simulation requires, on the augmented side, an environment: this is explained by
the fact that SFX pure frames are closed with respect to an environment, while ASFX frames are
not.

The value simulation v < 9, for non-broom values, simply states that erasure of the augmented
value results in the simple value; however, broom simulation (x, h(w)) < (&, h(W) @, i) is recur-
sively defined: it requires that x be simulated by (yy, €) and that w be simulated by w.

The environment simulation y < j is defined pointwise for all variables in the domain of y; y is
allowed to be defined on more variables.

The continuation simulation k < (J, k) is defined by means of an inductive judgement, with a
base rule for the identity continuation and recursive rules for each type of frame. A jump epilogue
frame preserves the simulation; an exit frame swaps the active augmented environment with the
one contained in the LEAVE pseudovariable (which must be defined). A leave epilogue requires the
next continuation % to simulate the original plain continuation x in an environment with an updated
leave record. In the case of handler frames, both continuations must start with matching handler
frames: if that is the case, the simulation holds if there is a simulation between the remaining parts
of the two continuations; however on the ASFX side of the simulation, we will need to swap the
environment with the one contained in the leave record of the handler frame, reflecting the fact
that when we exit a handler, the environment is restored from that leave record.

Finally, the most interesting case is that of pure frames. If both continuations start with a pure
frame, in order for the simulation to hold, the computations N and N in each pure frame must
match (meaning that by erasing N we get N). Furthermore, the SFX pure frame is closed by an
environment yy: that environment must be simulated by the ASFX environment y, reflecting the
fact that in ASFX we do not need an environment in the pure frame, because the active environment
is already the correct one. If these conditions hold, the simulation is valid if there is a simulation
between the two remaining parts of the two continuations; however on the ASFX side we need to
extend the environment with a value for the variable x expected by the pure continuation, and the
simulation must hold independently of the value chosen.

We now move to proving the simulation theorem.
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1618 B.3.1 Proof of Theorem 7.1. For all SFX configurations s, s’ such thats — s’, for all ASFX configura-
1619 tions § such that s < §, there exists an ASFX configuration §’ such thats’ < § and§ — §’.

1620 In the proof, we will require the following auxiliary results.

1621

LeMMaA B.1. Suppose k < (7,K) and y C 7’: then we have k < (7', K).

1622

1623 Proor. By induction on the well-scopedness judgement. O
1624

LEmMMA B.2. Ify < ¥, theny <y \ LEAVE.

1625
1626 Proor. Trivial by unfolding the definitions. O
1627

1628 LEmMA B.3. Suppose k1 < (J1,K1), kK2 < (V2,K2), and |wW| = w. Then we have k1 - h(w) - k2 <
120 (Y151 - h(w, L(p(Rz), 72)) @1 - &2).

1630 Proor. Byinductiononk; < (71, K1). Inthe base case k; = 0 and k; = 0@?, we use the hypothesis

< (2, K2) to prove the thesis in the form h(w) - k2 < (71, h(w, L(u(&2), 72)) @1 - k2. )

1631
1632
1633 LemMA B4, Ifk < (,¢-R), then there exists J* such that k < (J*,%) and for all & we have a
1634 transition (3, §, ¢ - k) — (0,7, K).

1635
Proor. By case analysis on k < (7, ¢ k). O
1636

1637 Now we prove the main result.

1638
Proor oF THEOREM 7.1. We proceed by case analysis on s < s’ and s < §, where s = (M, y, k)

and s” = (M', y’, k). For each case, the SFX transition forces s and s’ to have a certain shape, and
similarly the source simulation forces § to have a shape that adapts to s. We will (deterministically)
follow the ASFX machine on § for one or more steps, obtaining a target configuration §’: then we
will need to show that s < §'.

1639
1640
1641
1642
1643
1644 M = &(V). In this case, s’ = (M, ", ") = {[®] ([V]y),y, M).

1645 We prove § = (&(V)@¢, j, k) where W\ V,y < j,andk < (J,%). We choose 8’ = ([&] (| [[V]] 7D, 7. %)
1% and we prove [@] (|[V] 7]) = [®] ([V]y), to obtain s’ < §".

1647
1648 M = if (V, My, Mp). This runs differently depending on whether [V] y = true or false. First, in

1640  both cases, we prove § = (if(V, Ml,]\;[z)@f, ¥V, k) where |V| =V, |M1| =M, |M2| =M,y <7V,and
1650 K < (7,K).

1651 Then, if [V]y = true, we have s’ = (M',y’, k') = (Mi,y,k). We choose §’ = (M’ VK'Y =
652 (M, 7, Jump@v(Ml) k) and we prove that k < (§’, k") by applying the appropriate rule in Figure 4,
1653 to obtain s’ < §’.

1654 If instead [V] y = false, we have s’ = (M’,y’,k’) = (Ma,y,x). We choose §' = (M, 7R
1655 (MZ, ¥, k) and we obtain s < § trivially.

1656

=let x « M; in My. In this case, s" = (M',y’, k") = (My, y, (x).Ma[y] - k).
We prove § = ((letx — M, in Mz)@{’ 7, k) where |M1| = M, |M2| =M,y < y,and k
650 (7>&). We choose § = (My, 7, ((x).My)@v(M,) - k) and we prove |M2| M, and (x).My[y] -
w0 (7 ((x).M)@v(M,) - & (the latter uses Lemma B.1). This immediately implies s’ < §’.

1657
1658

A AN

::; M = unpack x,, « (V,,) in My. In this case, s’ = (M’, Y K'Y =My, (xn = [Vu] y) - v, 5).
1663 We prove § = (unpack X, « (V) in My@", , k) where |Vn| =V, |M0| = My, y < ¥, and
1664 K < (§, k). We choose § = (Mo, (x, — [V,] }) - J, &) and we prove WIO| My and k < (}/,K) (the

1665 latter uses Lemma B.1, knowing that y C §’). This immediately implies s’ < §’.
1666
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1667 M = handle M, with A(V). In this case, s’ = (M, y’, k") = (M, v, R([V] y) - ).

1668 We prove § = (handle MO with h(V)@t’, ¥, k) where |V| =V, |MO| =M,y <y,and k < (7,K).
1669 We choose §' = (M, 7 \ LEAVE, h( [[V]] 7. L), 7))@v(M,) - &) and we prove y < 7 \ LEAVE (by
70" Lemma B.2), k < (J \ LEAVE, h( [Wﬂ 7. L(u(#), 7)) @v(M,) - &) (by the appropriate rule in Figure 4).

171" This immediately implies s’ < §’.

1672

1673 M = do #t(V). In this case, we have:
1674 k=xk7"hH(w) - Ky

17 s’ = (M’ v Ky = (Mf, (res(hsr) = (k7' h(w))) - (dom(h) = w) - (dom(hsr) = [V]y), k2)
1676

6 Weprove § = ((do #t(V))@C, J, k7" - B (W, L&, 12)) @8y - &) where |V| = V, k7' < (7.%7),
1678 K2 < (J2,%2). We choose 7’ = (LEAVE — L(b,72)) - (res(h#t) = (k7L (W)@, 7)) - (dom(h) —
1679 W) - (dom(hy) +— [[ ﬂ y) s = (M #t, v ex1t@v( t) - K2) and we prove |Mft| = Milt (by the
1680 definition of the compilation procedure), y’ < y’, and y’ < (¥, exit@v(Mft) - K2) (by applying the
1681 appropriate rule in Figure 4). This immediately implies s” < §'.

izj M = resume U (V) and [[U]] v = (xu, h(w)). Inthis case,s" = (M",y', k") = (V] v,y kv - A(w) - x).
Les We prove § = (resume U(V)@t, j, k) where \U\ U, |V| Vy < ¥, and k < (f, k). Note that in
\ss orderfor [U] y to evaluate to a continuation literal, it must be that U = xy, thus [U] y = y(xv). Then
Lose U = xy and [[Uﬂ ¥ = 7(xu) and, by applying the hypotheses, we prove y(xy) = (ky, h(W)@%y, yu)
Les7 such that ky < (yy, Ky) and w < w.

Loss Choose §’ = ([[V]] Vs vu, ku - h(w, L(p(k),7))@%y - k). By Lemma B.3 we prove ky - h(w) - k <

e Guiky - hGi, L(u(R). 7))@ty - %).

1690 Furthermore, we note [V]y < [V] . This is all we need to prove s’ < §'.

1691 M = U with k(W) and [U] y = (xy,_). . In this case, s’ = (M’,y’, k") = {(xu, L([W] 1)), 7, k).
1692 We prove § = ((U with h(W))@¢, j, &) where |U| =U, |W| =W,y < j,and k < (7,K).

169 Note that in order for [U] y to evaluate to a continuation literal, it must be that U = xy, thus
1% [U]y = y(xv). Then U = xy and [U] § = j(xv) and, by applying the hypotheses, we prove
1695 9(xp) = (ky, h(W)@%y, Ju) such that xy < (Ju,ky) and w < w.

1696 Choose §' = ((ky, h(W), Jv), 7, k). Clearly, § < §’; then prove s’ < §’ by unfolding the definition.
1697

1698 M = newbroom(f) with h(V) where dom(fretarn) = x.In this case, s’ = M,y k")

1609 = ((((x)-freturn [1), A([V] 1)), v, ). ) A
1700 We prove § = (newbroom@?(f) with h(V),y,&), where |V| = V; then we choose

o 8" = (ke h([V] D@ +2),[1),7, &) where
o - leave@? - Jump@(¢ + 1) - ((x)-frotarn) @4 fretan) - €Xit@Vfieturn)

1704 We prove that ((X).freturn[]) - A([V] y) < [1.&f - A( HV]] 7V)@(¢ + 2) by repeated applications of the
1705 rules defining <.

1706 M = return V. In this case, s’ = (M’,y/, K’) ={[V]v.y, M).

o7 We prove § = (return V, y, k) where \V| V,y <7,and k < (J,K). We choose §’ = ([[ ]] 7 7, k)
7% and we obtain s’ < &,

1709

1710 M =0 andx = (x).My[yo] - ko. In this case, s’ = (M, y’, k") = (Mp, (x — v) - Yo, Ko)-

1711 We prove § = (3, }, Kepi - ((x).Mp)@¢ - ko) such thato < 9, (x).Mo[yol - o < (7> Repi - ((x).Mo)@¢ - ko)
1712 where Kep; consists of epilogue frames only.

1713 By multiple applications of Lemma B.4, we prove that the well-scopedness condition on the contin-

1714 uations implies that there exists an environment 7y such that (x).My[yo] - Ko < (Jo, ((x) Mo)@F - ko)

1715
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1716 and § —» (9, Yo, ((x).Mo)@F - Ro): by taking one ASFX step more, we find ourselves in configuration
1717 (My, (x > 0) - Jo, Ko), which we take be our §’. By case analysis on the well-scopedness condition
1718 for ((x).My) @1 - Ko, we obtain yy < Jo, |M0| = My, and ko < ((x > 9) - yo, o). This is enough to

1719 prove that s” < §'.
1720

1721 M =vandx = h(w)-ky. Inthiscase,s’ = (M, y’, k") = (Mfetum, Y, ko), where y’ = (dom(hreturn) —
1722 0) - (dom(h) > w).

1793 We prove § = (0,7, Kepi - h(w, R )@ - ko) such that Ry = L(u(ko)70),
124 H(W) -k < (7, Repi - h(w, R ) @1 - ko) Where Kep; consists of epilogue frames only, and v < 4.

1725 By multiple applications of Lemma B.4, we prove that the well-scopedness condition on the con-

1726 tinuations implies that there exists an environment 7* such that h(w) - &y < (§*, h(w, R) @7 - &)

1727 and$§ <> (@, 7%, ((x).My) @ - %): by taking one ASFX step more, we find ourselves in configuration
1728 (Mfetum, V', ko), where 7’ = (LEAVE +— R ) - (dom(hreturn) > 0) - (dom(h) — w): we take this last
1729 ASFX configuration to be §’. By case analysis on the well-scopedness condition for h(w, Rz)@? - &,
1730 we obtain xy < (J, Ko); we also prove y’ < 7’ by unfolding the definitions, and |Mrhetum| = Mr}ztum
1731 by the definition of compilation. This is enough to prove that s” < §’. O
1732

1733 B.4 Control flow simulation

1734 To complete the proof of correctness of the compiler, we now need to establish a simulation relation
1735 between ASFX and AsmFX. We consider AsMFX configurations a = (Z, ©, C), whose elements are
1736 memory stores Z (containing the program), register files © (finite maps from registers to values),
1737 and effect contexts C. Since a property of our compiler is that the memory store for a given source
1738 program is established at compilation time and stays read-only during execution, we will allow
1739 ourselves to omit it from AsMFX configurations and write (®, C) for (=, ©, C).

1740 A source configuration § for a program P should correspond to an AsMFX configuration a on
1741 | |P|]: actually, for every § there are multiple such a, because of the plethora of registers available
1742 in the architecture: some of the registers will not have a counterpart in the source configuration
1743 and will thus be irrelevant. Therefore, the translation to AsMFX of a source configuration §, which
1744 we denote by |§], will be the set of AsMFX configurations that are a model for $ up to relevant
1745 registers. If we write a F § to mean that a models §, then we can define |§] :={a : a £ §}. We define
1746 what it means to be a model separately for the register file and effect context components: the
1747 register file must be a model for the whole configuration; on the other hand, the effect context only
1748 needs to model the continuation.

o (©,0) k (M, },%) = (O E (M,},%)) A (CE R)

1751 We can define what it means for an effect context to model a continuation by means of a direct
1752 translation that only needs to consider the handler frames:

1753 Cek = C=|f

1754

G e [ LBORR@ R iR = hOvR @
1756 Kklo= 4 ifk=¢-k"and ¢ # h()

1757
1758

H(Lh), ($s = Lw]), [Rc])

Lt 7))

Lh(w, R r)@¢]

1759
1760

LL(&. 7))

1761
1762
1763 {(x = U)J

1764

($x = [o])
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A register file models a source configuration if every variable defined in the source environment is
backed by (any number of) registers containing the AsMFX representation of that variable’s value;
if the program counter matches the address of the beginning of the computation being evaluated
or, when the computation has ended and we are returning a value, when it matches the address of
the beginning of the continuation. Note that the pseudovariable LEAVE is always mapped to the
register $1r, and every variable x is mapped to as many $x registers as it is necessary.

© & (M, §, k) = O($pc) = (M) A ¥x € dom(}).0($x) = [}(x)]
Ok (v,7,k) :=0($pc) = u(k) AVx € dom(y).0($x) = | y(x)]

The soundness property we seek states that the modelling relation is a simulation: whenever we have
a source transition § < §’ and an AsMFX configuration a  §, then there exists a transition chain

a <> a where a’ £ §. However, this property cannot be proved for an arbitrary §: augmented source
configurations contain metadata that encodes part of the execution history; while the compiler
produces correct metadata, and the abstract machine ensures that the metadata is propagated
correctly, arbitrary configurations could be unsound and not allow the simulation we need for the
soundness theorem. We thus need to restrict ourselves to valid configurations (denoted by §v') and
prove, as part of our theorem, that validity is preserved by transitions.

The validity predicate is defined in Figure 5: its role is to check that all the ASFX annotations are
consistent with the compiled AsMFX program. A configuration is valid if its environment y and
continuation k are valid and additionally the environment and the continuation are coherent (nota-
tion: y < k). Furthermore, we require that in a valid configuration whose control is a computation
M, the AsMFX code at location p(M) corresponds to the compiled code for M, and that if instead
the control is a value v, the valueA itself is valid.

A value is valid if any broom k syntactically contained in it is valid; an environment is valid if
all the values it assigns to its domain are valid. A broom is valid if, when we resume in any valid
environment y’ and continuation x” such that the two are coherent, we get a valid continuation
and, furthermore, the environment in the broom is coherent with the extended continuation.

What it means for a continuation to be valid is expressed by an inductive predicate, with a
base rule for the identity continuation and a recursive rule for each type of frame. These rules
ensure that the annotation for each frame corresponds to suitable AsSMFX code: the annotation for
jump frames must refer to a jump linking to the start of the rest of the continuation; in the case of
leave, the annotation points to code loading a new leave record; in the case of exit, the annotation
must refer to an exit instruction; the annotation of pure frames corresponds to an intermediate
instruction of the compilation rule for sequencing; the annotation for handler frames refers to the
return instruction that will invoke that handler’s return clause.

B.4.1  Proof of Theorem 7.2. Let P be a source program, and Z = | P]. For all source configurations
$,8" such that §v' (valid with respect to 2), if § < §’, then §’Vv and for all AsMFX configurations a

such that a & § there exists a’ such thata < @’ anda’ & §'.
To prove the theorem, we will need a few basic results on validity.
Lemma B5. Ifjv/, then [V] jv.

ProoF. Routine induction on V. ]

LEMMA B.6. Letk = & - h(w, Rz)@1 - ko. Suppose kv and y < k. Then we have:
o W/
o 1%0\/
o (ki h(w)@¢,7)v
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o Ry = L(u(ko), Vo) such that yo < Ko
Proor. By induction on k; with a case analysis on k. O
LEmMA B.7. If (R, h(W)@¢, })V then (R, K (W)@, 7))V .

ProoF. The definition of kv is based on coherence, which uses operations laddr and Icont: the
values of these operations are the same for both continuations (the proof is by induction on k). O

LEmMAB.8. Letk = (&, h(W)@, }). Ifkv/, Rov/ andfo < Ro, then (% - h(w, L(1(Ro), o)) @1 - ko) V.
ProoOF. By the definition of kv/. O

PrOOF OF THEOREM 7.2. The proof proceeds by cases on the possible reductions (M, j, k) <>
(M’, 7', R’). First we show that the transition preserves validity, and then we are able to show that
all ASMFX models of the source configuration deterministically transition (in multiple steps) to a
model of the target configuration.

Case M = ®(V). In this case §’ = (M', ', %’") = ([®] ([[ ﬂ 7). 7, k). Since the environment and
the continuation do not change, we need to check that the result of the evaluation is valid: this is
trivial because we have assumed that [®] only outputs valid values.

If a E §, we know that the AsmMFX machine is about to execute L@(V)J By direct inspection of
the code, we see that execution until v(M) leads us to a state a’ where the $a registers have been

loaded with the value [®] ( [[Vﬂ 7) and everything else is unchanged. Then a’ £ §” and a < .

Case M = if (V, My, My). In this case we perform different operations depending on whether
[[Vﬂ Y is true or false.

If it is true, then § = (M',}/, %) = ( Ml, 7, jump@v(M,) - k). To prove K’'V', we show that kv
and E(v(My)) = j u(k) (by the validity of § and a direct inspection of | M |_ J)

It is then trivial to prove that Z(u(M;)) = |_ 1J, v(My) = p(jump@v(M;) - &), and J < &/,
therefore §' /.

If a £ §, we can execute the AsMFX code deterministically up to |_M1J (since the if condition eval-
uated to true, the branch-if-zero instruction bz will not branch) and take the resulting configuration
as a’: we can easily show that a’ £ §’, and a < @’ holds trivially. )

If instead [[V]] ¥ evaluates to false, then §" = (M’ vV, k'Y = ( M;y, k). The continuation and
environment do not change therefore, to prove that §'v/, we only need to show that Z( ,u(Mg)) =
|_A;I2J and v(My) = u(Kk): these are immediate consequences of sv after unfolding the definition of
M.

If a E §, we can execute the AsMFX code deterministically up to LMZJ (since the if condition evalu-
ated to false, the branch-if-zero instruction will branch to ;s.) and take the resulting configuration

as a’: we can easily show that a’ £ §’, and a <5 @’ holds trivially.

Case M = let x « M, in Ms,. In this case § = (M’ v, k') = (Ml,y,((x) My)@v(M;) - &). To
prove &'/, we show that @V, E(v(M,)) = $x — $a,|_M2J and v(M,) = p(k) (all by the validity of
§; the second and last property also require a direct inspection of |_]\;IJ ).

It is then trivial to prove that E(/l(Ml)) = I_MIJ, v(M;) = y(((x).Mz)@v(Ml)) -K,and y < K
therefore §'v'.

If a k §, we can choose a’ = a: we can easily show that a k §’, and a < a holds trivially.
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Case M = unpack x, «— (V,,) in M. In this case & = (M’,}?’, R = (Mo, (xn — [[Vnﬂ V) 7. K).
The continuation has not changed, and it is easy to show that, since y < &, then y’ < & too (because
the value of LEAVE, if any, has not changed with the transition).

It is then trivial to prove that Z(u(M,)) = [MOJ and v(M,) = p(&) (by direct inspection of I_M J );
therefore §'v'.

If a k£ §, we execute deterministically the code for [MJ up to and excluding |_M0J obtaining
a configuration a” where the registers corresponding to variables x;,, have been loaded with the

subvalues from the evaluation of V. We can then easily show that ’ £ §, and a <> @ holds trivially.
Case M = handle M, with h(V). In this case
§ = (M}, &) = (Mo, \ LEAVE, h([V] 7, L(p(R), 7)) @v(My) - })

To prove 'V, we show that kv/, E(v(Mp)) = return, ¥ < k (all by the validity of §, the second
property also requires a direct inspection of |_MJ )-

It is then trivial to prove that E(p(M)) = |_M0J, v(My) = p(h( [[V]] v L(p(x), f/))@v(]\;fo) - K),
and y \ LEAVE < K/, therefore §'v'.

If a E §, we perform as many steps as we need to reach the recursive compilation |_M0J. It is easy
to show that the resulting configuration a’ is a model of §’.

Case M = do #t(V) and & = &7 - h*'(W, R;)@! - &o. In this case

Mh#t
S = (N = (LEAVE > R ) - (res(#t) = (K7, i (W)@, 7))
S=WMLTEY =0 om(hy) o [V] ) - (dom(h) — W)
exit@v(]\;[hm) - Ko

To prove k’v/, we show that kv’ and @(V(th)) = exit (by the validity of § and, for the second
property, by direct inspection of | hy]).
It is then trivial to prove that E(u(My,,)) = [Mh#tJ, V(M) = p(exit@v(Mp,,) - k). To prove

7 < &’ we show:
Ry = (p(ko), 7o) such that yy <= kg (by $v and Lemma B.6)
(%™, W (w)@¢, 7)v (by v and Lemma B.6)
[[V]] 7V (by §v and Lemma B.5)
wv (by §v and Lemma B.6).
Then it follows that s’
If a E §, we perform as many steps as we need to reach the recursive compilation I_M#tJ. It is
easy to show that the resulting configuration a’ is a model of §'.

Case M = resume U(V). Assume k= [[U]] v = (Ry, hy (W)@¢, yu). Then:
§ =R = ([V] 7, fus ko - ho (b, LR 7)) @¢ - R)

To prove §'v/, we first show that [[V]] yv (by Lemma B.5). Then we note y < &, kv’ by the validity
hypothesis on the source configuration. Furthermore, in order for [[(7]] f to evaluate to the broom k,
we must have U = x;; for some variable x: therefore k= 7(xu), from which we prove kv. Using
these results, we apply Lemma B.8 to prove yy < K’ and k' V.

If a £ §, we execute deterministically the entire compiled code for resume U (V): it is easy to
show that the resulting AsMFX state a’ is such that a’ £ §’. In particular, we can verify that just
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before executing the resume instruction, the register file holds the following values:

$1r = L(ux), 7))
$kr - K(b, Lyul, lku))
$hr = H(Lh], ($s = |w]))

where & = p(ky - h(w)@¢). By executing the next instruction, we therefore move into a con-
figuration a’ where the register $pc holds the address #, the register file has been updated to
match the environment jy, and the effect context has been extended with &y | - H(|h], ($_s =
[w]), L(u(70), L7]). We can thus easily show that a’  §’.

Case M = U with h(W). Assume k= [[ﬁ]] 7 = (Ru, _@¢, yu). Then:

§ = (M7 R = ((Ru, h([W] D), 70), 7. %)

To prove §’v/, we unfold the definition and use Lemma B.8.
If a £ §, we execute deterministically the entire code for I_M J It is easy to show that the resulting
configuration a’ is a model of §’.

Case M = newbroom@¢(f) with h(V). We have s’ = (&7, h([V] p)@(£ +2), [1), 7, k') where
’%f = leave@? 'jump@([ +1) - ((x) ~ﬁ'eturn)@ﬂ(ﬁeturn) : eXit@V(ﬁetum)

To prove §’v/, we unfold the definition and in particular we verify that (& - h( [[V]] N@(t+2)v
by repeated applications of the rules defining augmented source validity (this requires us to verify
that the locations annotating the continuation contain the expected instructions).

If a E §, we execute deterministically the entire code for I_M J It is easy to show that the resulting
configuration a’ is a model of §’.

Case M = return V. In this case § = (M’, 7/, k') = ( [[V]] ¥» 7> k). Knowing by hypothesis that §v/,
to prove §’v' we only need to show, by Lemma B.5, that [[\7]] 7.
If a £ §, we perform the code |_return VJ = |_VJ, which loads an initial segment $_a of the

argument registers with the evaluation of V. We can then show that the resulting state a’ is a model
of §'.

Case M = 6 and k = jump@¢ - . In this case § = (M’, 7', k') = (5, . %o). To prove §'v knowing
$V/, it is enough to show that kyv" by inversion on kv'.

If a £ §, we know the next instruction is j p(%o). By executing that instruction, we move into a
configuration a’ that is the same as a except for the register $pc holding the address p(%¢): then
we can easily prove a’ E §’.

Case M = 6 and & = exit@¢ - Ko. In this case §’ = (M’, 7', k") = (6, 7(LEAVE).env, ko). Knowing
by hypothesis that §v/, we show that kv by inversion on &v'.

To show that y(LEAVE).env < Ky, we note y < k which, by its definition, implies the thesis.

Then, knowing 9v/, we have immediately $'v'.

If a + §, we know the next instruction is an exit and the current value of register $1r is
L(p(J0), LY(LEAVE).env]). Then, by executing that instruction, we move into a configuration a’
where the register $pc holds the address p(o), and the register file has been updated to match the
environment y(LEAVE).env. We can thus easily show that a’ & §'.
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Case M = § and k = leave@?-iy. In this case § = (M’, V', K"Y = (0, (LEAVE — L(£+2,[]))-7, ko).
Knowing by hypothesis that §v/, we show that &yv" by inversion on &'

To show that (LEAVE — L(£+2,[])) -7 < ko, we note, by inversion on validity, that &, =
jump@(f + 1)-((x).N)@u(N)-exit@v(N)-h(Ww)@(¢ + 2)-i;. We can thus see that lcont (ko) = £+2,
which is all we need.

Then, knowing 6v/, we have immediately §’'v.

If a + §, we know the next instruction is loadl ¢ + 2. Then, by executing that instruction, we
move into a configuration a” where the register $1r holds the record L(¢ + 2, []) and all the other
registers match the environment y. We can thus easily show that a’ k §’.

Case M =6 and & = ((x).My)@¢ - ko. In this case § = (M’, V,.K') = (Mo, (x — 6) - Vs Ko)-

To prove §’'v/, knowing §v/, we trivially show &yv (by inversion on kv') and then proceed to
show that y < k implies ((x + 9) - J) < Ko (LEAVE is defined in one environment if and only if it
is defined in the other, and if it is its value is the same; furthermore, the conditions it has to satisfy
in one continuation are exactly the same as those needed in the other). Therefore, §’v" holds.

If a E §, we know that the register $pc points to code that will deterministically move data from
registers $a (holding the value |4]) into registers $x, then proceed with the code for |_M0J- We can
then easily show that by executing the first few instructions until we reach code address (M), we
obtain a configuration a’ where the registers $x have been loaded with |4 ]. Then, if we note that
%] = |k’] (since pure frames are ignored when compiling a source continuation), we prove a’  §’.

Case M = 6 and & = h(w, Rr)@L - Ko. In this case §' = (M, V&) = (hreturns (LEAVE —
R ) - (dom(hreturn) > 0) - (dom(h) — W), Ko).

Knowing §V/, to prove §’v we start by proving that (exit@v(hreturn) - Ko)v' Which requires us to
show that Z(v(hgeturn)) = exit (trivial by inspection of | Areturnl))-

To prove y* < &', it is sufficient to show that R » = L(u(&), Yo) such that y; < Ko. This is proved
by inversion on kv'.

Noting that =(u(hreturn)) = Lhreturn] (by the definition of =), we have §' V.

If a £ §, we know that the next instruction is a return, that the initial segment of argument
registers $a holds 4], and that the effect context is H (| k], ($s = [Ww]), [Rz]) - [Ro]. Then by
executing return we load the encoding of W into registers $s, the encoding of R s into register
$1r, and we jump to the address pihreturn. We execute the first few instructions of | Areryrn ] until we
reach Mretum — these instructions move data between registers and ensure that the register file
corresponds to j’. It is thus easy to show that the configuration a’ we have reached is such that
a es. ]
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