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Rows and Capabilities as Modal Effects with Names
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Effect handlers allow programmers to model and compose computational effects modularly. Effect systems
statically guarantee that all effects are handled. Several recent practical effect systems are based on either
row polymorphism or capabilities. However, there remains a gap in understanding the precise relationship
between effect systems with such disparate foundations.

We compare the expressive power of three styles of effect systems for effect handlers: row-based effect
systems, as in Koka, capability-based effect systems, as in Effekt, and modal effect types, a recent novel
approach based on multimodal type theory. Modal effect types provide modular effect types without relying
on effect polymorphism. Since both Koka and Effekt support named handlers, we first propose METN, an
extension to modal effect types with named handlers. We give macro translations from variants of row-based
and capability-based effect systems into modal effect types that preserve types and semantics. Our translations
not only enable a formal comparison of the expressive power of effect systems with different foundations, but
also provide a fresh perspective on modal effect types.

1 Introduction

Effect handlers [24] provide a modular and powerful abstraction to define and compose com-
putational effects including states, concurrency nondeterminism, probability, etc. Effect systems
statically ensure that all effects used in a program are handled. The literature includes much work
on effect systems for effect handlers based on a range of different theoretical foundations. Two
of the most popular and well-studied approaches are row-based effect systems [12, 19, 22] and
capability-based effect systems [3-5].

Row-based effect systems, as in the research languages Koka [19, 27], Links [12], and Frank [22],
follow the traditional monadic reading of effects: effects are what computations do when they run.
They treat effect types as a row of effects and each function arrow is annotated with an effect. For
modularity, they implement parametric effect polymorphism via row polymorphism [18, 25]. For
example, the map function in the standard library of Koka has the following type.

forall<a,b,e> (xs : list<a>, f : (a) —» e b) — e list<b>

It is polymorphic in its effects e, which must agree with the effect performed by f.

Capability-based effect systems, as in the research language Effekt [4, 5] and an extension to
Scala 3 [3], adopt a contextual reading of effects: effects are capabilities provided by the context.
Treating effects as capabilities enables a notion of contextual effect polymorphism [5] which allows
effect-polymorphic reuse of functions without effect variables. For example, the map function in the
standard library of Effekt has the following type.

def map[A, BI(l: List[A]){ f: A = B }: List[B]
The argument f is not restricted to pure functions; it can use whatever capabilities the context
provides. Contextual effect polymorphism relies on functions being second-class in Effekt. To write
a curried map, which requires first-class functions, we must capture capability variables in types:
def mapl[A,B] {f: A = B}: List[A] = List[B] at {f}
The capture set at {f} tracks the information that the return function invokes the capability f.

Though row-based and capability-based effect systems are both well-studied, their relationship
is not. A formal comparison of their expressiveness is challenging as they have quite different
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2 Wenhao Tang and Sam Lindley

theoretical foundations. An alternative foundation has recently emerged in the form of modal effect
types (MET) [26], a novel approach to effect systems based on multimodal type theory [10, 11, 15].
Similar to Koka, MET has native support for first-class functions. Similar to Effekt, MET manages
effects via effect contexts, the collection of effects provided by the context, and allows effect-
polymorphic reuse of functions without effect variables for a broad range of programs. For example,
the map function in MET has the following type.

map : Yab . [I((a > b) - List a — List b)

The syntax [] is a modality indicating that the map function itself does not perform effects. All
function arrows here are first-class and the argument can use whatever effects from the context.

1.1 Rows and Capabilities as Modal Effect Types

In this paper, we bridge the gap between row-based effect systems and capability-based effect
systems via modal effect types. We exhibit type-preserving and semantics-preserving macro trans-
lations [8] of row-based and capability-based effect systems into modal effect types. We select Koka
and Effekt as representatives of row-based and capability-based effect systems, respectively.

Both row-based effect systems and modal effect types were originally conceived with standard
Plotkin and Pretnar [24]-style effect handlers (which we call unnamed handlers) in mind, whereas
capability-based effect systems are typically combined with named handlers [2, 5, 29] (also called
lexically-scoped handlers). Xie et al. [27] extends Koka with support for named handlers. To resolve
this mismatch, we first propose a backward-compatible variant of MeT with named handlers, called
METN. This variant itself is non-trivial and demonstrates the generalisability of modal effect types.

To capture the essence of Koka and Effekt, we work with representative core calculi. System
Fetsn [27] is a core calculus formalising the full power of the row-based effect system of Koka
with scope-safe named handlers. It supports parametric effect polymorphism and uses rank-2
polymorphism to ensure scope safety of handler names. System C [4] is a core calculus formalising
the full power of the capability-based effect system of Effekt. It supports contextual effect polymor-
phism and provides explicit boxes for capturing capability variables in types, and thus constructing
first-class functions. We show that METN extended with effect variables is sufficiently expressive to
encode both System F€**" and System C.

To study their expressiveness in a tighter more ergonomic setting, we work with subcalculi of
our representative core calculi. System F{**" is a fragment of System F€**" where each scope can
only refer to the lexically closest effect variable, following Tang et al. [26]. Consequently, in System
FS*s" there is actually no need to ever mention the single effect variable in types, corresponding to
the syntactic sugar that Frank [22] uses to hide effect variables in types. System = is a fragment of
System C with only second-class functions and no boxes. Its type cannot mention any capability
variables. We prove that simply-typed METN without effect variables is sufficiently expressive to
encode both System F{**" and System Z.

The main contributions of this paper are as follows.

e We give a high-level overview of modal effect types, named handlers, and the ideas of our
encodings through a series of examples (Section 2).

e We formally present METN, a core calculus with named handlers and modal effect types
(Section 3). We introduce several extensions to METN including effect variables and masking
handler names (Section 4).

e We present System E and System C, two core calculi for Effekt (Section 5). We encode them
into METN and prove that our encodings preserve types and semantics (Section 6).

e We present System F€**" and System F{**", two core calculi for Koka (Section 7). We encode
them into METN and prove that our encodings preserve types and semantics (Section 8).
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Rows and Capabilities as Modal Effects with Names 3

Section 9 discusses related and future work. The full specifications and proofs can be found in the
supplementary material.

2 Overview

In this section, we first recap core ideas of modal effect types and show how named handlers
work with modal effect types. Then we provide a high-level overview of row-based and capability-
based effect systems and how they are encoded with modal effect types. For simplicity, we restrict
attention to effect with a single operation, and omit handler return clauses. Nonetheless, our results
extend mutatis mutandis to accommodate both effects with multiple operations and handler return
clauses. Also, our translation examples in this section differ slightly from the results derived from
strictly applying the translations in Sections 6 and 8, omitting boring details only used to keep the
uniformity of translations.

2.1 A Taste of Modal Effect Types

We provide a quick overview on the core ideas of modal effect types in METN, a backward-compatible
extension to MET [26]. We formally present METN in Section 3 and provide a full specification of
METN with both unnamed and named handlers in Appendix A.

METN subsumes simply-typed A-calculus, faithfully. That is, any program well-typed in simply-
typed A-calculus is well-typed in METN with exactly the same syntax, type, and semantics. For exam-
ple, we have the standard application function app, .., = AfI"* 71 Ax"t . f x in MeTN. Throughout
the overview, we use meta-level macros defined by = in red to refer to code snippets.

Effect Contexts. METN does not annotate effect types on function arrows. Consider an effect
Gen = {yield : Int — 1} with one operation yield that takes an integer and returns a unit. We
have the following function which invokes yield using the do syntax.

F gen = Ax™".do yield x : Int — 1 @ Gen

METN

This function has type Int — 1 with no effect annotation, which does not imply purity but means
that it can use any effects from the ambient effect context as specified by @ Gen. This is the key for
METN to achieve effect-polymorphic reuse of functions without really using effect polymorphism.
For example, we can apply the app,,.,, function to the gen,,_,, function as follows.

F A A F x) (Ax™" . do yield x) 42 : 1 @ Gen

Note that even though the type of f does not specify effect Gen, it still takes an argument which
invokes yield, as the effect context provides us with Gen. There is also a natural notion of subeffecting
on effect contexts. For instance, we can upcast the ambient effect context of gen,,.,, as follows.

E A" do yield x : Int — 1 (@ Gen, 10, Read

Absolute Modalities. It is useful to be able to specify a new effect context in types different from
the ambient one. For example, we may want to keep the information that gen only uses effect Gen
even though the ambient effect context provides more as in the above judgement. We can do so via
an absolute modality as follows.

G[Gen] F AxI"t.do yield x : Int — 1 @ Gen

+ mod|gen) (Ax™"".do yield x) : [Gen](Int — 1) @ Gen, 10, Read

The syntax mod|gen introduces an absolute modality [Gen] to the type which specifies a singleton
effect context of Gen. As reflected in the typing judgement of the premise, the inside function
AxI"t do yield x can only use the effect Gen from this new effect context. The lock & ;. tracks
the switch of the effect context and controls the accessibility of variables on the left of it. Only
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4 Wenhao Tang and Sam Lindley

those variables that we know do not use any other effects than Gen can be used. This is important
to effect safety. For example, consider the following invalid derivation.

f:Int > 1L8en ¥ Ax™™.f x : Int > 1 @ Gen

f:Int = 1F mod[gen) (Ax™ . f x) : [Gen](Int — 1) @ Gen, 10, Read

This program is unsafe because we do not know which effects f uses and cannot just claim that it
only uses the effect Gen. The @[c.| rejects the usage of the function variable f. In Section 3 we will
dive into details of the type system of METN.

In order to eliminate the modality of gen,,,, and apply it, we use the let mod syntax.

f:IGenl Int—)l"f‘lz:l@Gen

F let mod[gen] f = modigen) (Ax™"t.do yield x) in f 42 :1 @ Gen

We write _ to denote a judgement that we have omitted. The binding of f is annotated with
the modality [Gen] to track that the value it is bound to may use and only use the effect Gen.
Consequently, the usage of f in f 42 requires the ambient effect context to contain the effect Gen.

Relative Modalities. As well as being able to specify a fresh effect context from scratch with an
absolute modality, it is also useful to be able to specify a new effect context by transforming the
ambient one. For example, consider a handler for the effect Gen.

F sumlpery = Af.let modigen) f = f in handle f () with Hgen : [Gen] (1 — Int) — Int @-

where Hgen = {yield p r — p +r ()}. This function takes an argument f of type [Gen](1 — Int)
and eliminates its modality first before applying it. (For concreteness, we will explicitly write such
bureaucratic modality elimination, using a grey font, but in practice it can be inferred [26].) In the
handler Hgep, the variable p of type Int is bound to the parameter of the yield operation, and the
variable r of type 1 — Int is bound to its continuation. We add the yielded integer p to the result
of the continuation r. As our handlers are deep [14], other yield operations in r are also handled
and their arguments are added together. For example, the following program reduces to 79.

F sumIpery (Mmod{gen] (A().do yield 42;do yield 37;0)) : Int @ -

It is rather restrictive to insist that the argument f can only use the effect Gen. In order to support
arbitrary additional effects in f, we can use a relative modality (Gen), which transforms the ambient
context by extending it with Gen.

F sum2pmery = Af.let modceny f = f in handle f () with Hgen : ({Gen)(1 — Int)) — Int @ -

Consequently, by upcasting the ambient effect context to Read = {ask : 1 — Int}, we can apply
sumZmern to a function that invokes both yield and ask as follows.

F sum2pmery (Modjgeny (A().do yield 42;do ask ())) : Int @ Read
We now briefly describe two more esoteric features of MeT that we will make use of later.

Effect Variables. Tang et al. [26] show that, though for a wide range of situations effect polymor-
phism is entirely unnecessary, effect variables can still be useful in MET for implementing features
such as higher-order effects. Moreover, they demonstrate that MET can be naturally extended with
effect variables. We can, for instance give an effect-polymorphic version of the sum handler.

Fsumeyery = Aemodigy (Af18M1A2I00) fot mod e, .| f = f in handle f () with Hgen)
Ve.[e]([Gen, ] (1 — Int) — Int) @ -
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Rows and Capabilities as Modal Effects with Names 5

We can apply sumepery to functions with different effects by instantiating ¢ differently. Note that
this is merely an artificial example to show how effect variables work in METN; sum2y .y already
achieves this kind of modularity without relying on an effect variable ¢.

Absolute Handlers. In sumepry, the continuation r in Hgey, is given a function type 1 — Int just
as in other versions of the sum handler. However, here we actually know more about r: it can only
use effects in ¢ since r is bound to the continuations of yield operations invoked in function f
and f has type [Gen, €] (1 — Int). It would be ideal to have an absolute modality [¢] wrapping the
function type of r. An absolute handler allows us to additionally wrap the continuation function
with some absolute modality.

F Ae.mod) (Af1ne1A=IY) ot mod ge, ) f = f in handle* f () with Hgep) : Int @ -

The only syntax change is the # annotation which indicates an absolute handler. The typing rule
for the absolute handler above introduces a lock @] to guarantee that the continuation cannot
use any other effects than e. We will come back to its typing rule in Section 4.2.

2.2 MEeT with Named Handlers

Standard effect handlers are unnamed, but some systems use named handlers [2, 5, 27, 29]. The
difference is analogous to that between single-prompt delimited control (unnamed effect handlers)
and multiprompt delimited control (named effect handlers).

Effect Instances. What should we do if we want to use two generators at the same time? This
can be tricky with unnamed handlers. MET allows us to have multiple appearances of Gen in an
effect context and refer to different appearances of them by inserting masks [1, 7, 19] manually.
Named handlers offer a more direct alternative by giving names to handlers; operations must then
be invoked with an explicit handler name.

a:Gen, @), b : Gen @, + do, yield 42;do, yield 37;0 : Int @ a, b
+ handle, (handle; (do, yield 42; do, yield 37;0) with Hge,) with Hge, : Int @ -

The keyword handle, introduces a name binding a : Gen and handle;, introduces another name
binding b : Gen. The locks ﬂ<|a> and ﬂ<| py allow the effect context to be extended with these
names. The handled computation yields 42 via the keyword do, with the handler name a and 37
via the keyword doj, with handler name b. These two operation invocations are handled by the
corresponding handlers (which in this case are the same, but in general need not be).

As another example, we can define a function sumyery that takes an argument and handles it
with a named handler for the Gen effect as follows.

b sumpeny = Af 7410010 handle,, (let mod ;) f = f bin f () with Heen
: (Va®" (a)(1 = Int)) = Int @ -

As with sum2pery, the type of f has a relative modality (a) which extends the ambient effect
context with the handler name a. Moreover, f abstracts over the handler name a for the effect Gen
via the name abstraction ¥a®". We use the name b bound by the handler handle, to instantiate
f through the name application f b. We can apply sumyry as follows, where we write 1a®®" for
name abstraction on the term level.

F sumpern (2a%8".A().do, yield 42;do, yield 37;0)

Scope Safety. In the term handle, M with H, how can we guarantee that the handler name a
cannot escape the scope of M? First, by well-scopedness, we can ensure that the return type of M
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6 Wenhao Tang and Sam Lindley

cannot mention the handler name a. However, this is not enough in METN, as we can write the
following valid derivation where Hgeag = {ask () r — r 42}.

a:Read  A().dog ask () : 1 > Int @a
+ handle, (A().do, ask ()) with Hreaq : 1 — Int @ -

The function A().do, ask () is directly returned from the handled computation and can be used to
invoke the ask operation with the handler name a out of the scope of the handler of name a. To
prevent handler names from escaping, we restrict the return type of the handled computation to be
an absolute type of kind Abs. A type is absolute if function types in it only appear inside absolute
modalities. Values of such types cannot depend on the ambient effect context. Consequently, in
order to type the above program, we would have to wrap the handled computation in an absolute
modality that mentions a, such as the following.

¥ handle; (mod(,) (A().do, ask ())) with Hpeaq : [a] (1 — Int) @-
But this is ill-typed as the handler name a does now appear in the return type.
Masking Handler Names. It can be too restrictive sometimes to force the handled computation

of named handlers to return values of absolute types. For instance, the following judgement is
rejected but actually does not leak any handler names.

¥ handle, ((handle, (Ax!"t.do, yield x) with Hreaq) 42;0) with Hgep : Int @ -

The handled computation returns a function Ax"t.do, yield x which only uses the handler name
a. It is definitely fine to return it from the handler with the name b. To allow such programs, we
extend masks to allow handler names to be removed from the effect context.

a: Gen,nqa), b: Gen,B<|;,>,B<b‘> + AxInt.doa yieldx:Int =21 @a

a: Gen, ﬂ<‘a>, b: Gen,ﬂQb) + mask; (AxI”t.doa yield x) : (b)(Int > 1) @a, b
+ handle, ((handle;, (mask; (AxI"t.do, yield x)) with Hreaq) 42;0) with Hgen : Int @ -

The syntax mask; removes the handler name b from the effect context. Moreover, it introduces a
relative modality (b|) to the type and alock &, ) to the context of the premise. The lock @, |, removes
the name b extended by the lock @), leaving only name a in the effect context. Operationally, the
handle;, and mask; cancel each other, and the program reduces to 42.

2.3 Encoding Effect Rows without using Effect Variables

System F€*" [27] is a core calculus with an effect system based on Leijen [18]-style row types and
formalises scope-safe named handlers in Koka. We first consider a fragment of System F€*" called
System F{™" inspired by Tang et al. [26] where in each position of types and terms we can only
refer to the lexically closest effect variable. This fragment characterises the syntactic sugar that
Frank uses to hide effect variables and covers a wide range of practical programs. For example, we
can write the standard application function in System F{*" as follows, where As are annotated
with the effects of functions in the form of A%,

k apppesn = Ae EFINE=1 2ex Nt £y Ve (Int —¢ 1) —¢ Int —° 1
By instantiating the effect variable ¢ to different effect rows E, we can apply appessn to different

effectful functions. We can encode appeessn in METN as app,,.,, defined in Section 2.1 with an empty
absolute modality wrapping around it as follows. We write [—] for translations.

F [[appF;ﬂ-n]] = mod] (AT Ax fx) : [[((Int > 1) > Int > 1) @-
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Rows and Capabilities as Modal Effects with Names 7

The empty absolute modality [] here simulates the behaviour of the effect abstraction Ae¢ in appeesn,
as by subeffecting it also enables [[appF§+>n]] to take any effectful functions. For instance, we can
translate an instantiation and application of apppessn to a modality elimination and application.

[appresn EV] = let mody) f = [appgesn] in £ [V]

System F{**" treats handler names as first-class values and uses rank-2 polymorphism to ensure
their scope safety, similar to the technique used by runsT in Haskell [16]. System F{*" uses the
nhandler H syntax to introduce a handler which has a rank-2 polymorphic type.

F sumgesn = Ae.nhandler® {yield pr— p+r ()} : Ve.(VYa.evGen® —0en%e 1nt) = Int | -

For now, let us ignore the scope variable a. The term sumpg<+ is polymorphic over other effects ¢

that it does not handle. It takes an argument of type Va.evGen® —%""¢ Int, where the evidence
type ev Gen® stands for a first-class handler name for a handler that handles the effect Gen. For
example, we can apply sumpe+sn as follows.

Fsumgesn - (Aa.AR® %" do h 42;do h 37;0) : Int | -

We instantiate the effect variable ¢ to the empty effect row -. The named handler handles the
operation invocations do h 42 and do h 37 with the handler name h. We omit the operation label
yield as there is only one operation in the effect Gen. This program reduces to 79.

The scope variable a guarantees that the handler name h cannot escape the scope of the handler;
as a is universally quantified it cannot escape its scope. For instance, if the handled computation
returned a function of type 1 —%"" 1 rather than an integer, then the type of the named handler

Ve.(Va.evGen® —%n%e (1 0% 1)) ¢ (1 0 1)

would be ill-scoped as the rightmost a appears unbound.

In System Ff“", handler names are first-class values, whereas in METN they are second-class
that cannot be passed and returned as values. In order to encode named handlers of System F{*"
in METN, we translate an evidence type ev Gen? to a function type [a]|(Int — 1). For an operation
invocation do h 42 where h : evGen?, we can simulate it by unboxing the translated function and
applying it to 42. The translation of sumpge is as follows.

[ [[sumF?ﬁnﬂ = mod[; (/IfVaGe"-Qu)([u](Int—>1)—>Int).handlea
(let mod,, /= fain f (mod[, (Ax™"*.do, yield x))) with Hgen)
s [1((¥a®".a)([a](Int = 1) — Int)) — Int) @ -

The translation result is similar to summery in Section 2.2. The main difference is that we pass
a function mod|,) (AxI"t.do, yield x) to replace the first-class handler name in System Fstsn,
Our encoding demonstrates that there is actually no gap in the expressiveness between first-class
handler names and second-class handler names.

We present System F{**" in Section 7.2 and encode it into METN without effect variables in
Section 8.2. Our encoding exploits the ability to mask handler names.

2.4 Encoding Effect Rows using Effect Variables

Not all programs in System F€**" live in the fragment of System F{**". For instance, considering
the application function appge:, the top function arrow does not necessarily need to be annotated
1

with the effect variable ¢. We can define the following function not covered in System F{**".

Fapppern = A&’ Ae A FINEDTINE JexInt €50 V! Ve, (Int —¢ Int) —¢ Int —¢ Int
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8 Wenhao Tang and Sam Lindley

Our previous translation fails now as the right two function arrows necessarily must share the
same effect context. In order to precisely encode appge+sn, we need to use effect variables in METN.

b [apppesn] = Ae”.Ae.mod ey (AFIEIAIN0) et mod . f = f in mod[:) (AxI"t.f x))
s Ve’ Ve [¢']([e] (Int — Int) — [£](Int — Int)) @

As we can see, the principle of the translation here is quite different from that for System
Previously, we translate away all abstractions and usages of effect variables. Now the translation
strictly preserves effect abstraction. Moreover, for each function type A —% B in System FE*", we
translate it to a function type with an absolute modality as [[E[ | ([A] — [B]) in MeTN.

Following the translation principle here, we can give a different translation of sumge+. We write
sumgessn for sumgesn interpreted in FE*".

€+sn
FIPm.

E [[SMme+<n]] - AE.mOd[EJ (AfVaGe".[a:FJ([aJ(Int—»l)—>Int).hand|e;
(let mod(,,) f = fain f (mod[g (Ax™"t do, yield x))) with Hgep)
: Ve [e]((Va®".[a, ¢]([a] (Int — 1) — Int)) — Int) @ -

We abstract over an effect variable ¢ and change the relative modality {a) to the absolute modality
[a, €]. Crucially, we also switch to an absolute handler here. Using an absolute handler gives the
continuation r in Hgen the right type [¢](1 — Int), maintaining the invariant that every function
arrow with an effect annotation is translated to a function arrow with an absolute modality.

We present System F€*" in Section 7.1 and encode it into METN with effect variables in Section 8.1.

2.5 Encoding Capabilities without using Effect Variables

Effekt is a research programming language with an effect system based on capabilities which
enables contextual effect polymorphism, reducing the burden of effect variables in a similar way to
METN. System E [5] is an earlier version of the core calculus for Effekt in explicit capability-passing
style with only second-class functions (called blocks). System = does not track effects explicitly.
All effects are capabilities provided by the context and we can only use them when they are in
scope. System E does not distinguish between capabilities representing effects and capabilities
representing block variables. For clarity, here we capitalise the former. As an example, the gen,,,
function in Section 2.1 is defined as follows in System E.

Yield : Int = 1+ gen. = {xI"* = Yield(x)} : Int = 1

Following Brachthiuser et al. [5], we write braces to delimit blocks and use parentheses to wrap
their arguments when calling them. Double arrows denote second-class functions. This block
invokes the capability Yield from the context to yield an integer 42. Similar to MET, though block
arrows in System E have no effect annotation, they are not pure but can use any capabilities
from the context. This is the key to contextual effect polymorphism in Effekt. Let us consider the
application function in System =:

Fapps = {(x™, FIM) = f(x)) : (Int, Int = 1) = 1

The block app, takes an integer x and another block f. It allows the block argument f to use any
capabilities from the context. For instance, we may use app=(42, gen) as long as the capability
Yield : Int = 1 is in the context. Note that System = requires value parameters such as x to
appear before block parameters such as f. Moreover, due to being second-class, blocks must be
fully applied and cannot be returned.
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A named handler in System E introduces a new capability to its scope. For instance, we can
define a handler that introduces a Yield capability and use it to handle a computation yielding 42'.

F sum42= = handle {Yield""=! = Yield(42)} with {yield pr— p+r(())}: Int

Capabilities cannot leave the scope of their corresponding handlers because they are second-class.
We can neither directly return a capability representing an effect nor a block that captures other
capabilities. For instance, the following judgement is invalid.

¥ handle {Yield""=! = Yield} with {yield pr p+r(())}: Int

The encoding of System E in METN is quite direct. It mostly just rewrites the syntax of second-
class blocks in System Z to standard first-class curried functions in METN. For instance, app- is
encoded directly as AxA.1fA7B f x. The only non-trivial case is for named handlers where we
simulate capability introduction by constructing a function, similar to the encoding of named
handlers in System Ff’s” and System F*S"_ For instance, to encode sum42z, we can bind a function
that invokes the yield operation to f and use it to replace the usage of the Yield capability.

+ [sum42=] = handle, (let f = Ax™"*.do, yield x in f 42) with Heep : Int @ -

Note that we cannot return f from the handled computation in METN, because the typing rule
requires the return type to either have kind Abs or have a relative modality (a]) that removes a.
As System = has no effect system, our encoding does not use modalities of METN. Our encoding
of System = in METN shows that it is unnecessary to completely sacrifice first-class functions to
obtain contextual effect polymorphism.
We present System E in Section 5.2 and encode it in METN without effect variables in Section 6.1.

2.6 Encoding Capabilities using Effect Variables

System C [4], a later core calculus for Effekt, extends System E with boxes which lift second-class
blocks to first-class values. The type of a boxed block is annotated with a capability set, specifying
all capabilities the block may use. For example, we can write a curried version of app. as follows.

Fappe = {15! = box {xI"' = f(x)}} : (f : Int = 1) = (Int = 1 at {f})

System C allows us to use term-level capability (block) variables in types, providing a lightweight
form of dependent type. The name of the block variable f now also appears in the typeas f : Int = 1.
This is essentially a binding for a capability variable f in the type. The return type is Int = 1 at {f},
a boxed block of type Int = 1 annotated with the capability set {f} (as the return block invokes
f). The box construct allows a block to be boxed as a first-class value (much like mod in METN).
To encode app in METN, we cannot simply ignore the binding and usage of capability variables
appearing in types. However, METN does not allow us to use a term variable f in types. We can
solve this problem by introducing an effect variable f* for it. The encoding of app, is as follows.

F [[appc]] = Af*.m0d<|f*> (Aflf“J(Int_)l).let m0d|f | f = f in mod[f*J (Axf x))
VP ne = 1) =[]t - 1) @

The type of the argument f is wrapped in an absolute modality [ f*]. The effect variable f* plays
the role of representing the term variable f at the level of types. This is illustrated by the invocation
f x in the return function, which requires f* to be present in the effect context specified by the
absolute modality [f*]. We translate box into a modality introduction. The extension modality
{f) is necessary here as System C always assumes blocks may invoke block parameters directly.

Technically we can omit the operation label yield in the handler clause. We keep it to be consistent with other calculi.
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As with the transition from System F{*™" to System F**", we can now give a different translation
of the named handler sum42z which uses absolute handlers and effect variables in METN. We write
sum42¢ for sum42z interpreted in System C.

F [sum42c] = handle}* (let mod || f = mod[p] (Ax""".dos x) in f 42) with Hgen : Int @ -

For the function f used to simulate the capability Yield, we just use the handler name f* in METN
instead of introducing a new effect variable. As with the translation to System F¢**", absolute
handlers are necessary in order to give the continuation function a sufficiently precise type.

We present System C in Section 5.3 and encode it into METN with effect variables in Section 6.2.

3 A Core Calculus with Modal Effect Types and Named Handlers

METN is a non-trivial variant of MeT [26] with named handlers. METN is completely backward com-
patible to MEeT; we provide a full specification of METN with unnamed handlers and all extensions
in Appendix A and prove its type soundness in Appendix B. Our presentation follows that of MET.
We refer to Tang et al. [26] for a deeper introduction to modal effect types and Kavvos and Gratzer
[15] for more details on simply-typed multimodal type theory, the foundation of METN.

3.1 Syntax

The syntax of METN is as follows. We highlight syntax relevant to modal effect types (same as in
MET) in orange and syntax relevant to named handlers in grey.

Types AB:=1|A—>B| yA | Va®.A Terms M,N :=() | x | Ax*.M | MN | mod, V
Masks L= | let, mod, x =V in M
Extensions D:u=-| aD | 1a'V | Ma | dog op M
Effect Contexts E,F =:=- | a,E | handle, M with H
Modalities p == [E] | {LID) Values V, W == () | x | Ax4.M | mod,V |V a
Kinds K= Abs | Any | let, mod, x=VinW| 1V
Label Contexts X u=-[Z%,¢:{op:A — B} Handlers H ::= {return x — M}

Contexts Fu=-|T. @, |T,x:, A|T, a:¢ | Hy{opprm— M}

Different from MET in Tang et al. [26], we group operations op into effects £ and assume a global
context > that defines all effect labels. This makes METN more consistent with other calculi we
present later. We write 3(¢) for the set of operations that £ provides. Each operation op is associated
with an arrow of the form A — B, indicating that the operation takes an argument of type A and
returns a value of type B. Operation names uniquely determine which effects they belong to.

Our syntax of values include name application and let-style unboxing when components are
also values, following the notion of complex values in call-by-push-value [20].

3.2 Effect Contexts, Extensions, and Masks

MET treats effect contexts as scoped rows [18, 25]. With named handlers, effect contexts E are
simply sets of handler names a: neither order nor duplicates matter. We define sub-effecting as set
inclusion. Both equivalence I' + E = F and sub-effecting T + E < F are indexed by a context I for
well-scopedness of handler names. Extensions D are sets of handler names (like effect contexts)
and masks L are always empty. We will extend the syntax when we consider effect variables and
masking handler names in Section 4. We define addition D + E = D U E as join and subtraction
E — L = E\L as set difference. Similarly, we define L — D = L\D and D — L = D\L.
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Rows and Capabilities as Modal Effects with Names 11

3.3 Modalities
Modalities manipulate effect contexts as follows.
[EI(F) = E (LID)(F) = D+ (F-1L)
The absolute modality [E] completely replaces the effect context F with E. The relative modality

(L|D) changes the effect context F locally by specifying the masking L and extension D to it.
Following MET, we write yp for the pair of 2 and F where F is the effect context that y manipulates.

Modality Composition. We define the composition of modalities as follows.
woo Bl = [E]
[E] o (LID) [D+(E-L)]
(L1|D1) o (L|Dz) (L1 + (L2 = D1)| Dz + (D1 — L))

The composition reads from left to right. First, an absolute modality fully determines the new
effect context E no matter what p does before. Second, setting the effect context to E followed by
manipulating E with (L|D) is equivalent to directly setting the effect context to D + (E — L). Third,
consecutive masking and extending can be combined into one by cancelling their overlaps.
Composition is well-defined as we have (u o v)(E) = v(u(E)). We also have associativity

(pov)oé=po(voé) and identity ().

Modality Transformation. Modality transformation tells us when one modality can be coerced
into another. Given a value of modal type ;A under some effect context F, we can coerce its
modality to v if the modality transformation relation I' + g = v @ F holds. We define modality
transformation as the transitive closure of following rules, ignoring masks for now.

W(F)=E TrE<E TrDLD +F

MT-ABs MT-EXTEND
TH[E|=p@F T+ (D)= (D) @F

Rule MT-ABgs allows us to transform an absolute modality to any other modality as long as all
handler names in E are still in E’. Rule MT-EXTEND allows us to transform a relative modality (D)
to another relative modality (D’) as long as D’ and F cover all handler names in D.

The following lemma shows the soundness of modality transformation in the sense that we do
not leak any effects no matter how the ambient effect context F is upcast.

LEMMA 3.1 (SOUNDNESS OF MODALITY TRANSFORMATION). For modality transformationT + p =
v @ F, we have u(F') < v(F’) for all F/ with F < F'.

3.4 Kinding and Contexts

We have two kinds for values where Abs is a sub-kind of Any. A type has kind Abs if any function
type in it appears inside some absolute modality. For example, 1 — 1 does not have kind Abs while
[1(1 — 1) does. For any operation op : A — B in the label context 3, types A and B should have
kind Abs to avoid effect leakage following Tang et al. [26].

Contexts are ordered. We have I' @ E if the context I is well-formed at the effect context E. For
instance, the following context is well-formed at the effect context E.

X iy ALY iy Ay, Bg),, 25, A, w i Ay @QE

P

Let us read from left to right. Variable w is at effect context E (it is technically tagged with an
identity modality which is omitted). Variable z is tagged with modality &g, which means it is not at
effect context E but actually at effect context £(E). Lock @[z, changes the effect context to E. We
go back to F. Variables x and y are at effect contexts u(F) and v(F), respectively.
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12 Wenhao Tang and Sam Lindley

Each modality in the context carry an index of the effect context it manipulates, making the
switching of effect contexts clear. We omit this index when it is obvious.

Formal definitions of kinding and context well-formedness rules are in Appendix A.2. We define
locks(—) to compose all the modalities on the locks in a context.

locks(:) =1 locks(T, @) = locks(T) o locks(T, x 3, A) = locks(T)
We identify contexts up to the following two equations.
&, @QE=T@E ra, a, oFE=T8,.), @F
3.5 Typing
Figure 1 gives the typing rules for METN. As before, we highlight rules relevant to modal effect

types in orange and rules relevant to named handlers in grey. The typing judgementI' + M : A @ E
means that the term M has type A under context I' and effect context E with I’ @ E.

‘r"(lrl>A):>V@F‘ I'+A:Abs Trp=v@F
't (pA)=v@F 't (L A)=v@F
TFM:AQE
T-LETMOD
T-Var T-Mop r.&,rV:pA@v(F)
T+ (g, A) = locks(T’) @ F r.&,rV:A@uF) Ix :(vop)p ArM:B@F
Ix:, AT rx: AQ@E F'rmod,V:yA@F IFrlet, mod, x=VinM:B@F
T-Arp T-NArp
T-ABs TFM:A—>B@E T-NABs TrM:Vaé.A@E
ILx:ArM:B@E ' N:A@E Ta:trV:A@E Tab:¢t

T+ x*M:A—-B@E T+MN:B@E T+Aa'V:Vdd A@QE T+rMb:A[b/a)l @F

T-HANDLENAME

T-DoNAME H = {return x — N} W {op; p; r; — N;}; TrA:Abs

I'sa:¢t 3(¢f)>0p:A—>B 3(¢) = {op; : A; — B;}; Ta:t8,, +M:A@aE

TFN:A@aE I,x:ArN:B@E [[,p:Ayr:Bi—>BrN:B@E];
T'tdo,opN:B@aE I'+ handle, M with H: B @ E

Fig. 1. Typing rules and auxiliary rules for METN.

Modality Introduction and Elimination. Rule T-Mop introduces a modality u to the conclusion
and puts a lock into the context of the premise as well as changes the effect context. Rule T-LETMmoD
eliminates a modality p and moves it to the variable binding. We have seen examples of them
in Section 2.1. There is another modality v in T-LETM0OD which is needed for technical reason to
support sequential unboxing. For instance, given a variable x : vzA with two modalities, to unbox
both v and y, we can first unbox it to y :,, /A and then to z :,., A as follows.

let mod, y=x in let, mod, z=y in M

We restrict mod and let, mod,, to values to avoid effect leakage as in MEeT [26].
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Rows and Capabilities as Modal Effects with Names 13

Accessing Variables. Locks control the accessibility of variables. Rule T-VAR uses the auxiliary
judgement I' + (1, A) = locks(I"") @ F to check whether we can access a variable x :,. A given all
locks in I''. When A has kind Abs, we can always use x as it does not depend on the effect context.
Otherwise, we need to make sure the coercion from y to locks(I') is safe by checking the modality
transformation relation I' + p = locks(I”) @ F. For instance, a : £,b : £,x o) 1 — 1,3“,] Foxc
1 — 1 @ b is ill-typed since we cannot transform {a) to [b].

Named Handlers. Rule T-NABs introduces a name abstraction and rule T-NAPP eliminates a name
abstraction. They are standard. The T-DoNAME rule invokes an operation op with a handler name
a, requiring the name a to be in the effect context. Rule T"THANDLENAME defines a named handler
and uses it to handle a computation M. In the typing judgement of M, we not only put the name
binding a : ¢ in the context, but also put a lock with a relative modality {a) which extends the
ambient effect context E with a. For the return value A of M, we require it to have kind Abs to
avoid leaking effects as discussed in Section 2.2. We will relax this restriction when we consider
masking handler names in Section 4.4. The well-scopedness of A under context I' makes sure that
name a cannot appear in A freely. The other parts of the handler rule are standard.

3.6 Syntactic Sugar

We define some syntactic sugar which we use to simplify our encodings in Sections 6 and 8.
mod, (mod, V)

(Ax.N) M

(Ax.let mod, x = x in N) M

let mod, x = M in let, mod, x =x in N

mod,,, V

letx=Min N

let mod, =M in N
let mod,,, x=Min N

3.7 Operational Semantics

Our semantics for named handlers follows the generative semantics of Biernacki et al. [2]. Handler
instances h are dynamically generated to replace handler names. We manage them in an instance
context defined as Q == - | Q,h : £. We extend syntax to allow using handler instances h.
Moreover, since values V can reduce, we define value normal forms U which cannot reduce
further. The definitions for all new syntax and the operational semantics are given in Figure 2. The
semantics is pretty standard. We write H o ¢ if handler H handles all operations in effect ¢, i.e.,
H={oppr N}and2(¢) = {op : A — B}. The reduction relation has the form M | Q ~ N | Q.
We omit Q when it is not used and updated. Only E-GEN extends Q. Typing judgements are also
extendedto Q |T' + M : A @ E for runtime terms.

3.8 Type Soundness and Effect Safety
To state syntactic type soundness, we first define normal forms.

Definition 3.2 (Normal Forms). We say a term M is in a normal form with respect to effect context
E, if it is either in a value normal form M = U or of form M = E[doy, op U] for h € E.

We have the following theorems which in together give type soundness and effect safety.
THEOREM 3.3 (PROGRESS). If Q | - + M : A @ E, then either there exists N such that M | Q ~ N |

Q' or M is in a normal form with respect to E.

THEOREM 3.4 (SUBJECT REDUCTION). If Q | T+ M : A @E and M | Q ~ N | Q', then
Q|T-FN:A@E.
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Terms M:u=---|Mh|doyop M| handle, M with H
Value normal forms U == x | Ax*.M | 2a".V | mod, U
Evaluation Contexts & :=[][EN|U & |let, mod, x =& in M

| Eal|&h|doyop& | handle, & with H

E-App (AxA.M)U ~ M[U/x]

E-NArp (2a*.U) h ~> U[h/a]

E-LETmoD let, mod, x = mod, U in M ~ M[U/x]

E-GEN handle, M with H | Q ~ handle, M[h/a] with H | Q,h: ¢
where h fresh and H o ¢

E-NRET handle, U with H ~ N[U/x] where (returnx+— N) € H

E-NOr  handle;, E[doy, op U] with H ~ N[U/p, (Ay.handle;, E[y] with H)/r]
where (oppr+— N) e H
E-LirT E[M] ~ E[N] if M~ N

Fig. 2. Operational semantics and runtime constructs for METN.

4 Extensions to METN

We introduce four extensions to METN: moving modalities inside name abstractions, absolute
handlers, effect variables, and masking handler names. Our specification and proofs in Appendices A
and B cover all these extensions in together.

4.1 Moving Modalities inside Name Abstractions

Similar to commuting data constructors and type abstractions with modalities in MET, it is also
sound and useful to commute name abstractions with modalities. However, a function of type
Va' jA — p(Va'.A) where a ¢ p, is not directly expressible in METN as before using let mod,,
we must first instantiate the name abstraction. This is analogous to why in System F with sum
types we cannot define a function of type (Va.A+B) — (Va.A) + (Va.B). To support moving name
abstraction inside modalities, we extend modality elimination to the following form where new

parts compared to T-LETMoD are highlighted.
I&,,a:frV:ipA@v(F)  T,x:(e, YVa.ArM:B@F

VF>

T-LET™MOD’ —
I'rlet, mod, Aa’.x=VinM:B@F

The value V can use additional names a : £ which are bound in the type of x. Now we can write
a function Ax7¢"#4 let mod,, 1a’.y = x a in mod,, y : Va'.uA — ;(Va'.A) where a ¢ p.

4.2 Absolute Handlers

In rule T-HANDLENAME, the continuation r is only given a function type B; — B, which means
that the effects it may use depends on the ambient effect context E. As shown in Section 2.1, in
some cases we can actually wrap the continuation function into an absolute modality. We call such
handlers absolute handlers. Its typing rule is as follows.

T-HANDLENAME*
Z(K)Z{OpiiAi—»Bi}i I“,a:{’,ﬂ[aﬁEJFI-M:A@a,E T'rA:Abs T'+rELF
I‘,ﬂmF,x: [EJA FN:B@E [F,Q|E|F,pi AT [EJ(Bl - B) FN;:B (@E]l

T + handle’ M with {return x — N} W {op; piri > N;}; : B@F
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This rule puts an absolute lock @, ), to the context for M and wraps the continuation r in the
absolute modality [E]. It also puts the lock @ |, in the contexts for handler clauses as deep handlers
capture themselves into continuations. These locks guarantee that r cannot use any effects not in E.

4.3 Effect Variables

The extension of effect variables to METN is standard. The syntax and typing rules are as follows.

Types ABu=---|Ve.A Terms M,N:u=---|AeV|ME Contexts I'::=---|T,¢
Effect Contexts E:=---| ¢ E Values V,W u=--- | AeV |VE
IlLer V:A@E 'rM:VeA@E T'+F
T-EABs T-EArp
TrAeV :VeA @F T+ MF:A[F/e] @F

Effect contexts can contain effect variables. The equivalence and subeffecting relations on effect
contexts remain set equivalence and set inclusion. An effect variable is equivalent only to itself.

4.4 Masking Handler Names

Allowing masks to contain handler names unifies the syntax of masks and extensions. We keep
effect contexts separate for consistency with Section 4.3. The new syntax is as follows.

Terms M,N ==--- | mask; M Masks and Extensions L,D =:=-|a,D | D\L
Name Kinds R:u=-|4 Effect Contexts E:=-|aE|E\L
Contexts Fu=---|T,axgx?t

The term syntax mask; M masks handler names in L from the ambient effect context. We extend
the syntax of effect contexts with difference E\L. This new syntax is crucial for ensuring that effect
contexts are closed under the operation E — L, as it is not always possible to tell whether handler
names introduced by name abstractions are equivalent or not as they may either be instantiated to
the same or different names. The syntax of masks and extensions is also extended with D\L.

There are some cases where we can tell that two handler names are different. First, handler
names must be different if they have different labels. Second, named handlers always introduce
unique names. For a handler name introduced by a handler, it must be different from all other
names introduced earlier. We use # to annotate those handler names introduced by handlers. We
define the relation I + a # b as the symmetric closure of the following two rules.

N
NEQLABEL S NEQORDER
To,b:g O\ T,ag 6, o ra#b To,b:g £, 11,a H tLIhrazb

We use boolean algebras to define the equivalence and subeffecting relations for effect contexts.
Given a context I', we define B(T') as the boolean algebra given by the power set of the set of all
names in I'. We have the standard union (U), intersection (N), and set complement (—) operations.
We write equivalence over B(I') as =g(r). We extend B(T') with an extra axiom that a N b =g (1) &
if T+ a # b. Each effect context E well-scoped in I" corresponds to an element in B(I'); as standard
we define E\F = EN (=F). We formally define the equivalence and subeffecting relations as follows.

EEB(T) F Eﬂ(—|F) EB(F) 0
'rE=F I'+rEXF

Modalities remain unchanged except for the modality transformation relation, where we replace
the old MT-ExTEND rule with the following two rules.
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MT-EXTENDREMOVE MT-EXPANDSHRINK
r-L' <L FI—DéD/+(F—L') I‘I—(F—L)ED/,E
I‘I—(L|D):(L'|D’) @F I‘I—(L|D)4:)(D/,L|D,D'> @F

Rule MT-EXTENDREMOVE allows us to remove names from masks and add more names to extensions.
Rule MT-ExPANDSHRINK is bidirectional and also appears in MEeT. It allows us to simultaneously
expand or shrink extensions and masks with the same set of names.
For typing, we add a new rule for masking and update the handler rule.
T-HANDLENAME’
T-MASK 2(¢) =A{op; : A; — Bi}i Tay {’,ﬂq@ﬁ FM: {(a)A @a E
T,&), FM:A@E-L Ix:ArN:B@E [I,p;i:Auri:Bi—>B+rN:B@E];

I'+mask; M: (L)A @E T + handle; M with {return x — N} w {op; p;ri— N;}; : B@E

Rule T-Mask removes names L from the ambient effect context. Rule T-HANDLENAME annotates
the name binding a in the context with § to indicate that it is a name introduced by a handler.
Consequently, we know that name a must be different from all other names in context I'. More-
over, instead of requiring the return type A of the handled computation to have kind Abs, rule
T-HANDLENAME uses a relative modality (a]) to remove name a. The new T-HANDLENAME’ rule
subsumes the previous one in Section 3.5 as we can always mask an absolute value freely.

For semantics, we update the E-NRET rule to the following one which takes a masked value,
removes its mask, and substitute it into the return clause.

E-NRET” handle, (mod(y) V) with H ~> N[V /x], where (return x — N) € H

5 Capability-Based Effect Systems a la Effekt

In this section we briefly present two core calculi for the language Effekt [6] with capability-based
effect systems and named handlers: System = [5], which only supports second-class functions, and
System C [4], which recovers first-class functions via boxes. We refer to the original papers for
more details on System = and System C.

5.1 Simplifications

For simplicity and uniformity, for calculi in this section and in Section 7 as well as encodings in
Sections 6 and 8, we assume that each effect label ¢ only contains one operation and omit return
clauses of handlers. As in METN, we also assume a global label context 2. In summary, all calculi
share the definitions of following two syntactic categories.

Handlers H :={oppr+— N} Label Contexts X :=-|2,¢:{op:A — B}
For an effect X(¢) = {op : A — B}, we write Ay, or A, for type A, and B, or B, for type B. As
there is only one operation in each effect, we omit the operation name when invoking operations.

When referring to the name of a typing or operational semantics rule, we sometimes also mention
the calculus name to disambiguate. For instance, T-VAR-METN refers to the rule T-VAR in METN.

5.2 System =

The syntax and typing rules of System = are given in Figure 3. System E is fine-grain call-by-
value [21] and distinguishes between first-class values V, second-class blocks G (i.e., functions),
and computations M. We have three forms of judgements for them. Most of the rules are standard.
Rule T-Brock introduces a block {(x : A, ]?T) = M} which binds value variables x : A and block
variables f_T in computation M. Rule T-CALL fully applies a block P to values V; and blocks Q_] Rule
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Value Types A, B ==1 Computations M,N z=returnV |letx =M in N |def f =G in N
Block Types T :=(A,T) = B | P(V,0) | handle {f = M} with H

Values V,W:=x|() Block Values P,Q := f | {(x : A, f : T) = M}

Contexts Fa=-|I,x:A|Lf:T Blocks G:=P

[TrV:A|TrG:T|[TrM:A]

T-Var T-BLOCKVAR T-Brock

T-Unit Isx:A Tsf:T x:Af:T+M:B
FTr():1 Trx:A Trf:T Tr{(x:Af:T)=M}:(AT) =B
T-VALUE T-LET T-DEF

T'rtV:A T'rM:A I''x:A+rN:B T'rG:T F,f:TI—N:B
I'kreturnV :A IF'tletx=MinN:B I'tdef f=GinN:B
T-CaLL o T-HANDLE

T+P:(A,T;) = B 3(¢)={op: A" — B'}
THV; A F+Q;:T; I,f:(A)=>B +M:A I,p:A,r:(B)=ArN:A

FFP(X_/,-,Qj) B I' + handle {f = M} with {oppr+— N}: A

Fig. 3. Syntax and typing rules for System E.

T-LET binds the return value of a computation and rule T-DEF binds a block. Rule T-HANDLE defines
a named handler which introduces a capability (block variable) f to the scope of M. Invocations
of the operation op via calling f in M is handled by this handler. As we discussed in Section 2.5,
System E guarantees that the capability f cannot escape by restricting them to be second-class.

Similar to the operational semantics of METN in Section 3.7, System = also generates handler
instances dynamically and has a reduction relation M | Q ~ N | Q. The most interesting reduction
rule is E-GEN which uses a runtime capability value cap,, to substitute f.

E-GEN handle {f = M} with H | Q ~> handle, M[cap,/f] with H| Q,h: ¢ where h fresh

The full specification of operational semantics can be found in Appendix C.1.

5.3 System C

Figure 4 gives the syntax and typing rules for System C. We highlight new syntax compared to
System E. In contexts, we have auxiliary delimiters v - - - 4 and markers &¢ that are only used for
encodings in Section 6.2. Variables cannot commute with markers and delimiters.

We have three judgements for values, blocks, and computations individually. Judgements for
blocks T + P : T | C and computations I' - M : A | C now explicitly track capability sets C. The
capability set C is a subset of block variables in I" and represents those capabilities may be used.
Rules T-BSuB and T-Sus allow us to upcast the capability set to a larger one. Rule T-Box boxes a
block P into a first-class value whose type T at C tracks the capability set C of the block. Rule
T-UnBox unboxes a value into a block and moves the capability set from its type to the judgement.

There are two rules for block variables. For a transparent block variable binding f :© T, we
know this block may use capabilities from C. Rule T-TRANSPARENT exactly tracks the capability
set C. For a tracked block variable binding f :* T, we do not know which capabilities it may use.
Rule T-TRACKED tracks the block variable f itself as a capability. Rule T-DEF binds a block G to a
transparent block variable f :©" T where C’ is the capability set of G. Rule T-BLock binds a list of
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Value Types A,B:=1]| T at C Values V,W:u=x]|()| box G
Block Types T :=(A, f:T)= B Blocks G =P | unbox V
Contexts Fu=-|T,x:A|L, fCT |T,ux:A f#Ta|T, & Capability Sets C == {f}

‘I‘l—V:AHTl—G:T|C‘

T-Box T-TRANSPARENT T-TRACKED T-UnBOX
LL++G:T|C Isfcr I>fT TV :TatC
T'+tboxG:TatC F'rf:T|C Trf:T|{f} T'tunboxV:T|C

T-BrLock _ T-BSuB
ILx:Af*TarM:B|CU{f} T'+G:T|C c'cc
TH{(x:Af:T)=>M}:(Af:T)=B|C TrFG:T|C
TEM:A|C TLeT T-CarL .
T-VALUE TFM:A|C F'+P:(Anfj:T)) = B|C
r+v:A ILx:ArN:B|C LEVi: A r""(’?u?j"Qj:lecj
TrreturnV:A|- Trletx=MinN:B|CUC T'vP(V;,0;) : BIC;/f;] | CUC;
T-HANDLE
T-Sus T-DEF %(6) = {op: A" - B’}
TrM:A|C [LackG:T|C LLof " (A)=>BirM:A|CU{f}
ccc ILf“TrM:A|C Ip:ArC(B)=ArN:A|C

I'rM:A|C Trdef f=GinM:A|C T+ handle {f = M} with{oppr— N}:A|C
Fig. 4. Syntax and typing rules for System C (omitting unchanged parts from System =).

tracked block variables f—*T whose capability sets we do not know. We add all f to the capability
set of the block body M as they may be used. The block type (A, fT) = B now contain names of
block variables f which could appear in B, giving a lightweight form of dependent types.

Rule T-Cart fully applies a block P. Compared to T-CALL-SysTEM =, it substitutes each block
variable f; with the capability set C; in type B. The capability set of the call is the union of P and
all its block arguments. Rule T-HANDLE handles a computation. Compared to T-HANDLE-SYSTEM =,
it tracks the usage of the capability f by marking it as a tracked block variable and adds it to the
capability set of M. The continuation r is transparent as we know it only uses capabilities in C.

The operational semantics of System C is given in Appendix C.1.

6 Encoding Capability-Based Effect Systems into METN

We show how to encode System E in METN without effect variables and System C in METN with
effect variables. Full specifications and proofs can be found in Appendices C.2 and D.

6.1 Encoding System = in METN without Effect Variables

Figure 5 gives the encoding of System = in MeTN without effect variables. This encoding is
straightforward and does not even use any modalities. We mostly just translate the syntax of
second-class blocks in System E to first-class functions in METN. The only interesting case is
named handlers handle {f = M} with H, where we use the function x4l do, x to simulate
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[-] : Type — Type [-] : Block — Term
[AT)=B] = [A]>[T] > [B] [{Gx:Af:T) = M) = AxlAl £ [um]
[-] : Computation — Term
[P(V.Q)] = [PI VT [Q]
handle {f = M} with handle, (let f = Ax[4=] do, x in [M])
[[{operN} ]] ~ with {return x — x,0p p r — [N]}

Fig. 5. An encoding of System Z in METN without effect variables (omitting homomorphic cases).

the capability f. The following theorems state that the encoding preserves types and operational
semantics.

THEOREM 6.1 (TYPE PRESERVATION). If T + M : A in System E, then [T'] + [M] : [A] @ - in METN.
Similarly for values and blocks.

THEOREM 6.2 (SEMANTICS PRESERVATION). IfM is well-typed and M | Q ~> N | Q' in System E,
then [M] | [Q] ~* [N] | [@'] in METN.

6.2 Encoding System C in METN with Effect Variables

In Section 5.3 we incorporate absolute markers #¢ and relative delimiters Lx : A, f * T in contexts.
The typing of System C does not rely on these markers, but our translation does. Thus we need to
ensure that markers in the context are well-formed in order to define the translation.

Definition 6.3 (Well-formed). A context I' in System C is well-formed if every block variable
binding of form f :* T in I" appears within a pair of relative delimiters . . and there are no nested
delimiters. A typing judgement in System C is well-formed if its context is well-formed.

Without loss of expressiveness, we consider only well-formed judgements. Figure 6 encodes
System C in METN with effect variables. The term translation is typed-directed and essentially
defined on typing judgements in System C. Rather than writing out the full judgement, we annotate
components of a term with their types and capability sets as necessary.

We encode boxes in System C as absolute modalities in METN, as they both specify which effects
the program inside can use. A boxed block type T at C with capability set C is translated to a modal
type [[C]][T]. Correspondingly, on the term level, we translate box into modality introduction
and unbox into modality elimination. The translation of blocks of type (A, f_T) = B is more
involved because System C allows block variables f : T to appear in types. As shown in Section 2.6,
we promote a term variable f to the type level in METN by introducing an effect variable f* for
it. The type T for a block argument f : T is translated to the modal type [ f*|[T], which ensures
that whenever we want to invoke the argument f, the effect variable f* must be in the effect
context. Consequently, when a block variable f is captured in a box in System C, its associated
effect variable f* must be captured in an absolute modality in METN. System C always allows a
block to use all its block arguments ]_‘ To encode this, we use a relative modality (|]T*> to extend
the effect context with the effect variables associated to arguments ]7 Contrary to the translation
of block construction, the translation of block call P(V, Q) instantiates effect variables, eliminates
the relative modality, and applies the block to its arguments. Block arguments Q are wrapped into
absolute modalities of their capability sets.

For every block variable binding, such as f in {(x : A, f : T) = M} or def f = G in N, we
always immediately eliminate its top-level modality to simplify its later use. Each use of a block
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variable f is translated to f, whose modality has been eliminated. The translation of contexts
also reflects this principle. For a transparent block variable f :© T, we know it uses capabilities
in C. Thus we translate it into f : [C][T] and eliminate its modality as f :ic] [T]. For a tracked
block variable f :* T, we do not know which capabilities it may use. Thus we introduce a fresh
effect variable f* for it, translate it into f : [ /*]|[T], and eliminate its modality as f :1f+1 [T]. The
translation of contexts is indexed by the current capability set and our markers track the changes
of the capability set. An absolute marker & indicates a complete change and we translate it into a
lock with an absolute modality. A relative delimiter Lx : A, m_n indicates that capabilities f are
extended to the capability set, and we translate it into a lock with a relative modality.

The translation of handlers follows our example sum42¢ in Section 2.6, where we omit the return
clause and the separate binding of f. In the return clause, we need to eliminate the modality of
x because absolute handlers wrap the return value with an absolute modality as in Section 4.2.
Similarly, in the op clause, we need to eliminate the modality of the continuation function r.

E—]] : Cap Set — Effect Context L [-]- : Contextx < Cap Set — Context
[ =r [Lox: A f 2 Tale = Moy, £ 81 7)0c)

[-] : Type — Type x:[ALF: [FIITL S o (7]

[Tatc] = [[C]I[T] [T.f € Tl = [Cles f = HCNITL f #qpeyy [T]

[(Af:T)= B]

VA Al = ST = [B)  [Lacle = [Clo@e),,
[-] : Value/Block — Term
[box G : T at C] = modycy; [G]
1] = £
HGATT) = M} = Af*mod =, (Ax[4I {7 L let modys- f = f in [M])
[unbox V: T | C] = let mod|[cy) x = [V] in x

[-] : Computation — Term
[def f =GTICin N] = let f = mod[cy) [G] in let mod ]y f=fin][N]

[P(V;, Q]lec.f)]] = let mod<lm> x =[P] [[C_]]] inx m (mod(c;11 [Q)])

[[handle {f = M} with ]]

(oppr>N}:iA|C = handle}* (let f = mod[f*] (Ax[[AW]].dof* x) in

let mod[f*] f=fin [[M]])
with {return x — let mod|[c]) x' =x in x’
op p r — let modcp) 7 =7 in [N]}

Fig. 6. An encoding of System C in METN with effect variables (omitting homomorphic cases).

THEOREM 6.4 (TYPE PRESERVATION). If T' + M : A | C is a well-formed typing judgement in System
C, then [T]c + [M] : [A] @ [C] in MeTN. Similarly for typing judgements of values and blocks.

THEOREM 6.5 (SEMANTICS PRESERVATION). If M is well-typed and M | Q ~> N | Q" in System C,
then [M] | [Q] ~* [N] | [Q'] in MeTn.

7 Row-Based Effect Systems a la Koka

In this section we briefly present two core calculi with row-based effect systems in the style of
Koka [17]: System F€*s" [27], a calculus with named handlers and effect polymorphism, and System
F{**", a fragment of System F**" with a single effect variable. Our full specifications of System
F€**" and System F{**" in Appendices C.3 and C.4 also include unnamed handlers.
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7.1 System F*"
The syntax of System F€*" is as follows. We highlight syntax for named handlers.

Value Types A,B =1 | A —E B | VaK.A| eve? Kind K == Effect | Scope

Other Types T :=E|a Values V,W :=() | x | A*x4.M | AaX.V | nhandler H
EffectRows E:u=-|e| ¢%,E Computations M,N z:=returnV |VW |VT | doV W
Contexts Ile=-|I,x:A|T,a:K|I,% | letx=MinN

Different from Xie et al. [27], our version of System F€**" is fine-grain call-by-value. Effect rows
E are scoped rows [18] with effect variables ¢. Each effect label ¢ is annotated with a scope variable
a. By convention, we write ¢ for effect variables of kind Effect and a for scope variables of kind
Scope. We use « to range over type variables. We omit kinds when they are obvious from alphabets.
Markers & in contexts are only used for the encoding in Section 8.1.

The typing rules of System F€**" are standard [12, 19]. We show three representative rules here.

T-DoNAME T-NAMEDHANDLER
T-ABs 3(¢) ={op: A — B} H={oppr— N}  Z(¢)={op:A" — B}
I&,x:A+-M:B|F TrHV:evt? T'rW:A l",-!-,p:A',r:B’—>FA|-N:A|F
TrAfxAM: AP B I'trdoVW:B|t"E T + nhandler H : (Va*P¢ ev £° SOF Ay SF A

Rule T-ABs introduces a A-abstraction. Rule T-"NAMEDHANDLER introduces a named handler as
a function, whose argument takes a handler name of the evidence type ev . An evidence type
specifies an effect £ and a scope variable a. The usage of rank-2 polymorphism guarantees that
the handler name of type ev £¢ cannot escape the scope of the handler. Rule T-DoNAME invokes
an operation via a handler name M of the evidence type ev #%. The full typing rules are given in
Appendix C.3

Similar to the operational semantics of METN and System C, reduction rules in System Fe*s"
are also of form M | Q ~» N | Q’. The most interesting rule is E-GEN which reduces a handler
application to a runtime handle construct and passes a runtime evidence value evy, to the argument.

E-GEN nhandler HV | Q ~ handle, V a evy, with H | Q, h: £ where a, h fresh and H « ¢

The full specification of operational semantics is given in Appendix C.3.

7.2 System F{*"

Figure 7 gives the syntax and typing rules of System F{*". They are mostly the same as those in
System F€**". As we only refer to one effect variable at a time, we need not track effect variables
on types and terms. Nonetheless, we include them in grey font as {E|¢} for easier comparison with
System F€*". As a result of not having effect variables in types, we annotate term variable x in
context I' with the effect variable that it refers to. We need not kinds as the only form of explicit
type variables are scope variables a. To avoid accidentally referring to multiple effect variables
via invoking and handling operations, we restrict argument and result types of operations to not
contain function arrows not appearing under effect abstractions.

Typing judgements T +. M : A| Eand T +, V : A | E are annotated with the lexically closest
effect variable €. We use red for the effect rows E in value judgements; they are not needed for
typing but important to our encoding. The typing rules are mostly standard. Rule T-VAR is crucial
to ensuring that each term can only refer to at most one effect variable. If the current effect
variable matches the effect variable at which the variable was introduced, this condition is satisfied.
Otherwise, the type of that variable has to be of form Ya.Ve”.A’ or ¥Ya.1 which do not refer to any
effect variable. Rule T-ABs does not change the effect variable, while rule T-EABs rule introduces a
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Value Types A, B:=1|A —!Elci B Values V,W == () | x | AEIxA M | AaV | AcV
| Ve A|Va.Alevt? | nhandler H

Effect Rows  Eu=-|{¢%E Computations M,N ==V |V W | VA |V #{E|¢}

Contexts Tu=-|T,x:, A|T,a:K|T, % | T, g | doVW|letx=MinN

‘F»—SV:A|EHT|-€M:A|E‘

T-Var . . T-ABs
T-Un1T e=¢ orA=VaVe' A or A=Val [epx:eAre M:B|F
The():1]|E Tx o AT box:A|E T AP M AP B E
T-EABs T-SArpp
T-SABS Tarky VA T-VALUE T+, V:VaA|E
Tar, V:A|E ¢ ¢ ftv(T) '+ V:A|E I'sb

Tt AaV:YaA|E Tr, AV V' A|E TtroreturnV:A|E T+, Vb:A[b/a] |E

T-LET T-App
Tr.M:A|E T-EApp T+, V:ASEE B E
I,x:Ar. N:B|E Tr. V:VAIE Tr.W:A|E
Tt letx=MinN:B|E T, V#{E|e}: A[{E|e}/¢'] | E T+, VW:B|E
T-DoNAME T-NAMEDHANDLER
%(¢f) = {op: A — B} E=¢%F H={oppr— N} >(¢) ={op:A" — B’}
Cr V:evet* | E T+ W:A|E Loepp:eAri B T AL N:A|F
I+, doVW:B|E T +, nhandler H : (Ya.evt® —©F1 4y SUFI9h 4| B

Fig. 7. Syntax and typing rules for System F£*s".

fresh effect variable ¢’. Rule T-EAPP instantiates an effect abstraction with the current effect row E.
The operation [{E|c}/¢] is just standard type substitution.
The operational semantics of System F{**" is given in Appendix C.4.

8 Encoding Row-Based Effect Systems into METN

We show how to encode System F€**" into METN with effect variables and System F{**" into METN

without effect variables. The latter makes use of masking handler names. The full specifications
and proofs with both unnamed and named handlers can be found in Appendices C.5 and D.

8.1 Encoding System F¢**" in METN with Effect Variables

Not every well-typed term in System F€**" is meaningful in the sense that we can find an appropriate
evaluation context to fully apply its abstractions and handle its effects. For example, a function
of type Va.evI?® x ev J¢ —!“J* 1 cannot be applied and handled when I # J, because handlers
cannot provide two evidences values of type evI* and ev J¢ with the same scope variable a but
different interfaces. (This type becomes meaningful with umbrella effects in Xie et al. [27].) Each
handler introduces a fresh scope variable with some fixed effect. Since in MeTN each handler name
is associated with its effect when being bound, our translation does not work on terms with this
kind of inconsistency. To resolve the mismatch, we define the notion of consistent typing judgements,
in which each scope variable is associated with a unique effect label.
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[-] : Type — Type [-] : Effect Row — Effect Context
[A—* B] = [[E]1([A] — [B]) [¢“E] = a[E]
[Va‘.A] = Va.[A] [-]- : Context X Effect Row — Context

IIeruﬂ = [a](ﬂA[H i [[B[ﬂ) [[I“,&]]E [[FH’HIHLIH

[-] : Value/Computation — Term
[Ae.V] = AeV]
[AExAM] = mod gy (Ax[AL[M])
[[VAHEB W] = let mod[g) x = [V] in x [W]
[do V&&* W] = let mod,) x = [V] in x [W]
[[nhandler {opp r— N} ]]

- (Va'.ev £4 _HOE A) >F A = mod[[[E]]] (Af.handlez (let f = f ainlet mod[[[evfa,E]” f=fin

f (modj,) (Ax[4»].do, x)))
with {return x — let mod[g}; x =x in x,0p p r — [N]})

Fig. 8. An encoding of System F€*S" in MeTN with effect variables (omitting homomorphic cases).

Definition 8.1 (Consistency). A typing judgement T+ M : A|EorT +V : A | E in System F€*s"
is consistent if for each scope variable a bound in T or in A, it appears and only appears as ¢¢ for
some effect label ¢. A well-typed term M or value A is consistent if its judgement is consistent.

For a consistent judgement, we can annotate each scope variable binding as Aa’ and translate its
occurrence in the context to a : £. We define our translation on annotated consistent judgements.

Figure 8 encodes System F**" in MeTN with effect variables. The term translation is type-
directed and we annotate components with their types when needed. As illustrated by examples in
Section 2.4, the core idea is to translate an effectful function arrow A —F B into a function arrow
with an absolute modality [[[E]]([JA] — [B]). Consequently, the translation of lambda abstraction
AExA M introduces a modality [[E]J], and the translation of application V W first eliminates the
modality of [V] before applying it. Translations of abstraction and application of effect rows are
homomorphic and omitted. Abstraction of scope variables is translated to name abstraction in
MEeTN. The evidence type ev £ is translated to a function type [a|([A;] — [B¢]) which invokes
the operation in the effect £. Correspondingly, an operation invocation do VW for V : ev £% is
translated similarly to a function application. A named handler nhandler H is translated to a
function that takes a function argument f and handles it with a named handler. We pass the term
mod|,| (Ax.do, x) to the argument f to simulate the handler name of type ev £.

We omit homomorphic cases for the translations of contexts and effect contexts. The translation
of contexts is indexed by the current effect row. In contexts, we add absolute markers & which
indicate the switch from an effectful computation into a value as in T-ABs and T"NAMEDHANDLER,
reading from right to left. An absolute marker is translated to a lock with an absolute modality
which changes the effect context from some [E] to the empty effect context.

The following theorems show that our encoding preserves types and operational semantics.

TaEOREM 8.2 (TYPE PRESERVATION). If T + M : A | E is a consistent judgement in System FE",

then [T]g v [M] : [A] @ [E] in MeTn. Similarly for typing judgements of values.

LEMMA 8.3 (SEMANTICS PRESERVATION). If M is consistent and well-typed and M | Q ~> N | Q' in
System F€*", then [M] | [Q]] ~* [N] | [Q'] in MeTn.
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8.2 Encoding System F{™" without Effect Variables

In Section 7.2, we incorporate absolute markers % and relative markers 4 in contexts. Similar to
the translation of System C in Section 6.2, we need certain well-formedness conditions on these
markers. Following Tang et al. [26], we define well-formed typing judgements as follows.

Definition 8.4 (Well-formed). A typing judgement I, x :» A, I; +. M : B | E is well-formed for x
if either x ¢ fv(M) or & ¢ I, or A = Va.V.A’ or A = Va.1. A typing judgement ' +, M : A | E is
well-formed if it is well-scoped for all x € T'. Similarly for typing judgements of values.

Restricting to well-formed judgements does not lose any expressiveness since a typing judgement
with the empty context is well-formed, and every judgement in the derivation tree of a well-formed
judgement is well-formed. As System F{™" is a fragment of System F**", we also need to rule out
inconsistent terms where a scope variable is associated with different effect labels. The definition
of consistent terms and judgements in System F{**" is the same as Definition 8.1 of System F¢**".
As in Section 8.1, our translation is defined on these consistent typing judgements where scope
variable bindings are annotated with effect labels.

Figure 9 encodes System F{**" in MeTN without effect variables. The translation of types is
indexed by the current effect row which corresponds to the ambient effect context in METN. This
requires us to keep the effect row in the typing judgements for values as in Section 7.2. Different
from the translation of System F€**" where we wrap every function type with an absolute modality,
here we wrap it with a relative modality so that the function can still use effects from the ambient
effect context. When translating a function type A —% B at effect row E, we use a relative modality
([E] - TFIITF] - [E]) which exactly changes the effect context from [E] to [F]. Note that we need
the extension of masking handler names in Section 4.4 since E may contain handler names not in F.
An effect quantifier V.A introduces a new effect variable shadowing the previous one. We encode
it via the empty absolute modality which also completely replaces the previous effect context.
Evidence types are translated in the same way as in the translation of System F€**". Note that for
operation argument types A, and result types B, the effect row does not influence their translations
due to the restriction in Section 7.2. For name abstraction Va‘.A, we recursively translate type A,
and move the top-level modality of [A] to the top of the translation result except for the part of
handler name a for well-scopedness.

As we can see, each type in System F{**" is translated to a modal type in METN with exactly one
top-level modality. This property enables us to uniformly eliminate the top-level modalities when
translating variable bindings, similar to the technique we use in Section 6.2 to encode System C.
For example, in the translation of AxA M and let x = M in N, we eliminate the modality of x and
bind it to x. Also, in the translation of contexts, we translate a term variable x : A into x and x.
Immediately eliminating modalities when binding variables works well, especially given that METN
adopts let-style modality elimination. The translation of a variable x inserts an appropriate new
modality for X whose previous modality has been eliminated.

The translation of contexts is indexed by the current effect row. We translate an absolute marker
to a lock with an absolute modality and a relative marker to a lock with a relative modality.

The translation on terms is formally a translation on typing derivations, similar to previous
encodings. For convenience, we also index the term translation with the effect row. The value
translation follows the translations of their types. The abstraction and application of scope variables
require a case analysis on whether the name a appears in the top-level modality or not. We exploit the
extension of moving name abstractions inside modalities from Section 4.1. For function application,
we eliminate the identity modality of the function. Note that the top-level modality of the function
is always identity guaranteed by T-App-System F{**". The translation of operation invocation is the
same as in Section 8.1. For named handlers, the example sumg<+n in Section 2.3 is simplified since
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[-]- : Type x Effect Row — Type [-] : Effect Row — Effect Context
[1e = 01 [1=-
[A =" Blg = ([E] - [FII[F] - [ED([A]r — [Blr)  [¢%E] = a[E]
IV.Alg = [][A]. [-]- : Context x Effect Row — Context
Vel Aly = v(Val.(a)B), ifp=vo(a) [le = -
a . Alg = (Va'.B), otherwise ITx:Alg = [[]gx: pA', %z, A’ for uA’ = [A]g
where [A]g = ;B [[IE[’I“a : [%E - H%E’zz ¢
an . _ N el = E,H[]
[eve]e = [al([Ac]. — [Be].) ARSI
[-]- : Value/Computation X Effect Row — Term

[0z = mody ()
[x*]r = mod, £ where [A]g = /_
[AV]E = mod[] [Vle
let mod, 1a’.x = (let mod,, x = [V]g in mod,4) x)
[AatVA]E = inmod, x ify=vo{a)
let mod,, 1a’.x = [V]g in mod, x, otherwise
where [A]g = p_
[AFxA Mg = mod [g]-[F] | [F]-[E]) (Ax4lF Jet mod, £ = x in [M]r) where[A]r = i_
[let x = M* in N]g = letx = [M]g in let mod, £ = x in [N]g where[A]g = j_
[V#]g = let mod[) x = [V]g inx

[[VVa’.A bﬂE — {

where [A]g =1
[VW]g = let mod(y x = [V]g in x [W]g
[do Ve W] = let mod|,) x = [V]g in x [W]g
[nhandler {op p r — N} : (Va.eve® —=F A) »F A]p = mo“([[E]]—UﬂF]]\%F]]—[[E]]) (
Af.handle, (let mod,) f’ = f aiin let mod, y = f’ (mod[, (Ax“»l- .do, x)) in mod )., y)
with {return x = x,0p p r = let mod,,, p = p in let mod(y 7 =r in [N]r})

let mod, x = [V]g in let, mod, y=xbinmod, y ifpu=vo{a)

let mod,, x = [V]g in mod, (x b) otherwise

where [A]ar = p_and [A]r = v_and [Agp]F = j1p_
Fig. 9. An encoding of System F{**" in METN without effect variables.

the return type of the handled computation is Int which has kind Abs, satisfying the requirement

of T"HANDLENAME in Section 3.5. For a general translation, we switch to the rule T-"HANDLENAME’

in Section 4.4 and use the relative modality (a]) to prevent the return value from using the name a.
The following theorems state that our encoding preserves types and operational semantics.

THEOREM 8.5 (TYPE PRESERVATION). If I' v, M : A | E is consistent and well-formed in System
Fo*n, then [T']g v [M]g : [A]le @ [E] in METN. Similarly for typing judgements of values.

THEOREM 8.6 (SEMANTICS PRESERVATION). If M is consistent and well-typed and M | Q ~» N | Q'
in System F{**", then there exists N’ in METN such that [M] | [Q] ~* N" | [Q'] and [N] | [Q] ~}
N’ | [Q']. in METN, where ~» , refers to reduction of values in METN.

This semantics preservation theorem is not a one-to-many mapping, in contrast to our previous
semantics preservation theorems. This is because METN allows reduction in complex values such
3 3 €+sn
as type application, whereas System F{™" does not.
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9 Related and Future Work

Abstracting Effect Systems. Yoshioka et al. [28] study different formalisations of effect collections
in a traditional effect system. Instead of giving macro translations, they propose a general framework
whose effect type can be instantiated to various kinds of sets and row types. They point out that
extending their framework to cover capability-based effect systems is challenging. It is interesting
future work to explore if we can design an expressive framework by abstracting over the mode
theory of modal effect types such that we can cover all styles of effect systems.

Expressive Power of Effect Handlers. Forster et al. [9] compare the expressive power of effect
handlers, monadic reflection, and delimited control in a simply-typed setting and show that delim-
ited control cannot encode effect handlers in a type-preserving way. Pirdg et al. [23] extend the
comparison between effect handlers and delimited control to a polymorphic setting and show their
equivalence. Ikemori et al. [13] further show the typed equivalence between named handlers and
multi-prompt delimited control. In contrast to these works, which compare effect handlers with
other programming abstractions, we compare different effect systems for effect handlers.

Future Work. We are interested in designing a type inference algorithm for METN.
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A Full Specification of METN with Named Handlers, Unnamed Handlers, and Extensions

We provide the full specification of METN including unnamed handlers in MeT [26] and all extensions
in Section 4.

A.1 Syntax

Figure 10 gives the syntax of METN with both named and unnamed handlers as well as all extensions.
We highlight syntax for named handlers and extensions, i.e., new parts from core MET. We combine
masks L and extensions D into one syntax category.

Types AB:=1|A—B|uA| Va'.A | Ve¥ A
Masks and Extensions L,D =:=-|¢,D| a,D | D\L

Effect Contexts E,F:=-|{,E| aE | E\L | ¢E | e\L,E
Modalities = [E] | (L|D)
Interface Contexts Yu=-]%,¢:{op:A—» B}
Kinds K ::= Abs | Any
Effect Kinds Y == Names | Effect
Name Kinds R:u= |4
Contexts Fu=-|T. @, |Tagt|Lx:y, A|Te:Y
Terms MN:=()|x|AxAM|MN | mod, V
| let, mod, x =V in N
| let, mod, ' Ae¥ x=Vin N
| 2at.V | Ma | do, op M | mask; M
| handle) M with H | A¢".V | M E
Values VW= | x| Ax2.M | mod, V
| 2’V |AYV|Va|VE
| let, mod, x =V inW
| let, mod, A AY x=VinW
Handlers H == {return x —» M} | HW {op p r — M}
Handler Superscripts du=-| &
Handler Subscripts nu=-|a
Handler Names a,b

Fig. 10. Syntax of METN with extensions.

To combine effect variables, named handlers, and unnamed handlers together, we need to
distinguish between effects consist of only handler names and those also contain effect labels. Effect
variables for the former can appear multiple times in an effect context, while effect variables for
the latter cannot. We introduce effect kinds Y where Effect refers to any effect contexts and Names
refers to those with only handler names.

In the syntax of effect contexts we include ¢\L, E as a valid form. In the syntax of handlers,
different combinations of superscripts and subscripts give us four forms of handlers: unnamed
handlers (6 = -, n = -), named handlers (§ = -, = a), absolute unnamed handlers (§ = 4,5 = -), and
absolute named handlers (5 = #, 7 = a).
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A.2 Kinding and Well-Formedness

The full kinding and well-formedness rules for METN are defined in Figure 11. For masks and
extensions, we also use the kinds Effect and Names to distinguish between those with only handler
names and those that also contain effect labels. The kinding for effect contexts guarantees that
there can only be at most one effect variable ¢ not of kind Names. For the global label context X we
require - + ¢ for all effect labels ¢ in it.

A.3 Type Equivalence and Sub-typing

Type equivalence is given in Figure 12. As in Section 4.4, we use the parameterised boolean algebra
B(T). Note that with the extension of effect variables, every effect context of kind Names under
context I still corresponds to an element in the boolean algebra B(T).

By equivalence relations we can always normalise masks and extensions to forms of £, D with
I' + D : Names. We can always normalise effect contexts to either t,Eort, e\L, EwithT + E : Names
and I + ¢ : Effect. Subeffecting is given in Figure 13. For brevity, we directly define it on normalised
effect contexts.

Note that although the current formalisation cannot actually distinguish between multiple
appearances of the same effect label in an effect context, we still strictly follow the principle of
scoped rows [18] that we can only swap distinguished labels. This becomes matters when we
consider parameterised effects where effect labels take type arguments in effect contexts.

A.4 Meta Operations

We simply define D + E = D, E and E — L = E\L. Other plus and minus operations between different
syntactic categories are defined in the same way. The operation L > D used in Tang et al. [26] is
replaced by operations L — D and D — L.

A.5 Mode Theory

In the terminology of MTT, effect contexts are modes. The structure of modes, modalities, and
modality transformation constitute the mode theory.

To make the proofs easier, we write modalities in the form ur a lot as they are morphisms
between modes, while p is an indexed family of morphisms. We call up concrete modalities. We
repeat the definitions of modalities and modality composition which are the same as those in
Section 3.3 and also the same as in MeT. We directly define them in the form of concrete modalities.

(LID)p : D+(F-L) —» F

[E'lr o [Elp [Elr
(LID)r o [Elps(r-1) = [Elr
[E]r o (LID)g = [D+(E-D]r
(Li|D1)p o (L2|D2)p(p-r;y = (Li+(Lz—D1)|D2+ (D1 —1h))r

The modality transformation relations are defined as the transitive closure of the following rules.
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1423

1424 I'+A:Abs I+ [E] I'+A:Any I+ (L|D) r'-A:K
1425 T'rA:Any Tr1:Abs T'+ [E]A: Abs '+ (L|ID)A:K
1426

1427 I'rA:Any I'kB:Any lNa:t+rA:K INe:Y+HA:K

1428 I'rA— B:Any I'+ValA:K FrVe' A:K

1429
1430 rl-a:erl-t’Hrl-A—»B‘
1431

I'sa:¢t %(¢) ={op: A — B} '-A—B I'+A:Abs T+ B: Abs
1433 F'ta:t Fre¢ '+rA—B

1435
1436 I' + E : Names I'se:Y =4 THE:Y

1437 T+ E: Effect T+ -:Names Tre:Y '+ ¢, E: Effect
1438

1439 T'ta:¢t I'rE:Y I'+e: Names THE:Y T+ ¢e: Effect I'+ E: Names

1440 T+aE:Y T+eE:Y T+ ¢ E : Effect
1441

"2 TrE:Y TFL Tre\L:Names THE:Y T+e\L:Effect T FE:Names
1443
s T+E\L:Y T+e\LLE:Y T+ e\L,E : Effect

1446
1447 I'+ D : Names T'r¢ I'rD:Y

1448 '+ D : Effect I'+-: Names T'+¢,D: Effect
1449

1450 T'vrta:¢ I'tD:Y I'rD:Y T'rL

1451 CraD:Y CrD\L:Y

1452

13 |[TFp

1454

1432

s I'+ L : Effect T+ D : Effect I'+ E : Effect

1456 ['+(L|D) [+ [E]

o

1459 I''@oF prE—F I'+tA: K IF@F pur:E—F

1460 - @ E r,x g A @ F r, ay,.- @ E
1461

1462 Ir @FE Ir@E
1463 — —
Ie:Y@E Tart@F

1464
1465
1466 Fig. 11. Kinding and well-formedness rules for METN with extensions.
1467
1468
1469
1470
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D, =D, Dy = Ds D=D D=D
D=D D, = Ds4 ¢,D=¢,D aD=aD
L+t
¢, D="¢',¢,D at,D=¢aD a,bD=b,aD aaD=aD D\-=D
D=D L=L t¢L
AL = D\L = D"\L' (¢,D)\(¢,L) = D\L (¢,D)\L = ¢,D\L
I+ D : Names I'+ D’ : Names D =gry D’
(D\I)\L' = D\(L,L') T-D=D

THFE=F

Mostly the same as that of D plus a few new rules for effect variables.

L=l E

(¢,E)\L = ¢\L,E\L

=F

e\L,LE=¢e\L',F

E=F L=L D=D
[E] = [F] (LID) = (L'|D")
p=v A=B A=A B=PB A=B A=B
LA = VB A—B=A"—>B Vel . A=Ve' B Va'. A =Va'.B
Fig. 12. Type equivalence for METN with extensions.
E=F E1<E2 E2<E3 E<E’
E<E E, <E; ,E< L E
I+ E: Names I'+E’ : Names EN(=E") =g 0
r+E<FE
T+ F: Names T+ F’ : Names TrFLF L' <L ELE

'+ F<EF

Fig. 13. Subeffecting for METN with extensions.

e\L,LE < e\L',E

31
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l'rpuy=>ve@r

MT-ABs MT-ExPAND MT-SHRINK
ur:E —»F TrE<SE TH(F-L)=D',_ Tr(F-L)=D',_
THIF[E] D p@F T+(L|D) = (D',LID,D'Y @F T+ {(D,L|D,D'Y = (L|D) @F
MT-EXTEND MT-REMOVE
T + labels(D) = labels(D") T + labels(L) = labels(L")
T + names(D) < names(D’ + (F — L)) T + names(L") < names(L)
T+ (LID)= (L|ID') @F T+ (L|D) = (L'|D) @F

Since now we have both effect labels and handler names, we write names(E) for the part of handler
names in E and labels(E) for the part of effect labels in E. We define it on normal forms of effect
contexts as follows where ' + E : Names and T ¥ ¢ : Names.

names(¢,E) = E
names(¢,e\L,LE) = E

labels(¢,E) = ¢
labels(?, e\L,E) = ?,¢\L

We provide the transitive closure of modality transformation rules as follows.

MT-ABs
HE’ :E' > F E < E

FT+[El=p@F

MT-REL
T + labels(L) = labels(L") T + labels(D) = labels(D")
I' + names(L’) < names(L) I' + names(D) < names(D’ + (F - L"))
I'+F-L' =D, =D, _

I'+(Dy,L|D,Dy) = (D,, L' |D',D3) @F

With concrete modalities, we writeI' - yp = vpforT'+ p = v @ F.

A.6 Typing Rules
Figure 14 gives the typing rules of METN with extensions. We highlight rules for named handlers. We

only provide the extended versions of named handler rules T-HANDLENAME and T-HANDLENAME*’
which consider masking handler names. Rule T-VAR uses the following auxiliary judgement.

‘FI—(p,A):V@F‘

I'-A:Abs 'rp=v@F
't (pA)=v@F 't (pA)=v@F

A.7 Operational Semantics

Runtime constructs and evaluation contexts are defined as follows. Note that we update the syntax
of n which further influences the syntax of invoking and handling effects.
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TFM:A@E

T-Var T-Mobp T-LETMOD
ve = locks(I") : E —» F urE—F vp:E—F r,&, rV:yA@E
I'r (p,A)=>v@F F,HI,FI-V:A@E [x:0p, AFN:B@F
Ix:, AT Fx:AQ@E 'tmod,V:pA@F I'tlet,mod, x=VinN:B@F
T-LET™MOD’

vi:E—>F T.@,,a:6e:YFV:pA@E T,x:y., ValNeY ArN:B@F

T+ let, mod, 1a’AeY x=VinN:B@F

T-ABs T-Aprpr
T-Unit ILx:ArM:B@E I-M:A—>B@E TFrN:AQ@E
Frr():1@EF TFAx*M:A—>B@E TFMN:B@E
T-NABs T-NAppr T-EABs
TLa:¢+rV:A@E T+M: Vo A@QE T >3b:¢ Le:YFV:A@E
T'rAd'V:Vd'A@E TrMb:A[b/a]l @F TFAY V: Ve AQE
T-EAprp T-MaAsk
T+M:Ve" A@E T+rF:Y I, rM:A@F-L
TFMF:A[F/e] @F I+ mask, M: (L)A @F
T-Do T-DoNAME
E=¢F >(f)>0p:A—>»B E=aF I'sa:¢t Y(f)>0p:A—»B
T'rN:A@E T'EN:A@E
'rdoopN:B@E I'rdo,opN:B@E
T-HANDLE

2([) = {Opi ZAI' —» Bi}i r,n<‘[>l_, FM:A ((D f,F
Tx:()Ar N:B@F  [L.,pi:Auri:Bi— BrN:B@F];

I' + handle M with {return x — N} W {op; p; i — N;}; : B@F

T-HanpLe*
Z(f)Z{OpiZAi—»Bi}i I‘,ﬂ“)EJF FM:A@CE [E]lr = 1F
F,E[EJF,XZ [[,E]Al— N:B@E [F’E[Ejp’pi AL [E](Bl —>B) +FN;:B ((DE]l

T + handle* M with {return x —» N} W {op; piri—~ N;}; : B@F

T-HANDLENAME’
3(¢) = {op; : A; - Bi}; T,a:y [’ﬂﬂa)F FM:(a)A @a,F
ILx:ArN:B@F [F,pi:Ai,ri:Bi—>B|—N:B@F],~

T + handle, M with {return x — N} @ {op; p; r; = N;}; : B@F

T-HANDLENAME®*’
2([) = {Opi :Ai —» Bi}i F,a g t’,ﬂ[a,E]F M : (a|>A @Q,E [E]F =4 ]]-F
F,B[E]F,x: [E]A FN:B @E [F,Q[E]F,pi :Ai,rl- : [E](B, —> B) = Ni : B @E]i

T + handle® M with {return x — N} W {op; piri = N;}; : B@F

Fig. 14. Typing rules for METN with extensions.
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Handler Instances h

Instance contexts Q == -|Qh:t

Decorations nu=-|h

Masks and Extensions D == ---|hD

Effect Contexts E = ---|hE

Terms M == --.|Mh

Value normal forms U = x|AxAM| 2.V |AY V| mod, U
Evaluation Contexts &E == []JIEN|UE|EE|UE|mod, &

| let, mod, x =& in M | let, mod, Al AeY x=Ein M
| &h|do,op&|mask; & | handle] & with H

Since handler instances h appear in types, we need to extend the equivalence and subtyping
relations as well. We extend our boolean algebra B(T) to the power set of the set of all handler
names and instances in I'. We extend the non-equivalence relation used by the boolean algebra
with the following two rules.

NEQINSTINST
NEQINSTNAME heh
T'th#a T'rhzh

Typing rules for runtime constructs are given below. Typing judgements essentially have form
Q|T+FM:A @E. We omit Q as it is globally provided and invariant.

T-DoINsT
T-INSTAPP EZh,F Q>3h:¢ Z([) BOpIA—»B
TrM:Vat A@E Qah:¢ TFN:A@E
T'rMh:Alh/a] @FE I'+dop,opN:B@E

T-HANDLEINST’
Z(f) = {Op,- A > Bi}i F,EQ},)F FM: <h|>A @h, F
I'x:ArN:B@F [T,p;i: Aj,ri :Bi > BFN:B@F];

I + handle, M with {return x — N} W {op; p; ri > N;}; :B@F

T-HANDLEINST*’
2([) = {opi A > Bi}i F,ﬂ[hﬂf FM: <h|>A @h,E [E]F = 1
U@, x: [E]JArN:B@E  [I.@),.pi: Airi: [E](B; > B) v N; : B@F];

I + handle) M with {return x — N} & {op; p; ri = N;}; : B@F

Figure 15 shows the operational semantics of MET.
As we have both dynamic and named handlers, we need to extend the definition of normal forms.

Definition A.1 (Normal Forms). We say a term M is in a normal form with respect to effect context
E, if it is either in a value normal form M = U, or of form M = &[doy, op U] for h € E, or of form
M = &E[do op U] and n—free(t, E).

The predicate n—free(#, &) is defined as follows, similar to the definition in MeT. We have
n—free(?, &) if there are n unmasked handlers that handle the effect ¢ in E.
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E-Arp (AxA.M) U ~> M[U/x]
E-NArp (2af.V)h~ V[h/a]
E-EAppP (AeY.V)E ~> V[E/¢]

E-LEtMoDp let, mod, x = mod, U in M ~ M[U/x]
let, mod, 1a’ Ae¥ x

> C AY

E-LETMOD = mod, U in M ~> M[(at.Ae¥.U)/x]
E-Mask mask; U ~ mod ) U
E-RET handle U with H ~> N[(mod. U)/x],

where (return x —» N) e Hand H « ¢
E-Opr handle &[do op U] with H ~» N[U/p, (Ay.handle E[y] with H)/r],

where (op:_ — _) € %(¢),0—free(£,E) and H o< £

E-ReT* handle* U with H ~> N[(mod,£ U)/x],

where (return x — N) € Hand H « ¢
E-Op* handle* &[do op U] with H ~»

N[U/p, (modg] (Ay.handle* E[y] with H))/r]
where (op:_ — _) € 2(£),0—free(£,E) and H o £
E-GEN handle, M with H | Q ~» handle, M[h/a] with H | Q,h: ¢
where h fresh and H o ¢
E-NRET  handle, (mod), U) with H ~ N[U/x], where (return x — N) € H
E-NOp handle,, E[doy op U] with H ~ N[U/p, (Ay.handle;, E[y] with H)/r],
where (oppr+— N) e H
E-NRET*  handle, (mod) U) with H ~ N[(mod g U)/x]
where (return x — N) € H
E-NOp*  handle} &[doy, op U] with H ~
N[U/p, (modg| (Ay.handle} E[y] with H))/r]
where (oppr+— N) e H
E-LiFT E[M] ~ E[N], ifM~ N

Fig. 15. Operational semantics for METN with extensions.

n—free(t, &) n—free(, &) count(£;L) =m
0—free(¢, [ ]) n—free(¢, do, op &) (n + m)—free(£, mask; &)
(n+1)—free(£,8) Hox ¢ n—free(¢, &) H¢¢t
n—free(t, handle’ & with H) n—free(t, handle’ & with H)
n—free(t, &)

n—free(?, handleg & with H)

B Meta Theory and Proofs for METN with Extensions

We provide meta theory and proofs for METN introduced in Sections 3 and 4 and fully specified in
Appendix A. The proofs are based on the proofs for MET in Tang et al. [26]. Though the syntax for
the common parts of METN and MET are slightly different, it is obvious how to adapt the proofs of
MET to METN. Thus, we focus on proving the new parts of METN relevant to named handlers.
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B.1 Properties of the Mode Theory of METN

Our proofs for type soundness rely on some properties of the mode theory of MeTN (full mode
theory of MET is given in Appendix A.5), following the properties of the mode theory of MET.

First, the mode theory of MeTN should form a double category. The effect contexts and subef-
fecting obviously form a double category generated by a poset. The effect contexts (objects) and
modalities (horizontal morphisms) also form a category since modality composition possesses
associativity and identity. We have the following lemma.

LEMMA B.1 (MODES AND MODALITIES FORM A CATEGORY). Modes and modalities form a category
with the identity morphism 1g = ()g : E — E and the morphism composition pup o vgr such that

(1) Identity: 1p o up = up = pp o 1 for uyp : E — F.
(2) Associativity: (pg, o vg,) © &g, = pig, © (v, © &g,) for pg, : E; — Eq, vg, : E3s — Ej, and
§E3 : E — E3.

Proor. By inlining the definitions of modalities and checking each case. O

As in MET, we need to extend the modality transformation relation a bit for meta theory and
proofs. We write I' + pp = vp if T+ g = v @ F. We extend this judgement to allow I' + pp = vpr
where F < F/ and add one new rule MT-MoNo.

MT-Mono
TrFLF
I'r HF = HF
We show that modality transformations are 2-cells in the double category.

LEMMA B.2 (MODALITY TRANSFORMATIONS ARE 2-CELLS). If yp = vp, yp : E — F, and vpr :
E' — F', then E < E’ and F < F’. Moreover, the transformation relation is closed under vertical and
horizontal composition as shown by the following admissible rules.

’ ’ ’ ’ ’
HF, = VF, Ve, = &R, HE = fip VE = Vg ur:E—>F Hp B —F

HF, = &Ry [F © VE = [l 0 V),
Proor. We first take the transitive closures of the modality transformation rules.

MT-ABs
upr tE— F' ELE FKF

[Elr = pp

MT-REL
T + labels(L) = labels(L") T + labels(D) = labels(D")
I' + names(L’) < names(L) T + names(D) < names(D’ + (F' = L"))
I'+tF-L =D;, =D, _ IT+FLF

Tr <D1,L|D,D1>F = <D2,L,|D’,D2>F/

Vertical composition follows directly from the fact that we take the transitive closure. Horizontal
compositions follows from a case analysis on shapes of modalities being composed. The most
nontrivial case is when all of ur, vg, pf,, and vy, are relative modalities. The new part compared
to MET is that we can remove names from L and add names to D’ in MT-REL. It is obvious that
horizontal composition preserves this property. O
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Beyond being a double category, we show some extra properties. The most important one is that
horizontal morphisms (sub-effecting) act functorially on vertical ones (modalities). In other words,
the action of i on effect contexts gives a total monotone function.

LEmMA B.3 (MONOTONE MODALITIES). Ifup : E — F and F < F', then upr : E' — F’ withE < E’.
Proor. By definition. O

LEMMA 3.1 (SOUNDNESS OF MODALITY TRANSFORMATION). For modality transformationT + p =
v @ F, we have u(F') < v(F’) for all F/ with F < F'.

Proor. We prove it for the full version of rules in Appendix A.5. It is obvious that taking the
transitive closure does not break this lemma. We only need to show the transformation given by
each rule satisfies the semantics.

Case MT-ABs. Follow from Lemma B.3.

Case MT-ExXTEND and MT-REMOVE. Obvious.

Case MT-ExpaND. Since (F — L) = D’,E, for any F < F’ we have (F' — L) = D', E’ for some E’.
Both sides act on F’ give D, D', E’.

Case MT-SHRINK. Similar to the above case.

]

We state some properties of the mode theory as the following lemmas for easier references in
proofs. Most of them directly follow from the definition.

LEMMA B.4 (VERTICAL COMPOSITION). If up, = vp, and vy, = &f,, then pp, = &p,.

Proor. Follow from Lemma B.2 o

LEmMA B.5 (HORIZONTAL COMPOSITION). If up : E — F, ,u}:, tE > FLup = ,u},, and vg = vJ’E,,
then pup o vg = g, o vi,.

Proor. Follow from Lemma B.2 o

LEMMA B.6 (MONOTONE MODALITY TRANSFORMATION). If up = vp and F < F/, then uyp = vp.

Proor. Obvious by looking at the transitive closure rules of modality transformation MT-ABs
and MT-REL in Appendix A.5. For MT-ABs, we use Lemma B.3. O

LEMMA B.7 (ASYMMETRIC REFLEXIVITY OF MODALITY TRANSFORMATION). IfF < F’ and up : E —
F, then up = pp.

ProoF. By definition. O

B.2 Lemmas for the Calculus

We prove structural and substitution lemmas for METN as well as some other auxiliary lemmas for
proving type soundness.

LEmMA B.8 (CANONICAL FORMS).

1L If+U: pA @E, then U is of shape mod, U’.
If+U:A— B@E, thenU is of shape Ax*.M.
Ifr U :Ve¥' A @E, then U is of shape Ae* V.
If+ U :Va'.A @E, thenU is of shape 1a'.V.
IfrU:1@E,thenU is ().

R N
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Proor. Directly follows from the typing rules. O

In order to define the lock weakening lemma, we first define a context update operation (T')
which gives a new context derived from updating the indexes of all locks and variable bindings in
I such that locks((T) ) : _ — F'.

(D = -
@), )y = @I
(19<L\D>Fn )y = &up). (U)perory
(]x llr’ArDF = x:llr'A’(]r’DF
(e:Y.T)p = e:Y, ()
(a : f,l"[) = a:4()p

We have the following lemma showing that the index update operation preserves the locks(—)
operation except for updating the index.

LEMMA B.9 (INDEX UPDATE PRESERVES COMPOSITION). If up = locks(T) : E —» F, F < F’, and
locks((T) ) : E' — F’, then locks(([) /) = ppr-

ProoF. By straightforward induction on the context and using the property that (zov)r = ppovg
for uyp : E — F. O

COROLLARY B.10 (INDEX UPDATE PRESERVES TRANSFORMATION). Iflocks(T') : E — F, F < F’, and
locks(([) ) : E — F/, then locks(I') = locks(([') z).

Proor. Immediately follow from Lemma B.9 and Lemma B.7. O
We have the following structural lemmas.

LEMMA B.11 (STRUCTURAL RULES). The following structural rules are admissible.
1. Variable weakening.
I'T'"+M:B@E Ix:, AT @QE
Lx ooy, AT'+M:B@E

2. Variable swapping.
Ix:. Ay:, B, I'tM:A" @FE
Ly, Bx:y, A I'tM:A" @FE

3. Lock weakening.
r&,6 I'+rM:A@E UF = VF vp:F — F locks((T") ) : E" — F
r.&, (") rM:AQ@F

4. Type variable weakening.
ILT'+M:B@E
Ie:Y,I'vtM:B@E

5. Type variable swapping.
LTpe:Y,Ts - M:A@F agftv(ly) The:V.3rM:AQ@E
I,e: YYIsFM:A@E I, I,e: Y IsFM:A@E
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6. Name weakening.

ILT'+M:B@E
T,a: (L,R,I'+ M:B@E

Proor. Follow from the proofs for structural rules of MeT in Tang et al. [26]. The new cases
relevant to named handlers follow from similar induction patterns of existing cases in MET. O

The following lemma reflects the intuition that pure values can be used in any effect context.
LEMMA B.12 (Pure ProMoOTION). The following promotion rule is admissible.

I&,I‘ FVA @ E I& A : Abs
locks(T) : E —> F locks(T”) : E' > F fv(V) Nndom(I’) =0

OLI'FV:AQ@F

Proor. Follow from the proof for the same lemma of MEeT. O

LEMMA B.13 (SuBsTITUTION). The following substitution rules are admissible.

1. Preservation of kinds under effect substitution.

THE:Y T,e:Y,I'+B:K
I’ v B[E/¢] : K

2. Preservation of types under effect substitution.

THE:Y Ie:Y,'+M:B@F
I,T" v M[E/e] : B[E/e] @ F

3. Preservation of types under value substitution.

r&,+rV:A@F T,x:, AT'+rM:B@E

I.,T' v M[V/x] :B@E

g

4. Preservation of kinds under name substitution.

Tab:¢ ILa:¢t,I'"+B:K
I,T' + B[b/a] : K

5. Preservation of types under name substitution.

T'sb:¢ la:t,T"FM:B@F
I,T" v M[b/a] : B[b/a] @ F

Proor.
1,2,4,5. Follow from straightforward induction.
3. Follow from the proof for the same lemma of MEeT. The new cases relevant to named handlers
follow from similar induction patterns of existing cases in MET. O
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B.3 Progress

THEOREM 3.3 (PROGRESS). If Q | - + M : A @ E, then either there exists N such that M | Q ~» N |
Q' or M is in a normal form with respect to E.

Proor. By induction on the typing derivation Q | - + M : A @ E. Most cases follow from the
proof for progress of MET in Tang et al. [26]. We only show new cases relevant to named handlers.

Case T-NAprp. M a. Follow from IH on M, Lemma B.8, and E-NAPp.
Case T-DoNAME. do , op M. We have h € E. Either M is reducible or the whole term is in a normal
form with respect to E.
Case T-HANDLENAME’ and T-HaNDLENAME*’. By E-GEN.
Case T-HANDLEINsT” and T-HANDLEINST*’. handle} M with H.
Case M is reducible. Trivial.
Case M is a value. By E-RET.
Case M = &[doy ¢ U]J. Since M is not reducible itself, there is no handler for A’ in
&. Because of well-typedness, we have either h = b’ or h’ € E. If h = h’, by E-Op.
Otherwise, it is in a normal form with respect to E.

]

B.4 Subject Reduction

THEOREM 3.4 (SUBJECT REDUCTION). If Q | T+ M : A @Eand M | Q ~ N | Q’, then
Q' |T-FN:A@E.

Proor. By induction on the typing derivation Q | T + M : A @ E. Most cases follow from the
proof for subject reduction of MeT. We only show new cases relevant to named handlers.

Case
T-LETMOD’
vi:E—F + V : Complex

T,&,.a:0e: Y-V :pA@E(1)  T,X:you Val.Ve! . AF N:B@F (2)

VE>

T+ let, mod, 1a’Ae¥ x=VinN:B@F

Similar to the case for T-LETMoD’. By case analysis on the reduction.
Case E-Lirt with V ~» V’. By IH on (1) and reapplying T-LETMOD’.
Case E-LETMOD’. We have V = mod, U and

let, mod, Al Ae¥ x = mod, U in N ~» N[(/TF.AS_Y.U)/X].
Inversion on (1) gives
@, a e YR, rU:pAQ@E.
where pf : E' — E. Swapping variable and name bindings with locks gives
r&,8,a:te:YrU:AQE.
By context equivalence, we have

I.&,...a:te:YrU:AQ@E.

D

where v o g : E/ — F. By T-TABs we have
T,&,., F1a.AeY.U: Val VeV A @ .
By Lemma B.13.3 and (2), we have
T+ N[(Aa’.Ae¥.U)/x] : B@F.
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Case T-NABs. Impossible as there is no further reduction.
Case
T-NAPpp
T'rM:Va" A@E(1) T3b:£(2)
F'rMb:A[b/al @E

By case analysis on the reduction.
Case E-LirT with M | Q ~ N | Q. By IH on (1) and reapplying T-NAPp.
Case E-NApp. We have M = 1a’.V and

(2" V)b~ V[b/a].

Inversion on (1) gives
Ta:¢t+rV:A@E.

Then by Lemma B.13.5 on (2), we have
T+ V[b/a] : A[b/a] @E.

Case T-DoNaME. Impossible as there is no further reduction.
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Case T-DolnsT. The only way to reduce is by E-L1rT. Follow from IH and reapplying T-DoINST.

Case
T-HANDLENAME’
3 (¢) ={op; : A; — B;}; Lazy f,ﬂ(\a>l_, FM:{(a)A @aF
ILx:ArN:B@F [F,pi:A,-,ri:B,-—>BI—N:B@F],-

I' + handle, M with {return x — N} W {op; p; ri = N;}; :B@F
The only way to reduce is by E-GEN. We have
handle, M with H| Q@ ~» handle, M[h/a] withH | Q,h:¢

Follow from T-HANDLEINST using the new instance context Q, h : £.
Case T-HANDLENAME*’. Similar to the above.
Case
T-HANDLEINST’
%(¢) = {op; : A; — B;}; F,ﬂ<‘h>F FM:(hpA @h,F(1)
ILx:ArN:B@F(2) [T,p;i: Airi :Bi > BrFN:B@F(3)];

I + handle, M with {return x — N} W {op; p; ri > N;}; :B@F

By case analysis on the reduction.
Case E-Lirt with M ~»> M’. By IHs and reapplying T-HANDLEINST .
Case E-NRET. We have M = mod ) U and

handle, (mod) U) with H ~ N[U/x].
By inversion on (1), {h) o (h]) = (), and context equivalence we have
''rU:A@F.
Then by (2) and Lemma B.13.3 we have
T+ N[U/x]:B@F.
Case E-NOp. We have M = &E[doj, op; U], H 3 op; p; rj — Nj, and

handle, M with H ~> N;[U/p;, (Ay.handle, E[y] with H)/r;].

By inversion on doj, op; U we have

F,nqhn_ FU:Aj @hF.
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By A; has kind Abs, Lemma B.12, and context equivalence, we have
T+U:A; @F (4)
Observe that B; being pure allows y : B; to be accessed in any context. By (1) and a
straightforward induction on & we have
Ty:B;, @, +Elyl :A@hF.
Then by T-HANDLEINST’ and T-ABs we have
I' + Ay.handle, E[y] with H : B; - B @F (5).
Finally, by (3), (4), (5), and Lemma B.13.3 we have
I' - N;[U/p, (Ay.handle, E[y] with H)/r] : B@F.
Case

T-INsTHANDLE*’
%(¢) = {op; : A; - Bi} [E]lr = 1F
I, &np, FM:(h)A@hE(1) I, 8g),.x:[E]JA+r N:B@E(2)
[F’E[E],.wpi AL [E](Bl e B) +N;:B @E(3)]l

I + handle; M with {return x — N} & {op; p;ri > N;i}; : B@F

By case analysis on the reduction.
Case E-Lirt with M ~» M’. By IHs and reapplying T-INSTHANDLE®.
Case E-NRET*. We have M = mod ), U and

handle (mod ), U) with H ~> N[(modgU)/x].
By (1), [E]lF o [E]g = [E]F = [k, E]F o (h]}, g, and context equivalence, we have
T,@;,.8;, rU:AQ@F.
By T-Mop, we have
&), Fmod U: [E]A@E.
Then by (2) and Lemma B.13.3 we have
[, &z, + N[(mod[g U)/x] : B@E.
By [E]r = 1F and Lemma B.11.3 we have
'+ N[(modg U)/x] :B@F.
Case E-NOp*. We have M = E[doy, op; U], ¢jpjrj — Nj, and
handlez M with H ~> N;[U/p, (modg) (Ay.handlez Ely] with H))/r].
By inversion on doy, op; U, we have
T8, +U:A; @hE.
By the fact that A; is pure, Lemma B.12, and context equivalence, we have
I &, +U:A; @E(4).

Observe that B; being pure allows y to be accessed in any context. By (1) and a
straightforward induction on & we have

Iy: Bj:ﬂ[h,E]p F S[y] :A@hE.
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By [E]F o [E]lg o [h E]g = [h, E]F and context equivalence, we have
Ty:Bj @), @), 8, +E[y] - A@hE.
Since B; is pure, we can swap y : B; with locks and derive
I8, 8¢,y B.8&¢,+E[yl :A@hE.
By T-HanDLEINST*’, we have
F,ﬂlE|F,ﬂ[E|H,y :Bj + handlez Ely] with H: B @E.

Notice that we can put H after absolute locks because all clauses in H have an absolute
lock @), in their contexts. Then by T-ABs and T-Mob we have

T, @z, + modz| (Ay.handle? E[y] with H) : [E](B; — B) @E (5).
By (3), (4), (5), and Lemma B.13.3 we have

T8z, + N;[U/p, (mod[F} (Ay.handle}, E[y] with H))/r] : B@E.
Finally, by [E]r = 1r and Lemma B.11.3 we have

I+ N;[U/p, (mod(F} (Ay.handle}, E[y] with H))/r] : B@F.

C Full Specifications of Source Calculi and Encodings

In this section, we provide the specifications of the source calculi (System =, System C, System
Fe+sn, System F€**" 1) and their encodings to METN that are omitted from Sections 5 to 8.

C.1 Operational Semantics of System = and System C

Reduction in System C is defined not only on terms but also blocks since we have unbox V which
can reduce. Runtime constructs and evaluation contexts are defined as follows.

Handler Instances h

Instance Contexts Qu=-|Qh:t

Contexts To=---| T, ha

Block Values P,Qu=---|cap

Terms M :=--- | handle, M with H

Evaluation Contexts Eu=[]]|letx=Ein N|def f =& in N | handle;, & with H

Typing rules for runtime constructs are as follows.

T-HANDLE
T-Cap %(¢) ={op: A" - B’} I,charM:A|CU{h}
Qsh:t 3(¢)={op:A— B} Lp:A,rC(B)=AFrN:A|C
I'+cap,: (A) = B| {h} I + handley, M with {oppr— N}:A|C

Since System C uses block variables f as both term-level and type-level variables, we need to
substitute them separately. We follow Brachthauser et al. [4] to overload the notion of substitution.
We write C/f for substituting in types and P/ f for substituting in terms.
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The reduction rules for System C are defined as follows.

E-Box unbox (box G) ~ G
E-LET let x =return Vin N ~ N[V /x]
E-DEF def f=Pin N~ N[P/f]

E-CALL {(x:Af:T)= M}V,Q) ~ M[V/x,Q/f.C/f] where-+Q:T|C
E-GEN  handle {f = M} with H | Q ~ handle, M[cap,/f,{h}/f] with H | Q,h: ¢
where h fresh and H oc £
E-NRET handle, (return V) with H ~»> return V
E-NOr  handle, E[cap, (V)] with H ~ N[V/p, (Ay.handle;, E[return y] with H)/r],
where H = {op pr — N}
E-LiFT E[M] ~ E[N], ifM~ N

For the operational semantics of System =, we only need to remove the E-Box rule and substitu-
tions of capability sets C/f.

We provide the translations of runtime constructs and evaluation contexts for System = and Sys-
tem C into METN. They are needed for showing semantics preservation. Translations of evaluation
contexts are analogous to the translations of their corresponding terms.

For System E, we translate runtime constructs as follows.

[cap,] = Ax[4l.doyx where Q> h:¢and=(¢)={op:A — B}
[handle, M with H] handley, [M] with [H]

For System C, we translate as follows.

[cap,] = AxI*l.do, x where Q> h:¢and>(¢) = {op: A — B}
[handle, M with H] = handlez [M] with [H]

C.2 Full Encodings of System = and System C

Our encodings in Section 6 omit homomorphic cases. For completeness, we provide the full encod-
ings with all cases here. Figure 16 gives the full encoding of System E into METN. Figure 17 gives
the full encoding of System C into METN.
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-]
[1]
[(AT)= B]

[-1

[l

[T, x:A]
[Tf:T]

-]
[x]
[0]

[-]
. ]
[{(x:Af:T) = M}]

-]

[return V]

[let x =M in NJ

[def f =G in N]

[P(V, Q)]

[handle {f = M} with H]

[{op pr — N}

Types — Types
1
[A] - [T - [B]

: Contexts — Contexts

[T].x : [A]
[T].f - [7]

: Values — Terms

X

0

: Blocks — Terms

S
AxlAD £I77 M)

: Terms — Terms

vl

let x = [M] in [N]

let f = [G] in [N]

7] V] Q]

handle, (let f = Ax[4>] do, x in [M]) with [H]
where H={oppr+— N}

{return x — x,0p p r — [N]}

Fig. 16. An encoding of System Z in METN without effect variables.
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-
[ =
[T atC] =

. H
[(AFT) = B] =

[
1)1

[-1-

[1c =

ﬂF,x :zqﬂcv =
[T,ox: A f*Ta]e =
IT.f:€T]c =

[T, %c]c =

[-]
[x] =
[0l =
[box G:T atC] =

[-]

o
[{Ge:Af:T) = M)]
[unbox V:T|C] =

[-]

[letx =M in N|] =

[def f=G"I€in N] =

[P(V, Q') =

[return V] =

[handle {f = M} withH: A | (] =

[{foppr— N}<] =

Wenhao Tang and Sam Lindley

Value Types — Types
1

LI

: Block Types — Types

V(AL = [F11T] — [B])

: Capability Sets — Effect Contexts

f*

: Contexts X Capability Sets — Contexts

[Tle.x - [A]

Hrﬂc\{fyF’nq[[{f}q(*]]yx: [A]L f - If*”[Tﬂ!f:If"l [7]
[Tle. f « LICHITL f pepy [T1

[Tlc. al [CT11ey

: Value Judgement — Term

X

0
mod[[[c]]] [[G]]

: Block Judgement — Term

f
A]T*.moqu)(Ax[[Aﬂ FUIT let mod £+ f=fin[M])
let mod[cp) x = [V] inx

: Term Judgement — Terms

let x = [M] in [N]

let f = mod ([} [G] in let mod|[c]; f=fin[N]
let mod(lm> x = [P] [C;] in x [Vi] (mod(c,y [Q;])
VI

handle;* (let f = mod ) (Ax[[A"PH,dof* x) in

let mod(] f = f in [M]) with [H]

where H={op pr+— N}

{return x — let mod[¢c]) X' = x in x’

op p r — let modcp) 7 =r in [N]}

Fig. 17. An encoding of System C in METN with effect variables.
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C.3 Full Specification of System F***" with Both Named and Unnamed Handlers

Figure 18 gives the syntax. Note that we extend the syntax of markers in contexts as well.

Value Types AB:=1|A—>FB|VaK.A|eve?

Types T:=A|E|a

Type Variables «a,¢,a

Kind K ::= Effect | Scope

Effect Rows Ex=-|¢|{,E| £%,E

Contexts Fu=-|I,x:A|T,a: K|, % |T, ¢g

Values V,W:u=() | x| AEx2.M | AaX.V | handler H | nhandler H

Computations M,N z=returnV |VW |V T |letx=Min N
| mask, M| doopV |doV W

Handlers H :={oppr— M}

Label Contexts Yu=-|2,¢:{op:A—» B}

Fig. 18. Syntax of System F€*s" with both named and unnamed handlers.

Figure 19 gives the typing rules.
For the operational semantics of System F¢**", we define runtime constructs and evaluation
contexts as follows.

Handler Instances h

Instance Contexts Qu=-|Q h:¢?
Computations M :=--- | handle, M with H
Values Vi=---|evy

Evaluation Contexts & :=[]|letx =& in N | handle, & with H | handle & with H

Typing rules for runtime constructs are as follows.

T-EVIDENCE
Q>h:
T'kevy:evt?
T-HANDLE
%(¢) ={op: A" — B’} Ie&r+-M:A|LE Lp:A,r:B -FArN:A|E
T + handle M with {oppr+— N}:A|E

T-HANDLENAME
() ={t:A — B’}
Q3h:¢* T,8:+-M:A|tE T,p:A,r:B >PArN:A|E

I + handle, M with {oppr— N}:A|E

Reduction rules are as follows. We use the predicate n—free(op, &) which is defined similarly to
that of MEeT in Appendix A.7.
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T-Var T-ABs T-TABs
T-Unir I'sx:A I&x:A+M:B|F Ta:KrV:A
T'r():1 Trx:A TrAfxAM:A-FB TrAdfV:A
T-HANDLER

() ={op:A —»B} T, ap:Ar:B-sFArN:A|F
T+ handler {oppr— N}: (1 = A) 57 A

T-NAMEDHANDLER

S(t)={op: A" »B} T,ap:A,r:B ->"ArN:AIF
T + nhandler {op p r — N} : (Va5 ey ¢ —F 4) »F A

T-M:A|E

T-VALUE T-Arp

Fr+vV:A FrrVv:A-EB Trw:A
IF'+returnV:A|E r-VW:B|E
T-LET T-TArpr
TFM:A|E T,x:ArN:B|E TrV:VaXB TrT:K
Frletx=MinN:B|E TV T:B[T/a] | E
T-Do T-DoNAME
(¢) ={op: A — B} >(¢) ={op: A — B} E=t¢%F T-MAaSK
F'rV:A E=¢(F FrV:evt® TrW:A T4, FM:A|E
I'rdoopV:B|E IT'rdoVW:B|E I'+rmask, M:A|¢E

Fig. 19. Typing rules for System F€*" with both named and unnamed handlers.

E-TApp (AdX V)T ~ V[T/a]

E-Arp (AxAM)V ~ M[V/x]

E-Mask mask;, V-~V

E-RET handle (return V) with H ~ N[V /x], where (return x — N) € H

E-HANDLER handler H V ~ handle V () with H,

E-Or handle E[do op V] with H ~ N[V/p, (Ay.handle &[return y] with H)/r],
where 0—free(op, &) and (oppr+— N) € H

E-GEN nhandler HV | Q ~ handle, (let x =V ain x evy) with H | Q, h: £¢

where a, h fresh and H « ¢
E-NRET handle;, V with H ~> return V

E-NOr  handle, E[do evy, V] with H ~ N[V/p, (Ay.handle;, E[return y] with H)/r],
where (oppr+— N) € H
E-LIFT E[M] ~ E[N], ifM~ N



2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375
2376
2377
2378
2379
2380
2381
2382
2383
2384
2385
2386
2387
2388
2389
2390
2391
2392
2393
2394
2395
2396
2397
2398
2399
2400
2401

Rows and Capabilities as Modal Effects with Names 49

Translations of runtime constructs for System F€**" are as follows.

[evn] = mod(, (Ax[4l.do, x) where Q5 h: ¢ and (¢) = {op: A — B}
[handle, M with H]] = handle’, [M] with [H] where Q 3 h: ¢% and %(¢) = {op : A — B}

They are used in the proof of semantics preservation in Appendix D.1.

C.4 Full Specification of System F{**" with Both Named and Unnamed Handlers
Figure 20 gives the syntax.

Value Types AB:=1|A—'ElY) B|VeA|Va.Alevt?
Type Variables  a,¢

Effect Rows E:=-|tE|t%E
Contexts Fu=-|T,x: . A|T,a|T,¢x | T, &g
Values V,W:=() | x| A'El9) x4 M | Aa.V | Ae.V | handler H | nhandler H
Terms M,N :=returnV |VW |VA|V#{E|s} |letx=Min N
| mask, M |doop N|doMN
Handlers H:={oppr+— M}

Fig. 20. Syntax of System with both named and unnamed handlers.

F§+Sn
Figure 21 gives the typing rules.
The operational semantics of System F{**" follows from that of System F**" in Appendix C.3.
We just need to split E-TAPp-SysTeEm F<*" into two rules E-EAPP and E-NAPP as follows.

E-EArr (A’ .V){E|c} ~ V[{E|e}/<']
E-NApp (Aa.V)b~> V[b/a]
Translations of runtime constructs for System F{**" are as follows.
[evi] = mod|, (Ax[4].do, x) where Q 3 h: ¢% and 2(¢) = {op : A — B}
[handle, M with H : _ | E] = handle, (let, mod, = [M] in mod )., y) with [H]
where Q > h: ¢* and X(¢) = {op: A — B}
and p = topmod([A]se,g) and v = topmod ([A] )

They are used in the proof of semantics preservation in Appendix D.2.



2402
2403
2404
2405
2406
2407
2408
2409
2410
2411
2412
2413
2414
2415
2416
2417
2418
2419
2420
2421
2422
2423
2424
2425
2426
2427
2428
2429
2430
2431
2432
2433
2434
2435
2436
2437
2438
2439
2440
2441
2442
2443
2444
2445
2446
2447
2448
2449
2450

50

‘FFEV:A|EHTFEM:A|E‘

Wenhao Tang and Sam Lindley

T-Var . . T-ABs
T-Unrt e=¢ orA=VaVe A or A=Va.l I, 4p,x:Ar; M:B|F
T ():1]E Lx:w AT Fex:A|E T, Al xA 0. A Pl B E
T-EABs T-SArp
T-SABs Laptg VAL T-VALUE FreV:VaA|E
Tar. V:A|E ¢ ¢ ftv(T) Tr V:A|E I'sbh

T+, AaV:VaAl|E

T-LeET
T+ M:A|E
Ix:Ar:. N:B|E

Tr. AV VY AE

T't.returnV:A|E T+, Vb:Alb/a] | E

T-Arp
T-EApp Tr.V:A-EBIE
Tr V VS A|E TrW:A|E

I't.letx=MinN:B|E

T-DoNAME
(¢) = {op: A — B} E=¢%F
T, V:evt? | E rv.W:A|E

I't,doVW:B|E

T-NAMEDHANDLER
S(¢) ={op:A" — B’}

T+, V#{E|e}: A[{E|¢}/¢'] | E T+.VW:B|E

T-Do
%(¢) ={op: A — B} T-MasK
'+, V:A|E E=¢F F,OF!EI-SM:A|E

IF'+t,doopV:B|E T+, mask, M: A|,E

ToeppieAirie B 5F T Ar, N:AF

T +, nhandler {op p r = N} : (Va.evt® —5F1 4y 5P A E

T-HANDLER

%(¢) ={op: A" - B’}

TeppieAr B T AL, N:A|F

T+, handler {op pr — N} : (1 »6F15h 4y Sl A B

Fig. 21. Typing rules for System

F{**" with both named and unnamed handlers.

C.5 Full Encodings of System F**" and System F{*™"

Figure 22 gives the encoding of full System F¢**" with both named and unnamed handlers into

MEeTN with effect variables.

Figure 23 gives the encoding of full System F{**" with both named and unnamed handlers into
MEeTN without effect variables with masking handler names. We define topmod(pA) = p.
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[A

[[

[-] : Type — Type

[-]- : Context x Effect Row — Context

1 =1 [le = -

—F B] = [[E]I([A] - [BD) [T.x: Al = [T]e x : [A]

[Ve.A] = Ve.[A] [T.ele = [T]e €

[Va'.A] = Va’.[A] [T,a: €]z = [[]g.a:¢t

leved] = [al([Ae] — [Be]) [T.%]g = [[r]]"al[[E]]],
[-] : Effect Row — Effect Context [-] : Label Context — Label Context
[H] = . [H] =

[e] =
[¢.E] = ¢ [E]
[¢4.E] = a [E]

-1 :

101

[x] =

[AeV] =

[Ad.V] =

[AExA.M] =

[letx=Min N] =

[Va] =

[VE] =

[vA="P w] =

[mask, M] =

[doop V] =

[do Vev&* W] =
handler H

[[: (1 -5F A) -F A]]

[H"#] =

nhandler H ]]
:(Valeved —»F A) SE A

[H] =

[%.¢:{op:A—B}] = [2].¢:{op: [A] - [B]}

Value / Computation — Term
0

x

Ae[V]

Aa' . [v]

mod ) (AxI1.[M])

let x = [M] in [N]

[V] a

V] [E]

let mod g} x = [V] in x [W]
let mod ;) x = mask, [M] in x
do op [V]

let mod[,) x = [V] in x [W]

= mod g (Af.-handle* (let mod [,z f = fin f ()

with [H5E])
{return x — let mod [,z x =x in x,
oppr— [N}

= mod [z (Af.-handlej (let f = f ain

let mod[[[evfa,EE] f=fin

f (modj,) (Axl4=].do, x))) with [HE])
where H={oppr+— N}
{return x — let mod[z; x = x in x,

oppr— [N]}

Fig. 22. An encoding of full System F€*S" in METN with effect variables.
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[-]- : Type x Effect Row — Type [-] : Effect Row — Effect Context

[ = (1

[

[A - Ble = ([E] - [FII[F] - [E))([Alr — [Blr) [£.E] = ¢ [E]

[V.Ale = [I[A]- [¢4E] = o [E]
, f la ifu=vo
[Vat Alg = {L Ez’a".qB)W), lftﬁ V. (@ [-]- : Context X Effect Row — Context
1(Va'.B), otherwise [z = -
[ev ]y = E};?E[Z][][AHE EBI]]B) [T.x:Ale = [Flg x: pA’, %2y A” for pA” = [Ag
E = - : Fa:¢)g = [I'|g,a:¢
where (¢) = {op: A - B} [[ [[TCT*E%J_E _ %r%izu

-1 :

[0] =
[x:A|E] =
[AV] =

[Aat.V :Vat A | E]

[AfxAM:_|E] =

[let x=MAinN:_|E]

[V#:_|E] =
[V¥e'“Ab: | E] =
[vw] =

[mask, M: _| £, E] =

[doop V] =
[do V W]
[handler H : A | E]

L7524l

[[nhandler H: ]]
(Valevt? - A) 5F A|E

[{op pr+— N}] =

IT. ¢rle = [T1r. &¢ry-(e7i (2] -[FD)

Value / Computation — Term
m0d<> ()
mod, X where i = topmod([A]E)
mod|; [V]
let mod, 1a‘.x = (let mod,, x = [V] in mod,,) x)
in mod, x ifpy=vo(a)
let mod,, Aa‘.x = [V] in mod, x, otherwise
where u = topmod([A] k)
m0d<[[Eﬂ7[IF]]I[IF]]f[[E]]) (AXHA]]F.Iet mod, X = x in [M])
where y = topmod([A]F)
let x = [M] in let mod, % = x in [N]
where p = topmod([A]g)
let mod[) x = [V] in x
let mod, x = [V] in
let, mod,y y=xbinmod,y ifp=voa)
let mod, x = [V] inmod, (x b)  otherwise
where p = topmod([A]g)
let mod(y x = [V] in x [W]
let mod;).,, x = mask, [M] in mod, x
where p = topmod([A]g) and v = topmod([A], k)
do op [V]
let mod[,) x = [V] inx [W] whereV :ev¢?
mod ][] [r]-[z]) (Af-let mody) f = fin
handle f () with [H : A | E])

{return x — let mod),, x = x in mod, x,
oppr letmod,, p=pinlet mod, 7 =rin [N]}
where p = topmod([A],r) and v = topmod([A]F)
Hp = topmod([A']F) and 2(£) = {op : A" — B’}

= m0d<[[EH,HF]]|HF]],[[E]]) (Af.handle, (let mod,,) f'=fain

let mod, y = f* (mod|,) (Ax.do, x)) in mod ), y) with =)
where p = topmod([[A] e ) and v = topmod([A] )
{return x — x,
oppr letmod,, p=pinlet mod, 7 =rin [N]}
where 1, = topmod([Aop]r)

Fig. 23. An encoding of full System F{**" in METN without effect variables with masking names.
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D Proofs of Encodings

We prove all type preservation and semantics preservation theorems in Sections 6 and 8. For
System F*" and System F{™", we prove the full encodings with both named and unnamed
handlers provided in Appendix C.5.

D.1 Proofs for the Encoding of System F¢**"
TaEOREM 8.2 (TYPE PRESERVATION). If T + M : A | E is a consistent judgement in System FEs",
then [T]g + [M] : [A] @ [E] in MeTn. Similarly for typing judgements of values.

Proor. By induction on consistent typing judgements T + M : A | E in System F€**". Most cases
follow from using IH trivially. We elaborate interesting cases.
Case By T-Un1T-SysTem F€*" and T-UNIT-METN.
Case All translated types have kind Abs in METN and can be always accessed by T-VAR-METN.
Case By IH, T-TABs-SvsTem F<" and T-EABS-METN.
Case By IH, T-TApr-SysTem F™" and T-EAPpP-METN.

Case By IH, T-TABs-SysTem F™*" and T-NABs-METN.
Case By IH, T-TAPp-SvsTem F<*" and T-NAPp-METN,
Case

T-ABs
I&,x:A-M:B|E(1)

TrA8xAM:AEB

By IH on (1), we have
[T]. &gy, x - [Al v [M] - [B] @ [E]
By T-ABs-MEeTN and T-Mobp-METN, we have
[T]. + modyzp; (AxML[M]) « [[E]1([A] — [B]) @-

Case By Lemma D.1.
Case |let x = M in N | By IH, syntactic sugar, and T-App-METN.
Case

T-Appr
FrV:A-EBQ) F'-W:A(2)

T-FVW:B|E

By IH on (1) and Lemma D.1, we have
[T]+ [VI - [IENTCAT — [B]) @[]
By IH on (2) and Lemma D.1, we have
[T+ [w]: [A] @ [£]
By T-LETMoD-METN and T-App-METN, we have

[T] + let mod gy x = [V] in x [W] : [B] @ [E]
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T-Mask
F,O[’EI—M:A|E(1)

IF'mask, M: A| ¢, E

By IH on (1), we have
[Tlee. &), - [M] - [A] @ [E]
By T-Mask-METN, we have
[Tk + mask, [M] : (¢)[A] @ [¢, E]
By T-LETMOD-METN, we have

[Tlek + let mod ) x = mask, [M] in x : [A] @ [¢, E]

Case By IH, Lemma D.1, T-Do-System F<™" and T-Do-METN.
Case

T-DoNAME
%(¢) ={op: A — B} E=¢*F TrV:evt*(l) T-W:A(2)

T+doVW:B|E
By IH on (1) and (2) and Lemma D.1, we have
[T] + [V] : [al([A] — [B]) @ [E]
[T]+ W] - [A] @ [£]
By T-LETMoD-METN and T-App-METN, we have
[T] + let mod4) x = [V] in x [W] : [B] @ [E]

Case ‘ handler {op p r — N} ‘

T-HANDLER
>(f) ={op: A" — B’} Tarp:A,r:B -FArN:A|EQ)

I+ handler {oppr— N}: (1 —=FA) SEA|F

By IH on (1), we have
[CrBygep) . p < [ADr s [IENI(B — [AD  [N] : [4] @ [E]
By Lemma B.12 and structural rules, we have
[CTr. @iep) e Bgeni ey p - [T [IEN(IB] — [AD + [N] - [A] @ [E] (2)
By T-LETMOD-METN, T-VAR-METN, and [A] has kind Abs, we have
HFHF,G[HE]]][[FH,a[[[E]]]ﬂEH,x : [[¢, E]1[A] + let mod [, x =xinx: [A] @ [E] (3)
By T-VAR-METN, T-LETMOD-METN, and T-App-METN, we have
[T1r. @gey) ey f 2 (16 ENN (2 — [A]), @ypepp) + let modyeepy f=fin f () : [A] @ [¢.E] (4)
By T-HANDLE*-METN, (2), (3), and (4), we have
[T1r. @gey) s f 2 L6 E]1(1 — [A]) + handle* (let mod g,y f = f in f () with H : [A] @ [E]

where H = {return x > let mod [, z]) x = x in x,0p p r = [N]}.
Our final goal follows from T-ABs-MEeTN, T-Mop-METN, and Lemma B.12.
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Case |nhandler {op pr — N} ‘

T-NAMEDHANDLER
%(¢) ={op:A - B} T, app:A,r:B -FA-N:A|EQ)

T + nhandler {op p r — N} : (Va.ev £* Ay SEAF

By IH on (1), we have
[T 81611000 [AD - [ENBT ~ [AD + [N] - [A] @ [E]
By Lemma B.12 and structural rules, we have
[T1e. 8yep) ey Brgepys 2 : [AD 7= LIENN([BT — [A]D + [N] : [A] @ [E] (2)
By T-LETMOD-METN, T-VAR-METN, and [A] has kind Abs, we have
[[r]]F,ﬂ[[[E]]][[Fﬂ,G[HE]”,x : [[E]NA] * let mod [z x = x inx: [A] @ [E] (3)
By T-Mobp-MEeTN and T-ABs-METN, we have
a: ¢+ modp, (Ax.do, x) : [a] ([A'] — [B]) @a, [E]
By T-VAR-METN, T-LETMOD-METN, and T-App-METN, we have

[T1r. @qgep) ey £ Va'-[a [E]([al ([A'] — [B']) — [A]). &peep) +
let f = fainlet mod[, g f = fin f (mod[, (Ax.do, x)) : [A] @ a, [E] (4)

By T-HANDLENAME*-METN, (2), (3), and (4), we have
[T1r. @1ey) s f : Va' [a [E]1([a] ([A] — [B']) — [A]) + handlef M with H : [A] @ [£]

where

M =let mod, g f=f ain f (mod[4 (Ax.do, x))
H = {return x — let mod [,z x = x in x,0p p r  [N]}

Our final goal follows from T-ABs-MEeTN, T-Mob-METN, and Lemma B.12.

The proof relies on the following lemma.

LemMma D.1 (Pure VALUES). Given a typing judgement T v V : A in System F*"_if [T]. + [V] :
[A] @ then [T]g + [V] : [A] @ [E] for anyE.

Proor. By straightforward induction on value typing judgements in System F€**". The most
non-trivial case is to show the accessibility of variables. Observe that the change from [I']. to [I']g
only changes the translations of locks. After translation, all variables in the context either have
types of kind Abs or are annotated by an absolute modality. For variables with types of kind Abs,
their accessibility is not influenced. For variables annotated with an absolute modality, by MT-ABs,
upcasting the effect context can neither influence their accessibility. O

LEMMA 8.3 (SEMANTICS PRESERVATION). If M is consistent and well-typed and M | Q ~> N | Q' in
System F<**" then [M] | [22] ~* [N] | [¥'] in METN.

Proor. By induction on M and case analysis on the next reduction rule. Note that values in
System F€**" are translated to value normal forms in METN. We use the same letters for scope
variables in System F€**" and handler instances in METN to make their correspondence clear.
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Case We have
[(A*x*.M) V] = let mod[z]) x = mod [z (AxAL [M]) in x [V]

Our goal follows from E-LETMOD and E-App in METN. It is obvious that translation preserves
value substitution.

Case By E-EApp and E-NAPP in METN. It is obvious that translation preserves substitution
of effect types and scope variables.

Case By syntactic sugar and E-App in METN.

Case We have

[mask, V] = let mod ;) x = mask, [V] in x
Our goal follows from E-Mask and E-LETMOD in METN.
nhandler HV |Q ~> handle, (letx=V bin x evy) with H | Q h: ¢

We have
[LHS] let mod| g} f = mod{[g) M in f [V]
M = Af.handle] (let g = f ain let mod|[e,rer]) g =g in
g (mod|,) (AxM=l.do, x))) with [H]

By E-LET™MOD, E-App, and E-GEN (set the generated instance to b) in METN, it reduces to

handle; (let g = [V] b in let mod ., pjj g = g in
g (mod 3 (Ax[4e] doy x))) with [H]

which is equal to [RHS] of the above reduction step.

Case By E-NRET* and E-LETMOD in METN.
Case

handle, E[do evy, V] with H ~» N[V/p, (Ay.handle;, E[return y] with H)/r]
where Q 3 h : £/, We have
[LHS] = handle} [E[do evy, V]] with [H]
By Lemma D.2, we have

[Eldoev, V]] = [&E][let mod[y f = [evs] in f [V]]
= [E]llet mod[;) f = mod[p) (Ax.dop x) in f [V]]

Thus, by E-LETM0OD and E-App in MeTN, [LHS] reduces to
handle} [E][do;, [V]] with [H]

Our goal follows from E-NOp* in METN.
Case |E-ReT | By E-RET* and E-LETMOD in METN.

Case | E-HANDLER | Similar to the E-GEN case.

Case | E-Op | Similar to the E-NOP case.
Case | E-LirT | By IH and Lemma D.2.

The proof of semantics preservation relies on the following lemma.
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LEMMA D.2 (TRANSLATION OF EFFECT CONTEXTS). For the translation [-] from System F€**" to
METN, we have [E[M]] = [E][[M]] for any evaluation context & and term M.

ProOF. By straightforward case analysis on evaluation contexts of System F€**", O

D.2 Proof of Encoding System F{*"

We first prove a few lemmas.
LEMMA D.3 (FIRST MODALITY TRANSFORMATION). For all Eq, E,, Es with no effect variables:
'+ <E1 - EzlEz - E1> o <E2 - E3|E3 - E2> =1 <E1 - E3|E3 - E1> @ E;

Proor. Observe that when there are no effect variables, syntax of masks L, extensions D, and
effect contexts E are the same, and the meta operations E + F and E — F defined on them are
basically union and difference on multisets (since effect labels £ could appear multiple times). We
do a set-theoretical analysis here. The composition on LHS gives

((E1 — E) + L|(E3 — E3) + D).

where L = (Ez — E3) - (Ez — El) = (El — E3) N Ez and D = (Ez — El) - (Ez — E3) = (E3 - El) N Eg.
We also have

Ei —E3=((E;—E3) —Ey)+L

E3 —E; = ((E3s — E;) — E;) + D

Thus,
(E1—E))+L = ((Ey—E3)—E;)+(EtNE3s—E)+L = (E; —E3)+(E;NE;—Ep)
(Es—Ey)+D = ((E3s—E;)—E)+(EsNE;—E))+D = (Es—E)+(EsNE;—Ey)

By MT-SHRINK, the transformation from left to right holds; by MT-ExpanD, the transformation
from right to left holds. O

LEMMA D.4 (SECOND MODALITY TRANSFORMATION). For all ¢,E, F:
I'+({¢)o(E-F|F—-E)= (({,E)—F|F-(t,E)) @(,E
Proor. Case analysis on whether F has more ¢ than E.

Case More ¢ in F. By MT-SHRINK.
Case More ¢ in E or equal. Both sides are equivalent.

O
LEMMA D.5 (THIRD MODALITY TRANSFORMATION). For all ¢, E, F:
I'+{¢)o((L,E)—F|F—-({,E))y >(E-F|F-E) @E
Proor. Case analysis on whether F has more ¢ than E.
Case More ¢ in F. Both sides are equivalent.
Case More ¢ in E or equal. By MT-SHRINK.
O

LEMMA D.6 (FOURTH MODALITY TRANSFORMATION). Forall a, E, F:
ILawyt+{(a,E)-F|F-(a,E)) = (ap o(E-F|F-E) @a,E
Proor. Since a is the rightmost handler name in the context with index §f, we know that it is

different from all other names, i.e., a\b = a for all b. This allows us to discuss the number of a in E
and F. Case analysis on whether F has more a than E.
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Case More a in F. By MT-EXPAND.
Case More a in E or equal. Both sides are equivalent.

]

LEMMA D.7 (TRANSLATING INSTANTIATED TYPES). For all System F{™" types A, we have [A]g =
[ALE"/1]EE -

Proor. By induction on the type A.

Case A = 1. Trivial.
Case A =V.A’. Trivial.
Case A=A’ —T B’. We have

[A]e = (E - FIF = EX([A’]F — [B']F)
[ALE'/N]ee = (E,E' = F,E'|F,E' — E,E")([A'[E'/]]rer — [B'[E"/1]F.p")
By the induction hypothesis we have:
[A]F = [A[E" /] .
[B']r = [B'[E'/1]F.E
Finally we have
(E,E' —F,E'|F,E —E,E'Y=(E,E-E,F|E/,F —E,E) = (E - F|F — E)

Case A =Va’.A’. Follow from a case analysis on A’ similar to above cases.

With these lemmas, we can now prove type preservation.

THEOREM 8.5 (TYPE PRESERVATION). If I' +. M : A | E is consistent and well-formed in System
F{*", then [T]g v [M]g : [A]e @ [E] in METN. Similarly for typing judgements of values.

Proor. By induction on the typing judgement I' -, M : A | E. As a visual aid, we repeat each
rule where we replace the translation premises by the METN judgement implied by the induction
hypothesis and the translation in the conclusion by the METN judgement we need to prove. For
brevity, we use E to refer to both an effect type in System F{**" and its translation in METN since
the translation of effect types E is trivial.

Case By T-UNIT-SYSTEM F‘l'””, T-UN1T-METN, T-MOD-METN, and + 1 : Abs.
Case
= topmod ([A] )
[[L,x:AL]gFmod, x: [A]lg @F

By case analysis on the type A:

Case A = 1. We can use T-VAR-METN since - + 1 : Abs.

Case A =V.A’. Then topmod([A]F) = [] for all F. We can use T-VAR-METN by MT-ABs.

Case A =evt?® Then topmod([A]r) = [a] for all F. We can use T-VAR-MeTN by MT-ABs.

Case A=A’ - B’.By well-formedness of System F$**" judgement, we have that locks(T)
is a relative modality. Suppose locks(I;) : E — F'. Let vy = (F' —E|E—F')p
which is the canonical relative modality from E to F’. It is easy to see that vpr =
locks(T;). We also have that p = (E — F|F — E) and x is annotated by the modality
(FF —F|F—-F')p : F - F'.Lemma D.3 gives (F/ — F|F — F')p, = vp o g, which
further gives (F’ — F|F — F’)p = locks(I}) o pg. Thus we can use T-VAR-METN.
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Case A =Val.A’ where A’ does not have top-level bindings of scope variables. Observe
that the translation of scope abstraction basically moves the inner modality to the top
level. Follow from case analysis on the shape of A” similar to the four cases above.

Case
6,20+ [V [A]. @
[T]e F mod[ [V] : [V.A]g @E
We have [T, #z]. = [[]g @) and [V.A]g = [][A].. Our goal follows from T-MoD-METN.

Case

[Tle + [V] : [V-Ale @E
[Cle v let mod[) x = [V] inx : [A[E/]]r @E

We have [V.A]g = [|[A].. By Lemma D.7, we have [A]. = [A[E/]]k. Our goal follows from
T-LETMOD-METN.
Case [Ad".V|

[[I‘,a : f]]E F [[V]]E : [[A]]E @E
[Tz + M: [Va'Alg @E

where topmod([A]g) = ¢B and M depends on p. Case analysis on p.
Case |u=vo (a)|Wehavea ¢ vand

M = let mod, 1a’.x = (let mod, x = [V] in mod,,(q) x) in mod, x

and [Va’.A]g = v(Va’.{a)B). Our goal follows from T-LETMmoD’-MEeTn and T-MoD-METN.
The most non-trivial step is that the top-level let-binding of M introduces a variable
binding x :, Va‘.{a)B to the context, which can be used in mod, x. The inner let-
binding splits the top-level modality of [V] from yu to v o {a).

Case We have a ¢ pand M = let mod, Aa’x = [V] in mod, x and

[Va'.A]g = 1(Va’.B). Our goal follows from T-LETmMoD’-METN and T-Mob-METN.

Case By IH.
Case |let x = M in N |By IHs, syntactic sugar, T-App-MeTN, and T-LETMOD-METN.
Case
[Cle v [V]:[Va"Alg @E  [T]g>b:¢  uB:=[A]le
[[F]]E FV [[A[b/a]ﬂE @E

where V' depends on p. By case analysis on p.

Case |y =vo (a)|Wehave

V' =letmod, x = [V] in let, mod, y=xbinmod, y

and [Va’.A]g = v(Va‘.(a)B). We have a ¢ v. It is obvious that type translation
preserves name substitution. Thus we have [A]g[b/a] = [A[b/a]]g. Our goal follows
from T-NArp-MEeTN, T-LETMOD-METN and T-MoD-METN.

Case m We have V’ = let mod, x = [V] in mod, (x b) and [Va' AJg =
1(Vat.B). We have a ¢ p. Our goal follows from T-LETMOD-METN, T-MoD-METN, and
[A]e(b/al = [Alb/al].
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Case
[T, ¢p,x:Alp+ [M]:[B]r @F p = topmod([A] F)

[Tz F mod(g_F|F-F) (Ax[[A]]F.let mod, X =x in [M]) : [A —F Bl @E
We have [T, ¢¢,x : Alp = [[]e, @ rr-p),x : A X 1y, A" where pA’” = [A]p. Further

[A —F B]g = (E-F|F-E)([A]Jr — [B]r). Our goal follows from T-LETMOD-METN,
T-ABs-MEeTN and T-Mob-METN.

Case

[T]z v [V] : [A —=E B]g @F
[Fle v W] : [Ale @
[[]g + let mod(y x = [V] in x [W] : [B]g @E

We have [A —f B]r = ()([A]Jg — [B]E). Our goal follows from T-LETMoD-METN and
T-App-METN.

%(¢) = {op: A — B} [Clee v [V]: [Ales @€, E
[T]ee +doop [V]: [Bler @t E

Since A and B have kind Abs, we have [A];r = [A]. and [B],g = [B].. Our goal follows
directly from T-Do-METN.

(¢) ={op: A — B}

[[r]][a’E = [[V]] : [[eV [a]][a’E @ a,E [[r]][a}E + [[W]] : [[Aﬂf“,E @ a,E
[Tlear F let moda) x = [V] inx [W] : [Bleag @a E

Since A and B have kind Abs, we have [A],r = [A]. and [B];r = [B].. We also have
[ev ¢]ek = [a]([A]. = [B].). Our goal follows from T-LETMOD-METN and T-ApP-METN.

L4 cle v [M]: [A]lr @E
u = topmod([A]g) v = topmod([A];5)

[TleE F let mod )., x = mask, [M] in mod, x : [A],r @ ¢, E

We have [T, ¢, ]z = [[],E. @). Our goal follows from T-LETMOD-METN, T-MASK-METN
and T-Mob-MEeTN if we can show that x can be accessed under the box. For units and effect
abstraction, this is trivial. For functions, we need to show the transformation (¢)) o p =
v @ ¢, E holds, which follows from Lemma D.4. For name abstraction, similar to other cases
as its translation basically moves the inner modality to the top level.

Case ‘ handler {op p r — N} ‘

%(¢) ={op: A" — B’} [T, . p: A r:B —=F Alpr [N]: [Alr @F (1)
Nj = let mody),, x = x in mod,, x
N; :=let mod,,, p=pin let mod ) 7 = in [N]
Hp = topmod ([A']F) p = topmod([A]¢F) v = topmod([A]F)
[[I‘]]E F mod<E_F|F_E> (Af.let mod<|g> f = f in
handle f () with {return x = Ny, 0p p 7+ Np}) : [(1 =F A) =F AJp @ E
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2941 We have [(1 =% A) = AJg = (E- F|F = E)({£)(1 — [A]sr) — [A]F). Since A’ and
2942 B’ have kind Abs, we have [A'] = [A]. and [B']p = [B’]. for any F’. For the operation
2943 clause, by (1), [B" = A]r = ()([B']r — [A]F), and T-LETMOD-METN, we have

2944

2945 [[r]]E’ G(E—FlF—E)sp : [A,HFJ : <>([B/]]F - [[A]]F) F Ny : [[A]]F @F(2)

2946 For the return clause, by T-LETMoD-METN and T-MobD-METN, we have

2947

yous [Tle. 8- p-£y x : (O)[Aler = N1 : [A]lr @ F (3)

2949 If we can show the accessibility of x in N;. When A is unit or effect abstraction, this is trivial.
2950 When A is a function type, we need to show the transformation {¢) o y = v @ F holds,
2951 which follows from Lemma D.5. When A is a name abstraction, follow by a case analysis
2952 similar to other cases above. Our final goal then follows from (2), (3), T-LETMOD-METN,
2953 T-ApP-METN, T-ABS-METN, T-MoD-METN, and T-HANDLE-METN.

2954 (Case ‘ nhandler {op p r — N} ‘
2055

2956 () ={op:A -+ B} [[,egp:A,r:B =" Alp+ [N]:[Alr @F (1)
2957 M :=let mod, ' = fainlet mod, y = f (mod[, (Ax.do, x)) in mod 4, y
2958 N; :=let mod,, p=pinlet mod) 7 = in [N]

iy = topmod([A]) s = topmod([A]wes) v := topmod([A])

2960

g +F mod(g_frir-gy (Af.handle, M with {return x — x,op p r — N,})
( | )

2ol :[(Va'.eve® - A) T Alp @

2962

2963 We have

2964 [(Val.ever —F A) —F A]g

20 = (E-FIF-F)((Va'{a)([a]([A']a = [B'a) = [Alar)) — [AlF)

2966

2067 Since A’ and B’ have kind Abs, we have [A’]p = [A’]. and [B’]F = [B’]. for any F’. For
2968 the operation clause, (1), [B" = A]r = () ([B']r — [A]Fr), and T-LETMOD-METN, gives
j::z [T]e. 8c-Fir-gyp : [ATer = O([B'Tr — [Alr) F N2 2 [A]lr @F (2)

2971 For the return clause, we have

ZZZ [T]e. &E—rip-E), x : [A]lr F x : [A]lr @F (3)

2974 For the computation M to be handled, we need to show

j:: [T, @e—rFir-py. f : Ap.a g £.8¢ay, - M: (aD[A]r @F (4)

2977 where Af = Va'.(a)([a]([A']a = [B']a) — [A]ar). This mostly follows from straightfor-
2978 ward application of various typing rules in METN. The only non-trivial part is to show the ac-
2979 cessibility of y under mod ), in M. When A is unit or effect abstraction, this is trivial. When
2980 A is a function type, we need to show the transformation [I']f, a wlhp= (apov @a,F
2981 holds, which follows from Lemma D.6. When A is a name abstraction, similar to other
2982 cases before. Our final goal then follows from (2), (3), (4), T-ABs-METN, T-Mop-METN, and
2983 T-HANDLENAME-METN.

2984 O
2985

2986 THEOREM 8.6 (SEMANTICS PRESERVATION). If M is consistent and well-typed and M | Q ~» N | Q'

2087 in System F{**", then there exists N’ in METN such that [M] | [Q] ~* N’ | [Q] and [N] | [Q'] ~;
2088 N’ | [Q']. in METN, where ~> , refers to reduction of values in METN.
2989
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ProoF. By induction on M and case analysis on the next reduction rule. Values in System F{**"
are translated to values in METN, and we can always further reduce the translated values to value
normal forms. For brevity, we do not distinguish between effect rows E and their translations. We
also use the same letters for scope variables in System F{**" and handler instances in METN to make
their correspondence clear. We ignore most of instance contexts Q on the reduction relations as
they are global and only increase. The translation of terms depends on types and effect contexts.
We sometimes write [M] g to emphasis that term M is at effect context E.

Case We have (E — E|E — E) = () and
[(AEx2.M) V : _| E] = let mod, f = mod(, (AxII2 et mod,, x = x in [M]) in f [V]

where p = topmod([A]g). Our goal follows from E-LETmMoD and E-App in METN. It is
obvious that translation preserves value substitution.

Case
(AV)% ~ V[E/]

where the term is at effect context E. We have
[LHS]Jg = letmod[} x =mod[ [V]. inx
[RES]E = [VIE/]]E
We have [LHS]g ~* [V]. By a straightforward case analysis on V, we can show that

[V]. = [VIE/]]e. The most interesting case is when V is a lambda abstraction Afx.M,
where we have (- — F|F — ) = (E — (F,E)|(F,E) — E).

(At V)b ~ V[b/a]

where the term is at effect context E and V has type A. Let p = topmod([A]g). Suppose
[V] ~* U. By type soundness of METN and Lemma B.8, we have U = mod, U’. Case
analysis on p.

Case |y =vo (a)|Wehave

[LHS] = letmod, x=W inlet, mod, y=xbinmod,y

W = let mod, 1a‘’.x = (let mod, x = [V] in mod,(4) x) in mod, x

It is easy to show that [LHS] ~* (mod, U’)[b/a]. Our goal follows from [RHS] ~»7,

(mod, U’)[b/a].

Case We have
[LHS] = letmod, x =W in mod, (x b)
W = letmod, a’.x =[V] in mod, x

It is easy to show that [LHS] ~>* mod, U’[b/a]. Our goal follows from [RHS] ~»7,

mod, U’[b/a].
Case | E-LET | By syntactic sugar, E-LETMOD, and E-APpP in METN.
Case | E-Masxk | We have

[mask, V], g = let mod ), x = mask, [V]g in mod, x

where p = topmod([A]g) and v = topmod([A],g). By syntactic sugar, E-Mask, and
E-LETMOD in METN, it reduces to

let;y mod, x = [V]g in mod, x
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3039 Suppose [V]g ~* U, by type soundness of METN and Lemma B.8, we have U = mod, U".
3040 Thus, by E-LETMOD-METN, the above term further reduces to

ot mod, U’

3042

3043 By Lemma D.9, [V], g ~ mod, U’.

3044 Case |E-GEN

3045 nhandler HV g~ q,.» handle, (let x =V b in x evy,) with H

3046

3047 Suppose the term is at effect context E. We have

3048 [LHS] = letmod( g=mody Wing[V]g

3049 W = Af.handle, (let mod, f' = fain

3050 let mod, y = f (mod[,) (Ax.do, x)) in mod ()., y) with [H]
3051 [RHS] = handley (let, mod, =M in mod)., y) with [H]

3052 M = letx=[V]pgbin [x evy]

3053

2054 where 1 = topmod([A] ¢ ) and v = topmod([A]r) and i’ = topmod([A]r) By E-LETMOD,
2055 E-Arp, and E-GEN (set the generated instance to b) in MeTN, [LHS] reduces to
3056 handle;, (let mod ) ' = [V]g b in

3057 let mod,, y = f' (mod[;) (Ax.dop x)) in mod )., y) with [H]

:5058 Suppose [V] b ~* U. By type-soundness of METN and Lemma B.8, we have U = mod ;) U”.
3099 Thus, by E-LETMOD-METN, the above term further reduces to

3060

3061 N = handle, (let mod, y = U’ (mod[;] (Ax.doy x)) in mod )., y) with [H]
3062 By Lemma D.9, we have [RHS] ~} N.

jg: handle, V with H ~> returnV

3066 Suppose the term is at effect context E and Q > h : £/. We have

3067 [LHS]z = handle, (let mod, y = [V] £ in mod )., y) with [H]

3068 where p = topmod([A].r) and v = topmod([A]5)

3069 [[RHS]]E = [[V]]E

3070
2071 Our goal follows from Lemma D.9, E-LETMoD and E-NRET* in METN.

3072 Case

3073 handle, E[do evy, V] with H ~ N[V/p, (Ay.handle;, E[return y] with H)/r]
3074

3075 Suppose the term is at effect context E and Q 3 h : £/. We have

3076 [LHS]g = handle;, (let mod, y = [E[do ev;, V]] in mod )., y) with [H]
3077 [RHS]Jg = [N]el[V]/p.[(Ay.handle, E[return y] with H)]/r]

:zzz By Lemma D.2, we have

3080 [Eldoev, V]] = [&E]llet mody) f = [ev] in f [V]]

3081 = [E][let mod[;; f = modp) (Ax.dop x) in f [V]]

3082 Thus, by E-LETmMoD and E-App in MEeTN, [LHS] reduces to

3083
sost handle; (let mod, y = [E][do; [V]] in mod )., y) with [H]

3085 Note that V is absolute and thus its translation does not depend on the effect context. Our
3086 goal follows from E-NOp in METN.

3087
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handler HV ~» handle V () with H

Suppose the term is at effect context E. We have

[LHS] = letmod( g=mody Wing[V]g
W = Af.detmod s f = f in handle f () with [H]
[RHS] = handle [V ()],r with [H]

By E-LETMOD and E-App in METN, LHS reduces to
let mod,y f = [V]g in handle f () with [H]

Suppose [V]g ~>* U. Since V is a function with effect row ¢, E, by type soundness of METN
and Lemma B.8, we have U = mod,y U’. Thus, [LHS] further reduces to

N = handle U’ () with [H]
By Lemma D.9, we can show that [RHS] ~} N.

handle VwithH ~ V

Suppose the term is at effect context E. We have

[LHS]g = handle, [V], g with {return x - let mod),, x = x in mod, x,_}
where p = topmod([A],g) and v = topmod([A]g)
[RES]z = [VIe

Our goal follows from Lemma D.9, E-RET and E-LETMoD in METN. Similar to cases above.
Case | E-Op |Similar to the E-NOP case.

Case | E-LirT | By IH and Lemma D.2.

The proof of semantics preservation relies on the following lemma.

LEMMA D.8 (TRANSLATION OF EFFECT CONTEXTS). For the translation [—] from System F{**" to
METN, we have [E[M]] = [E][[M]] for any evaluation context & and term M.

ProoF. By straightforward case analysis on evaluation contexts of System F{**". O

LEMMA D.9 (TRANSLATION OF VALUES). For a well-typed valueV in System F{**" withl' +, V : A | E
andT v, V : A| F, we have [V]g = mod, W and [V]r = mod, W for some value W in METN,
where pu = topmod([[A]g) and v = topmod([A]F).

Proor. By case analysis on shape of V and check definition of translation. O

D.3 Proofs for Encoding System =

THEOREM 6.1 (TYPE PRESERVATION). If T + M : A in System E, then [I] + [M] : [A] @ - in METN.
Similarly for values and blocks.

Proor. By induction on typing judgements in System =. We prove a stronger version where the
conclusion says that [I'] + [M] : [A] @ E for any well-scoped E in METN. As a visual aid, for each
non-trivial case we repeat its typing rule where we replace the translation premises by the METN
judgement implied by the induction hypothesis and the translation in the conclusion by the METN
judgement we need to prove.

Case By T-Un1T-SysTem = and T-UNIT-METN.
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Case By T-VAR-SysTem = and T-VAR-METN. Variables are always accessible after translation as
there is no lock in translated contexts at all.

Case By T-BLockVAR-SysTEM = and T-VAR-METN. Block variables are always accessible after
translation as there is no lock in translated contexts at all.

Case |{(x: A, ﬁ) = M}

[T].x: [ALf: [T]+ [M] : [B] @ E
[C] + AxIAL £I70.[M] : [(A.T) = B] @ E

We have [(A,T) = B] = [A] — [T] — [B]. Our goal follows from T-ABs-MeTN.
Case |return V |By IH.
Case By IH, T-LET-Svsem =, and T-LeT-MeTn.
Case By IH, T-DEF-SysTem =, and T-LET-METN.

Case |P(V,Q)

[T r[P]: [(AnT) =Bl @E  [r]r[VI:[AJ@E I+ [Q]:[T] @E
[r]+ [PI VI IQ] : [B] @ E

We have [(A,T) = B] = [A] — [T] — [B]. Our goal follows from T-App-MeTN.
Case ‘ handle {f = M} with {op pr — N} ‘

() ={op: A" - B’} [T, f:[(A") = B’] + [M] : [A] @E; (1) for any E;
[T].p:[A'].r: [(B') = A] v [N] : [A] @E (2)
[T] v handle, (let f = 2x[41 do, x in [M]) with {return x — x,0p p r — [N]} : [A] @ E
By (1), [(4") = B'] = [A’] — [B’], and MT-EXTEND, we have
[TLa s &80, f < [T > [B]+ [M] : [4] @a B

which further gives
[T a ¢ 8q + let f = Ax*T.do, x in [M] : [A] @4 E (3)

Observe that [A] always has kind Abs. Our goal then follows from (2), [(B’) = A]
[B'] — [Al. (3), and T-HANDLENAME-METN.

]

THEOREM 6.2 (SEMANTICS PRESERVATION). If M is well-typed and M | Q ~> N | Q' in System E,
then [M] | [Q] ~* [N] | [¥'] in METN.

Proor. By induction on M and case analysis on the next reduction rule. Note that values in
System = are translated to value normal forms in METN.

Case | E-LET | Let-binding in METN is syntactic sugar of lambda application. By E-App-METN.

Case | E-Dzr | Similar to the above case.

We have
HGAf: D =>MV.0] = WAL M]) [V [6]

{(c:Af:T) = MNV,G) ~ M[V/x,G/f]
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By multiple usages of E-App-METN.
Case
handle {f = M} with H g~>qp, handle, M[cap,/f] with H
where H = {op p r — N}. We have

[LHS] = handle, (let f = Ax.do, x in [M]) with {return x — x,0p p r — [N]}
[RHS] = handle, [M][[cap,]/f] with {return x — x,0p p r — [N]}
[cap,] = Ax.dojx

Our goal follows from syntactic sugar and E-App-METN.
Case | E-NReT | By E-NRET-METN.
Case |E-NOp

handle;, E[cap, (V)] with H ~» N[V/p, (Ay.handle;, E[return y] with H)/r]

where H = {op p r — N}. We have
[LHS] = handley [E[cap,(V)]] with {return x > x,0p p r — [N]}
By Lemma D.10, we have

[Elcap,(M)]] = [E][[cap,(V)]] = [E][(Ax.do x) V]
Our goal follows from E-App-MEeTN and E-NOpP-METN

Case Follow from IH and Lemma D.10

The proof of semantics preservation relies on the following lemma.

LEmMMA D.10 (TRANSLATION OF EFFECT CONTEXTS). For the translation [-] from System = to
METN, we have [E[M]] = [E][[M]] for any evaluation context & and term M.

Proor. By straightforward case analysis on evaluation contexts of System =. O

D.4 Proof of Encoding System C
THEOREM 6.4 (TYPE PRESERVATION). If T + M : A | C is a well-formed typing judgement in System
C, then [T]c + [M] : [A] @ [C] in MeTN. Similarly for typing judgements of values and blocks.

Proor. By induction on typing judgements in System C. As a visual aid, for each non-trivial
case we repeat its typing rule where we replace the translation premises by the METN judgement
implied by the induction hypothesis and the translation in the conclusion by the METN judgement
we need to prove.

Case By T-UN1T-SysTem C and T-UNIT-METN.

Case By T-VAR-SysTeM C and T-VAR-METN. Variables are always accessible after translation as
translations of value types always have kind Abs.

Case
[T, #]c  [G] : [1] @ [C]
[T]. - modjcy [G] : [T at C] @-

We have [T, #] = [T']., @) and [T at C[ = [[C]|[T]. Our goal follows from T-Mon-METN.
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IsfCrT
[Fle+f: [Tl @C]
Suppose I' = I, f :€ T, T;. We have
[0 f € T.Ge = [Tlens £ [CTITL f sigen [T] [Tle
for some C’. Our goal follows from T-VAR-METN and MT-ABs.

Lsf:oT
[Clp+fe (Tl @f

By well-formedness of System C judgements, f :* T is inside one and only one pair of
delimiter. Suppose I' = Iy, LIy, f :* T, T34, Iy. We have

[To il f o T.0s s Tyl pe =[], g 8 0, T, f = [T f 2y [T1 15 [Tl

up to equivalence of contexts where I; and I} depends on I; and T5 and f* € g*. Our goal
follows from T-VAR-METN and MT-ABs.

Case |{(x: A f:T) = M}

[Toox s A f Taljeu iy [[M]] :[B] @ [CU{f}]

[[Jc + AF*.mod 7, (AxI41 £ 1171 let mod( ) f = f in [M]) : [(A, f:T) = B] @ [C]

We have
[[F, '-X:_A’fTT-']]CU_{f} = [[r]]C’_F»ﬂ(\Tv)’x : [[A]]’f [[Tﬂ f [[Tﬂ
[Cu{f}] [C]. £

Our goal follows from T-ABs-MEeTN, T-LETMOD-METN, and T-MoD-METN.

[T]. F[V] : [T atC] @- (1)
[Tlc + let modcpy x = [V] in x : [T] @ [C]

We have [T at C] = [[C]][T] By (1) and Lemma D.11, we have
[Tl v [V]: LT @ [C]

Our goal follows from T-LETmoDp-MeTn and MT-Ass ([[C]] = () @ [C]).
Case |let x = M in N |By IH, Lemma D.11, T-LET-SysTem C, and T-LET-METN.

Case |def f =G in M
[Lacle r[G]:[T@[CT()  [L.f: Tler [M]: [A] @[C] (2)
[Tlc v let f = mod[jcp) [G] in let mod oy f fin[M]:[A] @][C]

We have [T, #c]cr = [[]c, @(jcp) and [T, f <€ T]c = [T]c. f : ([T f ‘1) [T]. Our
goal follows from T-LET-METN, T-LETMOD-METN, and T-MoD-METN.
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Case | P(V,0)

[Fl.rVil:[a] @ (1) [Cacle v Q][] @[C] (2)
[Cler [P]: [(Anfi:T) = Bl @[c] ¢ =Ccug;

[Fer + let mod gz, x = [P] [C;] in x [Vi] (modygc, 1 [Q;D) : [BIIIC/]/S;1 @[]

We have [(A;, f; : T;) = B] = V£, .0/ )([Ad] = [f/1[T] — [B]) and [T, #¢ ]c, = [lc. @j1c,)-
By (1) and Lemma D.11 we have

[Cler v [Vi] - [A:] @€ (3)
By (2) and T-Mop-METN we have
[Tler ¥ modygeqy [Q] : [[CNT;] @ [C] (4)

Also note that translation preserves substitution of capability variables, which gives

[BILIC;1/£;1 = [BIC;/£;1] (5).
Finally our goal follows from (3), (4), (5), T-LETMOD-METN, T-APP-METN, and T-EApP-METN.

Case By IH.

Case ‘ subtyping of blocks and terms ‘ By IH and Lemma D.11.
Case \ handle {f = M} with {op p r — N} \

() ={op: A" > B}  [I,of " (A) = Ba]cuy F [M]: [A] @ [CU{f}] (D)
[T.p: A r € (B) = Alc+ [N] : [A] @[C] (2)
M’ = (let f = mod|s) (Ax.dos- x) in let mod|¢-| f = f in [M])
N; = let mod[¢c]) x" = x in x'N; = let mod[¢c}) 7 =r in [N]

[T]C+ handle}* M’ with {return x — x,0op pr— N} : [A] @ [C]

We have

[T, of 7 (A") = B'a]cuyy [Clc. f* &, f = [F1AT = [BD. f 215 [A] = [B]
[T.p:A,r:€(B)= A]c [Cle.p: [A’]Lr = [[CI([B'] = [AD. 7 :5c77 [B'] — [A]

By (1) and several typing rules in METN, we have
[[rﬂc,f*,ﬂww) FM [[A]] | f*, [[Cﬂ
Since [A] has kind Abs, by Lemma B.12 and context equivalence, we have

[Tle. £ @ gepy F M= [A] | £7,[C] (3)
By (2) and T-LETMOD-METN, we have
[Fle.p = [ADr = ICII([B] — [AD F N2 = [A] @ [C]
Again by Lemma B.12 and context equivalence, we have

[Tlc. @gepy.p = [A] 7= [ICTI([B] = [A]D + N2 : [A] @ [C] (4)

We also have
[T]c. @gepy. x : LICITIA] + N1 - [A] @ [€] (4)
Our goal follows from (3), (4), (5), T"THANDLENAME*-METN. O

The proof relies on the following lemma.
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LEmMA D.11 (SUBEFFECTING). Given a typing judgementT + M : A | C in System C, if [T]c +
[M] : [A] @ [C] and C C C’ then [T + [M] : [A] @ [C’]. Similarly for blocks.

Proor. By straightforward induction on typing judgements in System C. The most non-trivial
case is to show the accessibility of variables. Observe that the change from C to C’ only changes
locks in the translated context. After translation, all variables in the context either have types of
kind Abs or are annotated by an absolute modality. For variables with types of kind Abs, their
accessibility is not influenced. For variables annotated with an absolute modality, by MT-Ass,
upcasting the effect context can neither influence their accessibility. O

THEOREM 6.5 (SEMANTICS PRESERVATION). IfM is well-typed and M | Q ~> N | Q' in System C,
then [M] | [Q]] ~* [N] | [Q'] in MeTn.

Proor. By induction on M and case analysis on the next reduction rule. Values in System C are
translated to values in METN. Not all values in System C are translated to value normal forms in
METN, but we can always further reduce them to value normal forms in METN. The lemma allows
us to have more steps of reduction in METN.

Case We have
[unbox (box G)] = let mod[jcy) x = modjcy) [G] in x
By E-LETMOD-METN.

Case We have
[let x =return Vin N] = letx=[V]in [N]

LHS reduces to N[V /x] and RHS reduces to [N][[V]/x]. It is easy to show that translation
preserves value substitution.

Case
{(:Af:T) = M}(V,Q) ~ M[V/x,0/f.C/f]
LetP = {(x:_A,fT) = M}, we have
[P] A]T*.moqu)(/lmm.let mod /- f = fin [M])
[[P(Vt’Q_J)H = let mOdqm) x = [P] m in x m (mOd[[[Cj]]] [o;D

Our goal follows from E-LETmoD, E-Arp and E-EAPP in METN, as well as the fact that
translation preserves value substitution and type substitution.

Case
handle {f = M} with H o~qpn, handle, M[cap,/f,{h}/f] with H
where H = {op_}. We have

[handles M with H] = handle}* (let f = mod|f; (Ax[4l.doy. x) in
let mods) f = f in [M]) with [H]

Taking the same h as in the rule above, it reduces to
handle! [M][(Ax[>) dof. x)/f,h/f*] with [H]
which is equal to [handle, M[cap,/f,{h}/f] with H]J.

Case By E-NRET* and E-LETMOD in METN.
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Case

handle;, E[cap, (V)] with H ~ N[V/p, (Ay.handle;, E[return y] with H)/r]
where H = {op_}. We have
[handle, E[cap, (V)] with H] = handlej, [E[cap,(V)]] with [H]

By Lemma D.12, we have [E[cap,(V)]] = [E][(Ax[4*].doy, x) [V]]. We can reduce [V]
to a value normal form in MeTN. Our goal follows from E-App and E-NOp* in METN.

Case By IH and Lemma D.12.

The proof of semantics preservation relies on the following lemma.

LEmMMA D.12 (TRANSLATION OF EFFECT CONTEXTS). For the translation [—] from System C to
METN, we have [E[M]] = [E][[M]] for any evaluation context & and term M.

Proor. By straightforward case analysis on evaluation contexts of System C. For the case of
def f = & in N, note that mod,, & is a valid evaluation context in METN where values can be
reduced. O
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