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We propose a novel type system for effects and handlers using modal types. Conventional effect systems attach
effects to function types, which can lead to verbose effect-polymorphic types, especially for higher-order
functions. Our modal effect system provides succinct types for higher-order first-class functions without
losing modularity and reusability. The core idea is to decouple effects from function types and instead to
track effects through relative and absolute modalities, which represent transformations on the ambient effects
provided by the context.

We formalise the idea of modal effect types in a multimodal System F-style core calculus MET with effects
and handlers. MET supports modular effectful programming via modalities without relying on effect variables.
We encode a practical fragment of a conventional row-based effect system with effect polymorphism, which
captures most common use-cases, into MET in order to formally demonstrate the expressive power of modal
effect types. To recover the full power of conventional effect systems beyond this fragment, we seamlessly
extend MET to METE with effect variables. We propose a surface language METEL for METE with a sound and
complete type inference algorithm inspired by FREEZEML.

1 Introduction

Effect systems allow a typed programming language to express information about what a function
does when running, instead of merely providing information about what sort of results it might
produce when finished.

Consider the standard map function:

map : Ve . (List o, « > ) — List

In a typical functional programming language, this type is a statement about the values that map
accepts and returns (that it takes a list of « and a function from « to f, and returns a list of f8), but
is silent about which effects may occur during its evaluation.

The effect systems of, say, Koka [31] or Links [21] give the following more precise type to map:

map : Ya fe. (List a, a5 p) S List B

This type uses effect polymorphism, quantifying over an effect variable ¢, in order to express that
the effects that may be performed by map (xs, f) are precisely those that may be performed by
calls to f. That is, map performs no effects of its own, beyond those of the callback f.

While this type precisely expresses what we want to say about map, the annotation burden of this
style of effect system is larger than it might first appear. While only a small amount of text needs
to be added to turn the first type into the second, the problem lies in the quantity and location of
places where it is needed. Functions like map that use no effectful features themselves still need to
be annotated, as does essentially every higher-order function.
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This is a mild burden to the authors of new code, but a significant obstacle to extending an
existing language with effectful features: signatures of much existing library code must be rewritten
to support effect polymorphism, even in old libraries that do not use the new features at all. The
need to update such libraries makes it difficult to add an effect system to a language in a backwards-
compatible way. Instead, our goal is to support precise tracking of effects, without polluting the
type of non-effectful functions like map.

1.1 Annotating Effect Transitions

Important steps towards this goal were taken by the languages FRANK [12, 33] and EFFEKT [7, 8],
both of which use the original type for map, allowing use of effectful callbacks without requiring
effect polymorphism annotations in the type of map.

The key idea enabling use of these simpler types in both languages is the ambient effect context.
All functions are typed assuming a certain set of possible effects, and annotations are required at
transitions between different effect contexts. Since the argument to map uses the same effects as
map itself, there is no transition and hence no annotation is required.

Both Frank and EFrekT achieve this by special typing support for computations that appear
in argument position. In FRANK, an adjustment is attached to each argument, specifying how the
ambient effects of the called function relate to the effects provided to its argument. In EFFEKT,
arrow types appearing in argument position are parsed as blocks, second-class function types that
inherit ambient effects. While different, both of these mechanisms give elegant typings of handlers,
but become more complicated with more advanced uses of arrow types, such as when closures are
captured and/or inserted into data structures. The essential reason is that both argument types
decorated with adjustments in FRANK and block types in EFFEKT are second-class, and they use
different methods to bypass this restriction. In FRANK, first-class higher-order functions rely on
some syntactic sugar to insert effect variables. In EFFEKT, first-class use of closures was initially
disallowed entirely, and now supported with extra annotations on captured capabilities.

We build on this insight that types should mark transitions between effect contexts, rather than
repeating the full effect context. We extend the idea by decoupling it from function arguments, and
making effect transitions available as a true type constructor, usable in any context.

We work in the framework of modal types, following multimodal type theory (MTT) [17, 18],
where each possible effect context is a mode, and each possible transition between effect contexts is
a modality. We support both relative modalities, which describe a local change to an effect context
such as entering a new handler (similar to FRANK’s adjustments), and absolute modalities, which
describe the full effect context (similar to FRANK’s abilities).

Unlike FRANK and EFFEKT, our modalities are not tied to function arrows, and can be applied
anywhere, even nested inside complex data structures. Our modal effect system also works smoothly
with pure first-class higher-order functions; they all type check without requiring hidden effect
variables or extra annotations, and can be applied to effectful arguments.

1.2 Contributions

The main contributions of this paper are:

e We give high-level overview of the main ideas through a series of examples that illustrate
the verbosity of conventional effect systems, how they can be simplified by the absolute
and relative modalities, and how modal effect types enable us to write expressive effectful
programs in a sound and succinct way (Section 2).

e We introduce MET, a multimode and multimodal core calculus with effect handlers and
modal effect types (Section 3). We prove its type soundness and effect safety.
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Modal Effect Types 3

e We extend MET with data types and richer kinds of handlers. We further extend it to METE
with effect variables to recover the full power of traditional effect systems (Section 4).

e To illustrate the expressiveness of modal effect types, we formally prove that a practical
fragment of traditional row-based effect systems is encodable in MET. (Section 5).

o To demonstrate the feasibility of programming with modal effect types, we introduce METEL,
a surface language based on METE with a sound and complete type inference algorithm
which can automatically unbox modalities for variables (Section 6).

e We discuss the relationships of modal effect types with the FRaNk language, capability-based
effect systems, and multimodal type theory. (Section 7).

Section 7 also discusses other related work and Section 8 concludes.

2 Programming with Modal Effect Types

In this section we give a series of examples to illustrate the main ideas of modal effect types.
We demonstrate how modal effect types allow composition of higher-order functions and effect
handlers in a modular manner with succinct types. The key enablers for this programming style are
the relative and absolute modalities, which provide the programmer with a novel typing mechanism
to manage effect contexts. The examples are written in METEL, whose core calculus we introduce
in Sections 3 and 4, and whose design we discuss further in Section 6. METEL is a typed functional
language equipped with a modal effect type system for programming with effects and handlers.

2.1 Seamless First-Class Higher-Order Functions

First-class higher-order functions are a staple ingredient of functional programming. As we ex-
plained in the introduction, extending an existing language with traditional row-based effect typing
requires adding effect variables to the type signatures of pure higher-order functions. Modal effect
types offer a backwards-compatible alternative, requiring no extra effect variables for types of
higher-order functions that do not themselves use effects. For instance, in METEL we write the
standard type for the curried implementation of map.

map : Yab . (a > b) — List a — List b
map f nil = nil
map f (cons x xs) = cons (f x) xs

This is a genuine first-class higher-order function which can be partially applied, passed around,
stored in data types, and so forth. METEL, unlike FRANK, does not implicitly insert any effect
variables in the type signature of map. We may still apply map to any function that performs any
effects from the effect context in which map is invoked.

The effect context for global definitions is empty (though in a practical programming language it
could include some built-in effects). METEL captures this fact by implicitly boxing the type signature
of each global definition in the empty absolute modality []. The elaborated type signature for map is:

map : Yab . []((a > b) —» List a — List b)

Since map itself is pure, the default empty effect context suffices. As we shall see shortly, map can be
invoked under any effect context by way of unboxing and sub-effecting.

In general an absolute modality has the form [E], which specifies that the effect context is E. In
Section 2.2 we further consider absolute modalities. In Section 2.3 we also discuss relative modalities.

METEL automatically unboxes variables like map when they are used, meaning that programmers
may omit empty absolute modalities from the signatures of pure functions. Consequently, modal
effect types can be retrofitted onto an existing programming language, while preserving the
signatures of pure functions.
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2.2 Absolute Modalities Define Full Effect Contexts

In METEL, modalities are used to change the effect context. An absolute modality is absolute in
the sense that it specifies an entire new effect context to replace the current one with. As an
example consider an implementation of a yield-style generator [24] using an effectful operation
yield : Int = 1 which takes an integer and returns a unit.

gen : [yield](List Int — 1)
gen xs = map (fun x — do yield x) xs; ()

The gen function implements an integer generator which reflects a given list as a computation by
yielding each element of the list. In the function body we apply map to an effectful function that
invokes the operation gen via the keyword do. The absolute modality [yield] specifies the effect
context required to run gen (it must be able to perform yield). The type signature tells METEL to
implicitly box gen with the modality [yield].

The use of map is implicitly unboxed enabling implicit sub-effecting to coerce the empty effects of
its definition to the yield effect of its invocation site. In general unboxing and sub-effecting allow
functions to be used in a larger effect context than the one in which it was defined, for instance:

gen' : [yield, foo, bar, baz](List Int — 1)
gen' Xs = gen Xs

In a traditional row-based effect system, the effect context is changed by way of effect polymor-
phism, and we would give the following type signature to gen.

i yield, e
gen : Ve . List Int — 1

2.3 Relative Modalities Define Effect Transformations

Henceforth, we will frequently refer to the effect context in which a given term or variable is
used as the ambient effect context. Pure higher-order functions like map are local in the sense that
they do not change the ambient effect context. Modal effect types come into their own when the
programming language has facilities that act on effect contexts, such as handlers and masks [4].

For example, we can implement an effect handler for yield that reifies a given computation into
a list by interpreting each yield as consing the element onto the list.

asList m = handle m () with
return () = nil
yield x r = cons x (r ())

The body of asList applies the function m inside a handler. In the handler we have to consider
two things: 1) what happens when m returns; and 2) what happens when m performs yield. In the
first case, we map the unit value () to the empty list nil. In the second case, we cons the yielded
element x onto the list returned by the application of r. Here r is bound to the continuation of
performing yield inside m. Its argument type is given by the return type of the operation being
handled (unit in the case of yield) and its return type is given by the return type of the handler,
ie.r : 1 — List Int. The continuation r reinstalls the handler such that residual invocations of
yield are handled in the same manner. This style is known as deep handlers in the literature [26].
We can annotate this function with an absolute modality.

asList : [yield](1 — 1) — List Int
Often this type is not the one we want as it means that the function parameter is only allowed to

use the yield operation. The absolute modality fixes the effect context, preventing the function
argument from using other effects. Sometimes it may be desirable to do so, however, more often
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Modal Effect Types 5

we want to be able to handle the specific yield operation of an arbitrary effectful function that
performs multiple different operations. To this end, we can instead use relative modalities, which
enable us to describe the relative change that the handler makes to the ambient effect context, e.g.

asList : <yield>(1 — 1) — List Int

The relative modality <yield> is part of the parameter type and indicates that the effect context
for the term inside is derived by extending the ambient effect context with yield. Thus, when m
is automatically unboxed and used in asList, the effect context required by m matches the effect
context in the scope of the yield handler. The relative modality here captures the fact that asList
handles the yield effect when invoking m, but also allows m to perform other effects (which will
be forwarded to an outer handler). In a traditional row-based effect system, we would give the
following type signature to asList.

) yield, e e .
asList : Ve . (1 —— 1) — List Int

To run asList, we must box its argument with <yield>.

> aslList <yield>(fun () — gen [3,1,4,1,5,9])
# [3,1,4,1,5,9] : List Int

The syntax <yield>(...) boxes the term inside with the relative modality <yield>. It extends the
ambient effect context with yield for the program inside, allowing the effectful function gen to be
used. Note that both asList and gen are automatically unboxed as usual.

In general, relative modalities have the form <L |D>, where L is a row of operations that is masked
from the ambient effect context, and D is a row of operations that extends the ambient effect context.
We write <D> as shorthand for <|D>. We expand more on masking in Section 2.8.

2.4 Effect Safety and No Accidental Handling

In asList, the parameter m is used under the same effect context in which it is introduced. In general,
METEL restricts the use of any variable whose value depends on the effect context at the time of its
binding occurrence (e.g., a function not boxed by an absolute modality). Such a variable may only
be used under an effect context compatible with one at the binding occurrence.

This property is important for guaranteeing effect safety, i.e., that all effects are handled. For
instance, the following program is ill-typed

asListWrong : <yield>(1 — 1) — List Int # ill-typed
asListWrong m = m (); [37,42]

because m requires an effect context that permits the yield effect and yet the effect context of the
definition of asListWrong is empty.

This property also forces effect types to reflect where effects are handled, thus preventing the
accidental handling problem [54]. For instance, we cannot give the following type to asList.

asList : (1 — 1) — List Int # ill-typed
asList m = handle m () with ... # same as in Section 2.3

The problem is that the handler extends the effect context with yield, and yet m is introduced before
this extension. As a result, the value bound to m might use a yield operation from its effect context
provided by a different handler instead of asList (we follow Leijen [30] to allow duplicated labels).
If this type was allowed, asList would handle this yield unexpectedly
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2.5 Composing Handlers

We can compose handlers modularly in METEL. For example, consider two integer state operations
get : 1 = Intandput : Int = 1. We can implement a standard state handler by interpreting a
computation over state operations as a state-passing function.

state : V [a] . <get, put>(1 — a) — Int — (a, Int)
state m = handle m () with

return x = fun s — (x, s)
get () r = funs - rss
put s'r = funs - r () s’

The attentive reader may have observed that the type variable a is declared inside a box. We shall
discuss the reason for this syntax in Section 2.7.
With state operations, we can write a generator which yields the prefix sum of a list.

prefixSum : [yield, get, put](List Int — 1)
prefixSum xs = map (fun x — do put (do get + x); do yield (do get)) xs; ()

The absolute modality [yield, get, put] aggregates all effects performed in the definition.
We can now handle prefixSum by composing two handlers in sequence.

> asList <yield>(fun () —
state <get,put>(fun () — prefixSum [3,1,4,1,5,9]) 0; ())
# [3,4,8,9,14,23] : List Int

Following the pattern we saw previously for handlers, we explicitly box the arguments with relative
modalities in order to extend the effect context with the handled effects. Observe how we use state
modularly: its type signature mentions only get and put even though it is applied to a computation
which invokes prefixSum, which also uses yield.

2.6 Effect Transformations

We give an example similar to the one from Section 2.2 of Brachthéuser et al. [7], in which an effect
handler is used to transform a computation by reperforming the handled effect. The following
handler transforms all generated integers with a function and then re-generates them.

regen : [yield]((Int — Int) — <yield>(1 — 1) — 1)
regen f m = handle m () with

return () = ()

yield s r = do yield (f s); r ()

The intuition behind the type signature for regen is as follows: we handle the yield operation
for the second argument (as indicated by <yield>), and the whole function also uses yield (as
indicated by [yield]). This type is similar to those given by EFFEKT and FRANK modulo syntactic
differences. In contrast, Koka infers the following more verbose type.

V<e>. (f : (int) — <yield|e> int) — ((g : () — <yield,yield|e> ()) — <yield|e> ())

2.7 Escaping Handlers and Absolute Kinds

One of the fundamental ideas of modal effect types is to track transformations on effect contexts,
rather than just full effect contexts. As a consequence, when a value leaves the scope of a handler,
its ambient effect context changes, and we must keep track of this change. For instance, the most
general type for the state handler define in Section 2.5 is as follows.
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state : V a . <get, put>(1 — a) — Int — (<get, put>a, Int)

The return value has type <get, put>a instead of just a because it comes from an effect context
which extends the ambient one with get and put. However, this handler does not handle operations
in return values. We must guarantee that the effect context in which the return value is used
provides operations get and put.

As a special case, values boxed with absolute modalities do not depend on the current effect
context, and thus can flexibly leave the scope of handlers. We can also give the following specialised
type for the state handler where a is always boxed with the empty absolute modality [].

state : V a . <get, put>(1 — []a) — Int — (a, Int)

Because of automatic unboxing, this is a valid type for state without changing its definition.

In practice, it is useful to allow a value of base type or an algebraic data type that contains
only base types or a type boxed with absolute modalities to appear anywhere, including escaping
escaping the scope of a handler. Such values can never depend on the effect context in which they
are used. We introduce a kind system to METEL in which the Abs kind classifies only such absolute
data types, whereas the Any kind classifies all data types. Subkinding allows any Abs type to be
treated as an Any type. By default all type variables have kind Any. Recall the type for the state
handler in Section 2.5.

state : V [a] . <get, put>(1 — a) — Int — (a, Int)

The syntax V [a] ascribes kind Abs to a, and thus allows values of type a to leave the scope of the
handler. In practice it is usually desirable for return types of computations inside handler scopes
to have absolute kind, so that they can escape, but if a handler is used locally then this need not
always be the case.

2.8 Masking

Handlers extend the ambient effect context with those effects that they handle. Dually, masks
remove the effects they mask from the ambient effect context [4]. Masking is a useful device to
conceal private implementation details [35].

We give an example of implementing find with yield to show how masks work in METEL.

findWrong : (Int — Bool) — List Int — Maybe Int # ill-typed

findWrong p xs = handle (map (fun x — if p x then do yield x else ()) xs) with
return _ = nothing
yield x _ = just x

This program is ill-typed as the predicate p is bound under the ambient effect context but used in
the scope of a handler.
To fix it, we can mask yield and rewrite the handled expression as follows.

(map (fun x — if maska<yield>(p x) then do yield x else ()) xs)

The maska<yield>(...) form masks the operation yield from the ambient effect context. Now the
effect context for p is equivalent to the ambient one, since the transformations of extending with
yield followed by masking with yield cancel each other.

We use the keyword maska rather than simply mask because leaving the scope of masks also
changes the effect context. The situation is similar to the one we encountered in Section 2.7 where
we were concerned with allowing some values to escape the scope of a handler. The term mask
<yield>(p x) yields a value of type <yield|>Bool instead of Bool, where <yield|> is a relative
modality masking yield from the ambient effect context. Even though p x returns a boolean value
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here, METEL cannot automatically unbox the value in order to ensure completeness of type inference.
The maska form enables the special case of yielding values of absolute kind such as booleans.

2.9 Cooperative Concurrency

We now consider an example of a richer effect handler which implements cooperative concurrency
with a UNIX-style fork operation [23, 44]. We simplify the signature of fork ever-so-slightly such
that it returns a boolean to indicate whether the parent or child process should be evaluated,
ie.ufork : 1 = Bool.In addition, we require an operation suspend : 1 = 1 that suspends the
current process such that another process can run.

We model a process as a data type that embeds a continuation function which takes the list of
suspended processes as input and returns unit. In addition, we define auxiliary functions push for
appending a process onto a queue and next which pops and runs the next process.

data Proc = proc (List Proc — ()) next : List Proc — ()
next q = case q of

push : ¥V a . a — List a — List a nil - ()

push x xs = xs ++ cons x nil cons (proc p) ps — p ps

The following handler implements a scheduler by using the state-passing technique to thread
the process queue through the handler activations.

schedule : <ufork, suspend>(1 — 1) — List Proc — 1
schedule m = handle m () with
return () = fun g — next q
suspend () r = fun g — next (push (proc (r ())) q)
ufork () r = fun g — r true (push (proc (r false)) q)

The return-case is triggered when a process finishes, thus we run the next available process. In the
suspend-case we enqueue the continuation, before we run the next available process. Finally, in the
ufork-case we implement the process duplication behaviour of UNIX fork by first enqueuing one
application of the continuation, and then immediately applying the continuation to resume one
of the process copies. Note that in the above code we seamlessly store effectful functions in data
types, similar to how one would do it in a functional language without an effect type system.

2.10 Modal Types with Effect Variables

There is no free lunch; modal effect types cannot offer everything that row-based effect types provide
without some cost. An important use case that requires explicit effect variables is implementing
higher-order operations [49, 50, 52].

In METEL, we restrict argument and result types of operations to be absolute for effect safety.
This is because effect handlers provide non-trivial manipulation of control-flow, which allows
operation arguments and results to seamlessly move between different effect contexts. For example,
suppose we were to allow an operation leak : (1 — Int) = 1, we could write the following
unsafe program.

handle (handle (do leak (fun _ — do yield 42)) { yield — ... }) { leak p — p }
The yield operation is used under an effect context containing yield, which is added by the yield
handler. However, the handler of leak binds the closure (fun _ — do yield 42) to p and leaks
it. Requiring leak to have the signature [yield] (1 — Int) = 1 fixes the leakage problem as it
specifies the full effect context for the argument of leak.
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Modal Effect Types 9

Using such an absolute modality in this fashion impedes modularity. As another example, consider
a higher-order fork operation which takes a thunk as an argument. We may specify the full effect
context for the child process, such as the following signature.

effect fork : [fork, suspend](l — 1) = 1

However, if we want to support processes that use other effects as well then either we have to
change the signature or we need to extend our modal type system with effect variables. With an
effect variable e, we can define the following parameterised signature.

effect fork e : [fork e, suspend, e]l(l —» 1) = 1

Fortunately, as we demonstrate in Section 4.5, modal effect types are compatible with explicit
effect variables, and indeed METEL supports them.

2.11 Modalities Anywhere

Unlike adjustments in FRANK and block annotations in EFFEKT mentioned in Section 1.1, modal
types are first-class types just like data types and can appear anywhere. For instance, we can put
two functions with modal types in a pair and handle them separately.

handleTwo : (<yield>(1 — 1), <yield>(1 — 1)) — (List Int, List Int)
handleTwo (x, y) = (asList ~x, asList ~y)

The syntax ~x freezes the variable x, and prevents it from being automatically unboxed, following
FrRegzeEML [15]. Thus we can directly apply asList to it without re-boxing.

The type inference algorithm of METEL also supports instantiation of type variables with modal
types, by analogy to impredicativity of first-class polymorphism. As a consequence, METEL enjoys
various stability properties. For instance, given the standard identity function id and application
function app, type inference of METEL is stable under replacing any term t with id t and any
application t1 t2 with app t1 t2.

3 A Multimodal Core Calculus with Effect Handlers

In this section, we introduce MET, a System F-style call-by-value core calculus with effect handlers
and modal effect types. We present its static and dynamic semantics as well as its meta theory. We
defer extensions including data types, alternative forms of handlers, and explicit effect variables to
Section 4. MET is closely related to multimodal type theory (MTT) [17, 18], especially its simply-
typed fragment [29]. We present MET without assuming any background on MTT, and discuss the
relationships in Section 7.3.

3.1 Syntax

The syntax of MET is as follows.

Types AB:=a|VaX A Contexts T :u=-|T,a:K|T,x:, A|T@&,

| A>B| A Terms M,N:=x|AxAM|MN |AaK.V | MA
Masks La=-]¢L | mod,V | let, mod, x =V in M
Extensions D:u=-|¢:P,D | do ¢ M | mask;, M
Effect Contexts E,F:=-|¢:PE | handle M with H
Signat}lfes Pz=A—»B| - Values V,W u=x | Ax* M| Aa®.V |V A|mod,V
Modalities pu=[E] | {LID)  fandlers H := {returnx > M} |{{pr— M}wH
Kinds K == Abs | Any
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ID+E|[E-L|[L=D]|

D+E=D,E 2D = (D)
—L=- " L)MDz{(L’,D”) ifD = ¢:P,D"
(¢:P,E)—L= {E - ifL = [’.L’ ' ((¢,L"),D’) otherwise
t:P,(E—L) otherwise where (L’,D’) =L D

Fig. 1. Operations on Effect Contexts for MET.

MET extends a System F-style calculus with standard constructs for effects and handlers as well as
the main novelty of this work: modal effect types. We highlight the novel features in grey.

3.2 Effect Contexts as Modes

The modes of MET are effect contexts E, which are scoped rows of effect labels [30]. Each label
denotes an effectful operation. An effect may contain the same label multiple times. Each label has
a signature. A signature can be an arrow of the form A — B, which takes an argument of type A
and returns a value of type B, or absent — (similar to presence types [43]), which indicates that the
operation of this label cannot be invoked.

Following Rémy [43] and Leijen [30], we identify effects up to reordering of distinct labels, and
allow absent labels to be freely added to or removed from the right of effect contexts. For instance,
¢:P,{’ :—isequivalent to £ : P. We can think of an effect context as denoting a map from labels to
infinite sequences of signatures where a cofinite tail of each sequence contains only —.

Extensions D and masks L are used respectively to extend effect contexts with more labels or
removes some labels from them. Extensions are like effect contexts except that we do not ignore
labels with absent signatures in their equivalence relation, so £ : P, : — and £ : P are distinct.

We define a sub-effecting relation on effect contexts: E < E’ if we can replace the absent
signatures in E with proper signatures to obtain E’. We also have a subtyping relation on extensions
D < D’. Different from sub-effecting, it requires D and D’ to contain the same row of labels, but
allows absent signatures in D to be replaced by other signatures in D’. We give the full rules for
type equivalence and sub-effecting in Appendix A.1.

Masks L are simply multi-sets of labels without signatures, as we do not require signatures when
masking labels from effect contexts. The actions of extending D + E and masking E — L are defined
in Figure 1. We write L >« D = (L’, D’) for the difference between L and D. The L’ are those labels
in L not appearing in the domain of D, and the D’ are those labels in D not appearing in L.

3.3 Modalities Manipulating Effect Contexts

In conventional row-based effect systems, such as Koka or LINKs, an effect annotation on a function
type specifies all of the effects that the function may perform when it is invoked. In MET, effect
annotations only specify effects relative to the ambient effect context, as functions may also use
any operations from the ambient effect context. Effect annotations are given via modalities, which
construct a new effect context relative to an ambient effect context as follows.

[E](F) =E (LID)(F) =D+ (F - L)

The absolute modality [E] replaces the ambient effect context F with E. This is similar to how
effect annotations on functions in row-based effect systems work. Intuitively, we may think of the
type [E] (A — B) as corresponding roughly to the type A — B in traditional effect type systems.
The relative modality (L|D) is the key feature that makes effectful programming without effect
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variables viable in MET. It specifies the a transformation on the ambient effect context. It masks the
labels L in F before extending the resulting context with D. We call (D) an extension modality,
(L] a mask modality, and (|) the identity modality. We write 1 for the identity modality.

Modalities are monotone total functions on effect contexts. If E < F, we have u(E) < p(F).

We write up for the pair of y and F where F is the effect context that y acts on. We refer to such a
pair as an indexed modality. We write pp : E — F if y(F) = E. (The arrow goes from E to F instead
of the other direction to keep closer to MTT [17, 18]. For readers familiar with MTT, indexed
modalities pr correspond to the notion of modalities in MTT as they are concrete morphisms
between modes and our modalities p actually correspond to indexed families of modalities in MTT.)

Modality Composition. We can compose the actions of modalities in the intuitive way.
woo [l = I[E]
[E] o (LID) [D+(E-L)]
<L1|D1> o <L2|D2> <L1 +L|D2+D> where (L,D) =L, > D,

To keep close to MTT, our composition reads from left to right. First, an absolute modality completely
specifies the new effect context, thus shadowing any other modality p. Second, replacing the effect
context with E and then masking L and extending with D is equivalent to just replacing with
D + (E — L). Third, sequential masking and extending can be combined into one by using L, > D,
to cancel the overlapping part of L, and D;. For instance, we have (¢ : P) o (£]) = (|).

Composition is well-defined since composing followed by applying is equivalent to sequentially
applying (u o v)(E) = v(u(E)). We also have associativity (g o v) o € = po (v o £) and identity 1.

The definition of composition naturally generalises to indexed modalities pyp. We can compose
pr:E — Fandvg : E' — E to get pp o vg : E' — F which is defined as (y o v)F.

Modality Transformations. Just as modalities allow us to manipulate effect contexts, we need
transformations that allow us to change modalities’.

We write up = vp for a transformation between indexed modalities yp : E — F and vg : E' — F.
Intuitively, such a transformation describes how under ambient effect context F, the action of u
can be replaced by the action of v. In particular, if we have a variable boxed by y under the effect
context F, we can use it under a new effect context derived by applying v to F.

What properties do we expect from prp = vp? To guarantee effect safety, the new effect context E
given by applying v should be larger than the E’ given by applying u. To avoid accidental handling,
when p is relative (which means the variable depends on the ambient effect context), the new effect
context E’ should not accidentally capture more effects than those specified by y and the ambient
effect context. Moreover, we want the transformation to be stable under sub-effecting. We formally
define up = vp by the transitive closure of the following three rules.

MT-ABs MT-UpcAsT MT-EXPAND
yF:E'—>F ELE DD (F-L)=t:PE
[E]r = pr (LID)p = (L|D")p (t.L|D,t: P)p & (L|D)p

MT-ABs allows us to transform an absolute modality to any other modality as long as no effect
leaks. MT-UpcasT allow us to upcast a label with an absent signature in D to an arbitrary signature,
since the corresponding operation is unused. Recall that the subtyping relation between extensions
only upcasts signatures. MT-ExPAND is bidirectional. It allows us to simultaneously mask and
extend some operations given that these operations exist in the ambient effect context F.

IThe interested reader may wonder if we would need yet another notion of transforming a modality transformation, but
thankfully this is not necessary: there is only one modality transformation between any two modalities
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Let us give some examples here. First, [|g = pg always holds, consistent with the intuition
that pure values can be used anywhere. Second, (¢ : =)y = (¢ : P)y always holds. Third, we have
(€]€: P)p.pr © ()e.pg in both directions. Last, {£ : P)p = (¢ : P,¢' : P’)p does not hold for any
E, avoiding accidental handling.

The following lemma shows that the syntactic definition of transformation matches the semantics
of our intuition. The proof is in Appendix A.4.

LEMMA 3.1 (SEMANTICS OF MODALITY TRANSFORMATION). We have ur = vr if and only if
u(F") < v(F’) forall F" with F < F'.

Attentive readers may have observed that this lemma characterises the essence of effect safety,
but does not mention accidental handling explicitly. Actually, since MET allows same labels to
have different signatures, effect safety implies that there is no accidental handling. For instance,
{|)F = {(f: P)p violates Lemma 3.1 since F, £ : P’ £ £ : P,F,£ : P’ when P £ P’.

3.4 Kinds and Contexts

[Tra:K|[TFP|[TF(pa)=var|

I'sa:K T'+A:Abs I+ [E] I'rA:Any T+ (L|D) Fr-A:K
'ra:K IF'+A:Any '+ [E]A: Abs T'+{(L|ID)A:K
I'rA:Any I'A: Abs
I'+B:Any I'+B:Abs T+A:Abs HUF = VF
I'rA— B:Any 'rA—>B I'r(pA)=v@F I'r(pA)=v@F

' oF prp:E—F I'rA:K I' @F T'@F pup:E—>F

-@E [x:y, A@F Ia:K@E r.&, @F

Fig. 2. Selected kinding, well-formedness, and auxiliary rules for MeT.

As illustrated in Section 2.7, we have two kinds Abs and Any. The Abs kind is a sub-kind of the
kind of all types Any, and denotes types of values that are guaranteed not to use operations from
the ambient effect context.

We show the kinding and well-formedness rules for types and signatures in Figure 2, relying on
the well-formedness of modalities and effect contexts, which is standard and defined in Appendix
A.1. Function arrows have kind Any due to the possibility of using operations from the ambient
effect context. Boxing a type by the absolute modality yields an absolute type as it cannot depend
on the ambient effect context.

A type at kind Abs may still contain an effectful computation, as long as it is contained within
an absolute modality. We restrict the kind of the argument and return value of effects to be Abs in
order to prevent effect leakage as discussed in Section 2.10.

Contexts are ordered. We define the relation I' @ E that context I is well-formed at effect context
E in Figure 2. Each term variable binding x :,. A in contexts is tagged with an indexed modality pr
which arises from unboxing. Intuitively, this annotation means that the term bound to x is defined
inside modality y under the effect context F.
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Modal Effect Types 13

Contexts contain locks carrying indexed modalities which track effect transformations for
variable bindings. For instance, the following context is well-formed at effect context E. Reading
from left to right, the lock ﬂ| £|, switches the effect context from F to E.

X i ALY A2>B[Ejr,z g As; @F
Following MTT, we define locks(—) to compose all the modalities on the locks in a context.
locks(:) =1 locks(T, x 3, A) = locks(T)
locks(T, @, ) = locks(T) o pp locks(T, a : K) = locks(T)
Following MTT, we identify contexts up to the following two equations.

r;nﬂp (@E =T (@E r;n,upanv,_-/ @E = rynppow.—/ @E

3.5 Typing

The typing rules of MET are shown in Figure 3. The typing judgement I' - M : A @ E means that
the term M has type A under context I' and effect context E. As usual, we require I’ @ E, T' + E,
I'+ A : K for some K, and well-formedness for type annotations as well-formedness conditions.
We explain the interesting rules, which are highlighted in grey; the other rules are standard.

T'rM:A@E

T-Var T-Mop T-LETMOD
vp = locks(T’) : E > F ur:E—F ve:E—>F r,&, +rV:y)A@E
Tr(pA)=v@F F,HWI-V:A@E X typops ArM:B@F
Ix:y AT'Frx:A@E F'rmod,V:yA@F I'rlet, mod, x=VinM:B@F
T-TABs T-ABs T-TAprp
IlLa:K+V:A@E I'x:ArM:B@E I‘I—M:VO{K.B@E I'+A:K
T'rAKV VoK A@E TFAxAM:A—>B@E I'rMA:B[AJa] @E
T-Arp T-Do
'rM:A—> B@E 't N:A@E E=¢:A—BF TFN:A@E
TFMN:B@E F'trdo! N:B@E
T-HANDLER
H = {return x — N} W {& p; r; = N;};
T-MASK I“,ﬂ<‘D>FI—M:A@D+F I'x:(D)ArN:B@F
F,G<L‘>F|-MZA@F—L Dz{[iZAi—»Bi}i [F,pi:Al-,rl-:Bi—>BkN,~:B@F]i
I'+ mask; M: (L)A @F I+ handle M with H: B @ F

Fig. 3. Typing rules for core MET.

Modality Introduction and Elimination. Modalities are introduced by T-Mob and eliminated by
T-LET™MOD. The term mod,, V introduces modality y to the type of the conclusion and lock @, into
the context of the premise, and requires the value V to be well-typed under the new effect context E
manipulated by . The lock @, tracks the change to the effect context. We restrict mod to values
as it manipulates effect contexts [2, 34]. Otherwise, a term such as mod,,y (do ¢ V) would type
check under the empty effect context but get stuck.
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Following MTT, we use let-style modality elimination which takes another modality v in addition
to the modality p that is eliminated from V. This is crucial for sequential unboxing. For instance, y
and z in the following term are bound as y :,, /A and z :,.,, A, respectively.

Ax"HA let mod, y = x in let, mod, z=y in M

As with boxing, unboxing is restricted to values. We treat a type application of a value as itself a
value as type application does not perform any effects. Consequently, we gain the flexibility to use
type applications in boxing and unboxing.

Masking and Handling. Masking and handling provide specialised means to introduce values
with relative modalities. A mask mask; M introduces the mask modality (L[), and a handler
handle M with H binds a value boxed with the extension modality (D) in its return clause. Unlike
mod, these constructs apply to computations as they perform masking and handling semantically.

As shown in Section 2.7, entering the scope of a handler for operations D means that D is
extended with the ambient effect context. Values escaping a handler must be boxed with (D) since
they may use these previously extended operations. Similarly, going into the scope of mask; means
that effect labels L are removed from the ambient effects F. For those values leaving masks, they
need to be boxed with (L) since they cannot use these previously masked operations.

Accessing Variables. The T-VAR rule uses the auxiliary judgement T + (y, A) = v @ F defined
in Figure 2. Variables of absolute types can always be used as they do not depend on the ambient
effect context. For a non-absolute term variable binding x :,, A from context I',x :,, A I’, we
must guarantee that it is safe to use x in the current effect context. The effect context where x is
introduced is F. As we track all transformations on effect contexts up to the binding of x as locks
in I, the current effect context E is obtained by applying all modalities on locks in I'” to F. Thus,
the condition pr = locks(I")F defined in Section 3.3 is needed for effect safety.

Let us look at some examples. Consider the following judgement.

&,y ey, 1= Intr handle y () with {#;}: _ @ ¢,
The handler introduces a lock ﬂq t),- This judgement is valid because we have (1), = (), It

would be invalid if we were to extend the handler to handle &, as {¢1),, = (£, ), does not hold.
Otherwise, the function y might use £ which is accidentally handled here.

ﬂqm, Yi(n), 1 — Int Fyrong handle y () with {f,6}: _ @4,
We can fix this judgement by masking #,. The transformation {£1),, = ({1, £2),, © (2D 4,,) is
well-defined since {1, £2);, © (£2D, 4,0, = {41)s,-
8.,). y:s), 1 — Int+ handle mask, (y () with {&,&}: _ @10

Subeffecting. Subeffecting is incorporated into the T-VAR rule within the transformation relation
1 = vp. We have seen how subeffecting works in Section 2.2. We give another example here
upcasting [] to [E].

Axcl1nt=In) o mod[j y = x in modg) y : [[(Int = Int) — [E](Int — Int)

Due to subeffecting, given a variable binding x : 1 — 1 under ambient effect context E, we
cannot assume E is exactly the effect context required to invoke a function bound to x. For instance,
consider the following program.

let f = mod[} (Ax'7'.x ()) in let mod[} g = fin g (A_.do £V;())

Though the function Ax'~!.x is typed checked with the empty ambient effect context, the term
bound to x in the application of g actually invokes ¢.
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3.6 Masking and Handling with Absolute Kinds

Masking attaches a mask modality to the return value of the term being masked, and handling
attaches an extension modality to the return value of the term being handled. In practice, these
return values often have absolute kind, which means these modalities can be omitted. We provide
the following syntactic sugar to treats absolute return values specially for masking and handling.
We also introduce syntactic sugar for specialised unboxing.

maskébS M = letmod() x = mask; M in x
handle®™ M with H = handle M with H’
where H = {return x — N} W {#; p; r; — N;};
H' = {return x — let modpy x =x in N} W {¢; p; r; = N;};
letmod, =MinN = (Axletmod,x=xinN)M
let mod,,, x=VinM = letmod,x =V inlet, mod, x=xinM

The following typing rules are derivable for absolute A, which allow us to elide modalities:

T-HANDLEABS
T-MASKABS TrHA:Abs H = {return X = N} U] {fi piti— Ni}i
TrA:Abs F,ﬂ<‘D>F_I—M:A((DD+F I'x:A+rN:B@F
F,H<L|>F|-MIA@)F—L Dz{fiIAiﬁ'?Bi}i [T,pi:Ai,ri:Bi—>B|-Nl-:B@F]i
T+ mask?bS M:A@F T + handle™ M with H : B @F

3.7 Operational Semantics

The operational semantics for MET is quite standard. As type application values can reduce, we
first define value normal forms U that cannot reduce, and evaluation contexts &:

Value normal forms U :=x | Ax*.M | AaX.V | mod, U
Evaluation contexts &:=[]|EA[EN|UE|mod, & | let, mod, x =& in M
| do ¢& | masky & | handle & with H

The reduction rules are as follows.

E-App (AxAM) U ~ M[U/x]
E-TApp (Aa.V) A~ V[A/a]
E-LEtmop let, mod, x = mod, U in M ~ M[U/x]
E-Mask mask; U ~ mod;, U
E-RET handle U with H ~ N[(modp) U)/x], where (return x — N) € H
E-Opr handle &[do ¢ U] with H ~ N[U/p, (Ay.handle E[y] with H)/r],
where 0—free(£,E) and ({ pr+— N) € H
E-LIFT E[M] ~ E[N], ifM~ N

The only slightly non-standard aspect of the rules is the boxing of values escaping masks and
handlers. In E-ReT, we assume handlers are decorated with the operations D that they handle.
Following Biernacki et al. [4], the predicate n—free(#, &) is defined inductively on evaluation
contexts as follows. The meta function count(#; L) yields the number of £ labels in L. We omit the
inductive cases that do not change n. Notice that the cases for introduction and elimination of
modalities fall into this category as they require values which cannot be of the form do ¢ V.
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n—free(¢, &) n—free(¢, &) count(l;L) =m
0—free(¢, [ ]) (n)—free(f,do £’ &) (n + m)—free(¢, mask; &)
(n+1)—free(t, &) ¢ € dom(H) n—free(¢,&) ¢ ¢ dom(H)
n—free(¢, handle & with H) n—free(f, handle & with H)

3.8 Type Soundness and Effect Safety

We prove type soundness and effect safety for MET. Our proofs cover the extensions in Section 4.
MET enjoys relatively standard substitution properties along the lines of Kavvos and Gratzer
[29]. For example, we have the following rule for substituting values with modalities into terms.

r&,+-V:A@F T,x:, AT'+M:B@E
I,I" + M[V/x] :B@E

We state and prove the relevant properties in Appendix A.5.
To state syntactic type soundness, we first define normal forms.

Definition 3.2 (Normal Forms). We say a term M is in a normal form with respect to effect type E,
if it is either in value normal form M = U or of form M = E[do ¢ U] for ¢ € E and n—free({, &).

We have the following theorems which in together give type soundness and effect safety, proved
in Appendices A.6 and A.7.

THEOREM 3.3 (PROGRESS). If + M : A @ E, then either there exists N such that M ~> N or M is in
a normal form with respect to E.

THEOREM 3.4 (SuBJECT REDUCTION). If '+ M : A @E and M ~> N, thenI + N: A @E.

4 Extensions to the Core Calculus

In this section we demonstrate that MET scales to support data types, richer handlers, and other
useful primitives that provide extra expressiveness. We also introduce METE, an extension of MET
with effect variables, recovering the full expressive power of row-based effect systems. We prove
type soundness and effect safety for all extensions.

4.1 Data Types and Crisp Induction

We demonstrate the extensibility of MET with data types by extending it with pair and sum types.
Figure 4 shows the syntax and typing rules. The T-PAIR, T-INL, and T-INR are standard introduction
rules. The elimination rules T-CrispPaIR and T-CrisPSUM are more interesting. In addition to
normal pattern matching, they interpret the value V under the effect context transformed by certain
modalities v, which can then be tagged to the variable bindings in case clauses. They follow the
crisp induction principles of multimodal type theory [18, 45]. These crisp elimination rules provide
extra expressiveness. For example, we can write the following function which transforms a sum
of type ;i(A + B) to another sum of type (A + 1B). This function is not expressible without crisp
elimination rules.

AxHA*B) et mod, y = x in case, y of {inl x; — inl (mod, x;), inr x; = inr (mod, x2)}

The semantics of this extension is standard and shown in Appendix A.2.
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T-PAIR T-INL T-INrR
't M:A@E I'rN:B@E TrM:A@E T'rM:B@E
T'r(M,N):(AB) @E F'tinlM:A+B@E T'rinrM:A+B@E
T-CrispPAIR T-CrispSum
vi:E—F I‘,GVFI—V:(A,B) @E vi:E—F I‘,HVFI—V:A+B@E
[x:, Ay:y BEM: A" @F Ix:p, AFM; : A @F Lby:, BEMy: A @F

[+ case, Vof (x,y) » M: A" @F T+ case, V of {inl x —> My, inry > My} : A" @F
Fig. 4. Typing rules for data types in MET.

4.2 Commuting Modalities and Type Abstraction

Crisp elimination rules in Section 4.1 allow us to commute modalities and data types. Similarly, it is
also sound and useful to commute type abstractions and modalities. However, the current modality
elimination rule cannot do so, for a similar reason to why it is not possible to transform Ya.A + B
to (Va.A) + (Ya.B) in System F. We extend modality elimination to the form let, mod, AaKx =
V in M which allows V to use additional type variables in X which are abstracted when bound to
x. The extended typing and reduction rules are as follows.

T-LET™MOD’
ve:E—F r.a

a:K+rV:pA@E L% ty0p, VaKAr M:B@F

VEs

T+ let, mod, AaKx=VinM:B@F

E-LETmoDp’  let, mod,, AaK x = mod, U in M ~> M[(Aa_K.U)/x]
For instance, we can now write a function of type YaX.iA — ;/(Va.A) where a ¢ ftv(y) as follows.

K
Ax"®#4 let mod, Aa®.y = x a in mod, y

4.3 Boxing Computations under Empty Effect Contexts

We have restricted boxes to values in order to guarantee effect safety. This restriction is not essential
for []. For example, suppose we have f :[] (A — B) and x :[] 4, it is sound to treat mod[j (f x)
as a computation which returns a value of type [|B. As f x is evaluated under the empty effect
context, we can guarantee that it cannot get stuck on unhandled operations.

We extend the introduction rule for the empty absolute modality to allow non-value terms with
the following typing rule.

T-BoxABs
F’HHF FM:A@-

IF'tmod | M:[|][A@F

The same generalisation applies to T-Mask and T-HANDLER. As an example, we can write the
following app function.

app = VaVB.[l(a = p) = [la = [Ip
app = Aa.ABAfAxletmod|| f = f inlet mod[} x = x in mod|| (f x)

The formula corresponding to the type of this function is commonly referred to as Axiom K in
modal logic and is also satisfied by other similar modalities such as the safe modality of Choudhury
and Krishnaswami [10].
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4.4 Absolute and Shallow Handlers

Up to now we have considered only deep handlers of the form handle M with H where M depends
on the ambient effect contexts. Deep handlers automatically wrap the handler around the body of
the continuation r captured in a handler clause, and thus r depends on the ambient effect context.
Though this usually suffices in practice, in some cases we may want the computation M or the
continuation to be absolute, i.e., independent from the ambient effect context. This situation is
more prevalent in METE with effect variables.
We extend the handler syntax to handle® M with H with the following typing rule.

A

Dz{fiiAi—»Bi}i F,E[D+E]F|-MZA@D+E
Ix: [D+E]A FN:B@F [F,pi AL [F](Bl e B) FN;:B ((DF]l

T + handle® M with {returnx > N}W {4 piri—> Ni}i:B@F

T-HANDLER

The T-HanpLEr? rule extends the context with an absolute lock ﬂ[ p+E], specifying the effect
context for M, and boxes the continuation r with the absolute modality [F], where F exactly
gives the effect context after handling. We also extend the handler syntax with shallow handlers
handle’ M with H, in which the handler is not automatically wrapped around the body of
continuations, and absolute shallow handlers handle®" M with H [22, 26]. The full syntax, typing
rules, and semantics for these handlers are shown in Appendix A.2.

4.5 Effect Variables

Though MET suffices for many common use-cases of effects and handlers in practice, there are
situations in which it is useful to refer to one or more effect contexts that differ from the ambient
one (such as the higher-order fork operation in Section 2.10).

METE, the extension of MET with effect variables, is quite lightweight and straightforward.

Effects Eux=-|¢:P,E| ¢ | E\L Kinds K :=---|Eff
E=F||ELF
t¢L
E\-=E AL = (¢:PE)\(¢,L) = E\L (¢:P,E\L=¢:P,E\L
(e\L)\L" = e\(L,L") e\L = ¢e\L - < e\L e\L <e\L
E-L
AL-L = o\(LL)

We extend the syntax of effect contexts E with effect variables ¢. As is typical for row polymor-
phism, we restrict each effect type to contain at most one effect variable. We also extend the syntax
with effect masking E\L, which means the effect types given by masking L from E. The latter is
needed to keep the syntax of effect contexts closed under the masking operation E — L; otherwise
we cannot define ¢ — L. In other words, the syntax of effects is the free algebra generated from
extending D, E and masking E\L with base elements - and ¢.

The effect equivalence and subeffecting rules are extended in a relatively standard way. We
do not allow non-trivial equivalence or subtyping between different effect variables. We always
identity effects up to the equivalence relation. That is, we can directly treat syntax of effects as
the free algebra quotiented by the equivalence relation E = F. Observe that using the equivalence
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relation, all open effect types with effect variable ¢ can be simplified to an equivalent normal form
D, e\L. We assume the operation E — L is defined for effects E in normal form and extend it with
one case for effect variables.

As the extension of METE is local and only influences relevant definitions of effects, the meta
theory and proofs for MEeT directly apply to METE without any non-trivial changes.

5 Encoding Row-based Effect Systems into MET

Even without effect variables, MET is expressive enough to encode programs from conventional
row-based effect systems as long as effect variables on function arrows always refer to the lexically
closest one. This is an important special case, since most functions in practice use at most one
effect variable. For example, as of July 2024, the Koxa repository contains 520 effectful functions
across 112 files but only 86 functions across 5 files use more than one effect variable, almost all of
them internal primitives for handlers not exposed to programmers. Moreover, almost all programs
in the FRANK repository make no mention of effect variables at all, relying on syntactic sugar to
hide the single effect variable.

5.1 Row Effect Types with a Single Effect Variable

We define Féﬁ, a System F-style core calculus with row-based effect types in the style of Koka [31],
but where each scope can only refer to a single effect variable. The syntax is defined as follows.

Types AB:=Int|A—El B|VeA
Terms MN :=x | AEIEXAM | MN | Ae.V | M {E|¢)
| mask; M | do ¢ M | handle M with H
Values VW i=x | MEEIxA M | AeV
Effects E F,L,D:=-|{E
Contexts Fu=-|T,x: A|L, ¢, |T, ¢}

We include integers, effectful function arrows, and effect abstraction Ve.A. As we consider only
one effect variable at a time, we need not track effect variables on function types and effect type
abstraction. Nonetheless, we include them in grey font for easier comparison with existing calculi.
In T, we track for each variable the effect variable at which effect context it was introduced. Further,
we add markers ¢, and 4/ to the context, which track the change of effect context due to functions,
masks, handlers, and effect abstraction. These markers are not needed by the typing rules but help
with the encoding. As with MET, we require contexts to be ordered. To convey the essential idea of
the encoding, we omit type polymorphism and data types from Fiﬂc; we discuss these extensions
in Section 5.3. For simplicity we also assume operation signatures come from a global context
¥ = {¢ : A —» B}, thus unifying extensions, masks, and effects (effect contexts) into one syntactic
category. Mirroring our kind restriction for operation signatures in MET, we assume that these A
and B are not function arrows, but they can be effect abstractions (which may themselves contain
function arrows).

Figure 5 gives the typing rules of Flﬁ. The judgement T + M : A!{E|¢} states that in context T,
the term M has type A under an effect context consisting of concrete effects E extended with effect
variable ¢. The typing rules are mostly standard for row-based effect type systems.

In the R-VAR rule, we ensure that either the current effect variable matches the effect variable
at which the variable was introduced or that the value is an effect abstraction. These constraints
guarantee programs can only use one effect variable in one scope.

The R-App, R-Do, R-MasK, and R-HANDLER rules are standard, while the R-ABs rule is standard
except for requiring the effect variable to remain unchanged.
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The R-EABs rule introduces a new effect variable ¢’ and the R-EAPpP rule instantiates an effect
abstraction. While conventional systems allow instantiating with any effect row, this rule only
allows instantiation with the ambient effects. The instantiation operator [{E|¢}/] implements
standard type substitution for the single effect variable.

Int[{E|e}/] = Int
(A —=FIT B)[{E|}/] A[{E|e}/] ='FEI B{E|¢}/]
(Ve A)[{E|e}/] Ve A

Revisiting the example from Section 2.6, we can write the regen function in Féﬂ as follows:

regen :V.(Int _>Yie|d |l’1t) _>Yield ((1 _>Yie]d,Yie|d 1) _>Yie[d 1)
regen = A.Af.Am.handle m () with {return x — x,Yieldsr + do Yield (fs);r ()}

5.2 Encoding

We now give translations for types and contexts of Flﬁ into MET. We transform Féff types at effect
context E to modal types in MET by the translation [—]g. For integer types, we insert the identity
modality. For function arrows, the relative modality (E — F|F — E) heralds the transition from effect
context E to effect context F as we enter the function. For effect abstraction, the empty absolute
modality simulates entering a new effect context with different effect variables. We translate
contexts by translating each type and moving top-level modalities to their bindings. For each
marker, we insert a corresponding lock to reflect the changes of effect context.

FkM:A!{Ele}‘
R-Arp

R-Var R-ABs T+M:A—E BI{E|e}

e=¢ orA=V" A T,4.,x:; ArM:B!{F|e} I'N:A!'{E|¢}
I,x:yw AL Fx:A{E|le} TrAFOxAM: AT BI{E|e} T+ MN :B!{E|e}
R-EABs

¢ ¢ ftv(T) R-EArp R-MaAsk
T, e) FV:A{]e} T+ M:Ve Al {E|e} T4, FM:A!{E|e}

THASV Ve AV {E|e} 't M{E|e}: A[{E|c}/] ' {E|e} '+ mask; M: A!'{L+E|¢}

R-HANDLER .
R-Do [, ¢.+-M:A' {4, E|e} Ix: A+ N:B!{E|¢}
(¢t:A—->B)ex {6 :A; - B;} CX [T, pi :e Aiyri :e Bi =F BF N;: BI{E|¢}];
F'r-M:A!'{t E|e} H = {return x —» N} W {¢; p; r; — N;};
I'+dot¢M:B!{tE|e} I' + handle M with H : B! {E|¢}

Fig. 5. Typing rules of Flff
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[Int]g = (|)Int [le = -
[A—F Bls = (E- FIF - E)([ATr — [Bl) [Lx: ALy = [l 5, A for ud’ = [Al
[¥.Alr = [][A]. [T+ 0 = [T]r. 8¢ p-r)
topmod(pA) = p [T, +2] = [T]r &y

Observe that not every valid typing judgement in Féff can be transformed to valid typing judge-
ment in MET, because the translation depends on markers in contexts, while the typing of Féff
does not. We define well-scoped typing judgements, which characterise the typing judgements for
which our encoding is well-defined, as follows.

Definition 5.1 (Well-scoped). A typing judgement I', x :; A, I; + M : B! E is well-scoped for x if
either x ¢ fv(M) or ) ¢ T or A = V.A". A typing judgement T + M : A!E is well-scoped if it is
well-scoped for all x € T".

In particular, if the judgement at the bottom of a derivation tree is well-scoped, then every
judgement in the derivation tree is well-scoped.

Figure 6 shows the translation from Féff terms with their types and effect contexts to MET terms.
We have the following type preservation theorem. The proof is given in Appendix A.8.

LEMMA 5.2 (TYPE PRESERVATION OF ENCODING). IfT + M : A {E|¢} is well-scoped, then M :
A'E -> M and [T]g + M’ : [A]g @E.

In the term translation, all terms are translated to boxed terms with proper modalities consistent
with those given by the type translation, such that used term variables are always accessible after
translation. We greedily unbox top-level modalities of term variables when they are bound, and
lazily box them when they are used. Throughout, we use the syntax defined in Section 3.6.

Greedy unboxing happens for variable bindings such as A-abstractions and handlers. In the R-ABs
case, we unbox the top-level modality of variable x immediately after x is bound. Additionally,
we box the whole function with the relative modality (E — F|F — E), reflecting the effect context
transition. In the R-HANDLER case, we similarly unbox the variable bindings for return clauses
and operation clauses immediately after they are bound. In the operation clauses, we need only
unbox the argument to the handler p;; the resume function r; is introduced under the current
effect context E. In the return clause, we unbox x with () o y and then transform this modality
to y/ given by topmod([A]g) in order to match the current effect context E. We have proved this
modality transformation and the ones mentioned below in Appendix A.8.

Similar to the R-ABs case, the R-EABs case boxes the translated value with the empty absolute
modality. Similar to the return clauses of the R-HANDLER case, the R-Mask case transforms the
modality (L) o y; to pip in order to match the current effect context L + E.

Lazy boxing happens when variables are used in the R-VAR rule. Note that variables might be
used at a different effect context than they were introduced, in which case we must establish the
existence of a modality transformation.

As a result of translating all terms to boxed terms, we must insert unboxing for elimination rules
such as R-Aprp and R-EApp. Nothing special happens for the R-Do case.
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M:A'E -> M
R-Arpr
R-VaR M:A—>EBIE > M
u == topmod([A]E) N:A!E -»> N’ x fresh
x:A!'E - mod, x MN :B!E --> let mod()y x =M in x N’
R-ABs R-EABs
M:B'F -> M v:=(E-F|F-E) u = topmod([A]F) VAl 5V

AxAM:A—>FBIE > mod, (Ax[4F let mod, x =x in M’) AV :V.A'E -> modp V’

R-EAprp R-Do
M:VA'E s M x fresh M:A'¢E s M
M@ : A[E/]'E --> let mod[} x =M in x dotM:B!'t,E -->dot M
R-Mask

M:A'E -> M pp = topmod([A]E) o = topmod([A]L+E)

mask;, M : A!L+E --> let mod(r),, x = maskg M in mod,, x

R-HANDLER _
M:AVGE M N:B'E ->N  [N;:B'E > N/];
p = topmod([A] ) y = topmod([A]g)
N = let mod@);y x = x in let, mod(y x = mod(y x in N
[ == topmod([A;].) N/” := let mod,, p; = p; in N/];
H = {return x —> N} W {{; p; r; > N;}; H' = {return x » N"}w {& p; ri — N/ };
handle M with H : B!E --> handle M’ with H’

Fig. 6. Encoding of F:}E in MET.

Revisiting the regen example from Section 2.6, we can directly translate the Fiﬁ version above as
follows into MET, omitting boxing and unboxing of the identity modality (]).

regen : [Yield](({|)(Int = Int) — {|)({Yield)(1 — 1) — 1)))

regen = mod[j(modyiciqy (Af.(Am.let modyieiqy m = m in handle m () with {
return x — let modjvielgy x = x in x,
Yieldsr +— do Yield (fs);r () })))

This is essentially the same program as in Section 2.6, but with significant noise due to the greedy
unboxing and (omitted) identity boxes. In practice, identity boxes are not necessary — they are
only generated here to keep the encoding uniform. On the other hand, greedy unboxing is useful
in practice. In Section 6, we show how METEL can automatically infer unboxing.

5.3 Extensibility of the Encoding

We have omitted value type polymorphism and data types in our encoding in order to focus on
conveying the core idea. We now discuss how to extend the encoding to support these features.
Recall that the encoding in Section 5.2 translates each Fiﬁ type and term to a boxed MET type and
term consistently such that variable accessibility is preserved. Generalising the encoding to type
polymorphism is relatively easy, as we need only ensure variable accessibility. For a polymorphic
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value with type Ya.A, the translation on the value of type A would give a value of modal type pA’
in MET. We can use our extension in Section 4.2 to commute the quantifier and modality to obtain
a value of type p(Va.A").

Generalising the encoding to data types is more involved. For instance, given a pair of type
(A, B), the translation on its components might give terms of type yA” and vB’ with unrelated
modalities. This makes it impossible to give the pair a modality other than (|), which can not be
used in all contexts where the pair can be used in Féﬁ. To ensure variable accessibility, we need to
greedily destruct the pair and unbox its components with modalities i and v respectively. The uses
of this pair variable in the translated function body are replaced by fresh pairs of these unboxed
components. For variable bindings of recursive data types, we need to greedily destruct only to the
extent that the data type is unfolded in the function body (where we may treat recursive invocations
as opaque). While this requires a somewhat global translation, it does not require destructing and
unboxing the recursive data type more than a small number of times.

The essential reason for the translation being global comes from the fact that we use let-style
unboxing following MTT. For modalities with certain structure (right adjoints), it is possible to use
Fitch-style unboxing [11] which allows terms to be directly unboxed without binding [17, 46]. We
are interested in exploring whether we could extend MET to use Fitch-style unboxing and thus
give a compositional local encoding for recursive data types. Fortunately, these issues appear not
to cause problems in practice. Functional programs typically use pattern-matching in a structured
way that plays nicely with automatic unboxing.

6 A Surface Language with Type Inference

In this section we briefly outline the design of METEL, a call-by-value surface language based on
METE with Hindley-Milner type inference [13] for ML types and modalities without complicated
constraint solving (albeit some annotations are required for modalities).

The problem of inferring modal effect types is closely related to that of inferring first-class
polymorphism. Box introduction is analogous to type abstraction (which type inference algorithms
realise through generalisation). Box elimination is analogous to type application (which type
inference algorithms realise through instantiation). As such, one can adapt any of the myriad
techniques for combining first-class polymorphism with Hindley-Milner type inference. METEL is
inspired by the approach of FREEZEML [15], a system that supports full impredicative polymorphism
with a combination of type annotations and frozen term variables which disable instantiation. METEL
is a conservative extension of ML, and thus can fully infer types for any ML programs without
the need for any annotations. METEL uses the machinery of FREEZEML to support modal effect
types, but does not support first-class polymorphism (although incorporating it using FREEZEML’s
mechanism would be relatively straightforward).

A central feature of METEL that makes it more convenient to program with than METE is that it
infers unboxing when variables are used. For instance, the following METEL program

Am A=Y pandle m () with {Ask _r — r42}
is elaborated to the following METE program:
Am Ao (1= ot modasky 1 = m in handle 1 () with {Ask _r — r 42}

We now summarise the key ideas behind the design of METEL.

e The underlying philosophy of METEL is to “never guess modalities”. This is analogous to
the underlying philosophy of FREEZEML to “never guess polymorphism”.

e Following FREEZEML (and algorithmic presentations of ML) instantiation is performed by
default when a variable is used (x).
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o Similarly, METEL also performs unboxing for variables by default via elaboration.

e METEL allows type variables to be instantiated with modal types. This is analogous to allow-
ing type variables to be instantiated with polymorphic types (giving rise to impredicative
polymorphism) in FREEZEML.

o Following FREEZEML, variables can be frozen in order to suppress such instantiation ([x],
written ~x in ASCII text as shown in Section 2.11).

e Boxing is never inferred. Though it would be possible to infer limited use of boxing in
let-bindings (following FREEZEML and algorithmic presentations of ML), this would yield
the most general modality which is not typically what we require for handlers.

e Type annotations are required for function argument types that contain modal types.

e Type annotations are only required for those bindings that contain modal types.

We lack space to include full technical details of METEL in the body of the paper, and in any
case most of the subtleties and design choices are in essence the same as those one encounters in
treating type inference with first-class polymorphism. The full specification for METEL is given in
Appendix B. We formalise the type inference algorithm following the approach of type inference in
context [19, 20]. Soundness and completeness of type inference is proved in Appendix C.

We have chosen a design inspired by FREEZEML in the full knowledge that other designs may
be better suited to other circumstances. But as a means for enabling us to write the examples in
Section 2 and for demonstrating the feasibility of implementing sound and complete type inference
for modal effect types it has fulfilled its purpose. In the future, we intend to explore and implement
an alternative design as an extension to OCamL, building on and complementing recent work
on modal types for OCamL [34], and making use of existing means for supporting first-class
polymorphism in OCAML.

7 Discussion and Related Work

We first discuss the most relevant systems: FRANK [12, 33], EFFEKT [7, 8], and CC.. [6]. Then we
discuss the relationship between MET and MTT [17, 18, 29]. Finally we discuss other related work.

7.1 Do Be Do Be Do

Our absolute and relative modalities are inspired by the abilities and adjustments in FRANK [12, 33].
Absolute modalities and abilities both specify the whole effect context required to run some
computation, while relative modalities and adjustments both specify deltas to the ambient effect
context. A key difference is that FRANK restricts adjustments to appear only beside function
parameters and essentially treats these parameters as second-class computation variables. To write
higher-order programs, FRANK implicitly inserts effect variables to pass ambient effects around. MET
generalises abilities and adjustments to modalities which can appear flexibly in types, eliminating
effect variables altogether. As demonstrated in Section 5, FRaANK with implicit effect variables and
no closed abilities is expressible in MET. FRANK’s adaptors are richer than MET’s masking, although
we expect relative modalities to extend readily to cover this use.

7.2 Capability-based Effect Systems

Capability-based effect systems [6-8] interpret effects as capabilities and offer a form of implicit
effect polymorphism through capability passing.

For example, in EFFEKT the asList for Yield has the following type:

def asList{ f: 1 = List[Int] / { Yield } }: List[Int] / {}

Here the block parameter f is allowed to use the capability Yield in addition to those from the
context. The capability annotation {Yield} on its type is similar to our relative modalities.
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A key difference between EFFEKT and MET is that EFFEKT requires blocks to be second-class,
while MET supports first-class functions. Brachthauser et al. [7] recovers first-class functions by
boxing blocks. However, such boxed blocks cannot use capabilities from the context any more,
because the boxes on types fully specifies the required capabilities, similar to our absolute modalities.
For example, we can obtain a curried version of map in EFFEKT by boxing the result.

mapl[A, B]{ f: A = B }: List[A] = List[B] at {f} / {}

The return value has type List[A] = List[B] at {f}. The decoration {f} indicates that the return
function captures the capability f. This sort of annotation is reminiscent of an effect variable. This
is telling for why MET is not expressive enough to encode EFFexT. To encode captured capability
variables, as in map1, we need the expressiveness provided by effect variables in METE.

Another key difference is that EFFEKT uses named handlers [5, 51, 54] where operations are
dispatched to a specific named handler, whereas MET uses Plotkin and Pretnar [41]-style handlers
where operations dispatched to the first matching handler in the evaluation context. Named handlers
provide a form of effect generativity. In the future it would be interesting to explore variants of
modal effect types with capabilities and generative effects [14].

CC.g [6], the basis for capture tracking in Scara 3, also provides succinct types for uncurried
higher-order functions like map. As in EFFEKT, the curried version requires the result function to be
explicitly annotated with its capture set {f}.

7.3 Relationship between MET and Multimodal Type Theory

The literature on multimodal type theory organises the structure of modes (objects), modalities
(morphisms between objects), and their transformations (2-cells between morphisms) in a 2-
category [17, 18, 29] (or, in the case of a single mode, a semiring [1, 9, 39, 40]). In MET, modes
are effect contexts E, modalities are yp : E — F, and transformations are yr = vp. However, we
have found that 2-categories are not sufficient in a system that also includes submoding. To deal
with this extra structure, we extend the 2-category to a double category with an additional kind of
vertical morphisms between objects (in MET, vertical morphisms are the preorder relation E < F),
as also proposed by Katsumata [28]. As a result, the transformations do not strictly require the
two modalities to have the same sources and targets, enabling us to have [|r = [E]F in MET. The
relationship between MET and MTT is explained in detail in Appendix A.3.

7.4 Other Related Work

We discuss other related work on effect systems and modal types.

Row-based Effect Systems. Row polymorphism is one popular approach to implementing effect
systems for effect handlers. LINks [21] use Rémy-style row polymorphism with presence types
[43], while Koxka [31] and FrRANK [33] use scoped rows [30] which allow duplicated labels. Morris
and McKinna [36] proposes a general framework for comparing different kinds of row types, and
Yoshioka et al. [53] proposes a similar framework focusing on comparing effect rows. MET adopts
Leijen-style scoped rows meanwhile allows operation signatures to be absent, similar to presence
types. METE extends MET with effect variables by row polymorphism and extending the algebraic
structure of row types to be closed under extensions and masks.

Subtyping-based Effect Systems. EFF [3, 42] is equipped with an effect system with both effect
variables and sub-effecting, based on the type inference and elaboration described in Karachalias
et al. [27], which supports constraint solving for sub-effecting between effect variables. The effect
system of HELTUM [5] is based on finite sets, offering a natural sub-effecting relation corresponding
to set-inclusion. As such, their system aligns closely with Lucassen and Gifford [35]-style effect
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systems. Tang et al. [47] proposes an effectful calculus with effect polymorphism and sub-effecting
via qualified types [25] following RoOSE [36]. We have both effect variables and sub-effecting in
METE and METEL but do not consider non-trivial constraint solving.

Modal Types and Effects. Nanevski [37] proposes a modal calculus for handling exceptions, using
a necessity modality indexed by the set of names of used effects. Zyuzin and Nanevski [55] extends
contextual modal types [38] to algebraic effects and handlers, using a contextual necessity modality
to track effects and modelling context reachability as effect handling. Both of their necessity
modalities are similar to our absolute modalities. They do not have similar constructs to our relative
modalities. They both give comonadic semantics to the modalities, while MET adopts the standard
CBV semantics and restrict modalities to values. They focus on theoretical work, while we aim
to design a practical effect system with succinct types and backward compatibility. Choudhury
and Krishnaswami [10] proposes to use the necessity modality to recover purity from an effectful
calculus. This is similar to our empty absolute modality, especially when extended as in Section 4.3.

Effects in Call-By-Push-Value. In CBPV [32], effects are usually tracked on typing judgements
for computations and captured into types when switching to values [16, 26, 48]. MET tracks effect
contexts as modes for all terms in typing judgements to have succinct effect types.

8 Conclusion

We have proposed a novel modal effect type system which manages effect contexts by tracking
changes to them via absolute and relative modalities. We formalised modal effect types in a core
calculus following multimodal type theory. We illustrated our design through a collection of
examples in a surface language with sound and complete type inference. We demonstrated the
expressiveness of the calculus by encoding a practical fragment of a traditional effect system.
Future work includes: implementing our system as an extension to OCaML; exploring extensions
of modal effect types with Fitch-style unboxing, named handlers, generative effects, and capabilities;
combining modal effect types with control-flow linearity; and developing a denotational semantics.
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A Full Specification, Meta Theory, and Proofs for MET

We provide the specification, meta theory, and proofs for MET omitted in Section 3. Our proofs for
meta theory of MET consider all extensions in Section 4 including effect variables (METE).

A.1 Extra Rules

The full kinding and well-formedness rules for MET are shown in Figure 7. We include the kind
Eff and syntax E\L to also cover METE. The type equivalence and sub-effecting rules are shown in
Figure 8. We highlight the special rule that allows us to add or remove absent labels from the right.

[TrA:K|[Trpu|[TrE:K|[TFL|[TFD|[TrP|[T+(pa)=varF]

F'sa:K T+ A:Abs T+[E] TrA:Any Tr(|ID) TFrA:K

Tra:K I'+A:Any T [E]A: Abs T+ (LID)A:K
T'rA:Any T'+B:Any ILa:K+rA:K’ T'vL I'vD I'+E:Eff
I'+A— B:Any LrVaXA:K T+ (L|D) T+ [E]

r+PpP I'+E:Eff '+ E:Eff r+L
T+-:Eff I'+¢:PE:Eff T+ E\L : Eff

T'+A:Abs T+ B:Abs TrP '+D

I'r-— I''rA—»B T'rL I'r- I'r¢:P,D

T'+A: Abs HF = VF
T'r(pA)=v@F T'r(pA)=v@F

Fig. 7. Full kinding and well-formedness rules for MET and METE.

A.2 Full Specification for Extensions to MET

Figure 9 gives the syntax and typing rules for data types, absolute and shallow handlers. Figure 10
gives the extensions to value normal forms, evaluation contexts, and operational semantics for the
extensions with data types, absolute and relative handlers in Section 4.
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L=1|[D=D|[E=F|[P=P|n=v]a=5]
L15L2 LzEL3 L=L f;t(/ L=1L
= Li=1; ¢, L=¢L e, L=¢,¢1L
1)1 = 1)2 1)2 = 1)3 P= 1)/ D= l)/ t+ [I
= D; = Ds t:P,.D=¢:P,D t:Pt¢:PP.D=¢ :P,¢t:P,D
E15E2 EZEE3 PEP/ EEE/ f?ff/
L= E,=E; ¢t:P,E=¢:P FE ¢:Pt P E=¢:P,t:PE
A=A B=PB U=V A=B
Et:—=E A—-B=A"—+»PB -—=- a=a UA = VB
E=F L=L D=D A=A B=PB A=B
[E] = [F] (L|D) = (L'|D") A—-B=A >B VoK A = VoK B
P<P|[E<F|D<D
PLP -<P <
Elfflpl,E; EzEfIPz,E; lefipl,D; DzEfZPz,D;
P <P EiéE; P <P D;SD;
E; < E; D < D,

Fig. 8. Type equivalence and sub-effecting for MET.
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17 Types AB:u=---|(AB)|A+B

147? Terms M,N:=---| (M,N) | inl M | inr M | case, V of {Q — M}

17 Patterns Q:=(x,y) | inlx |inrx

a7 Values V,Wu=---| (V,W) |inl V |inrV

1475

1476 T-PAIR T-INL T-INR

1477 I'rM:A@E I''tN:B@E I'tM:A@E T'tM:B@E
1478 '+ (M,N):(AB) @E F'rinlM:A+B@E F'rinrM:A+B@E
1479

1480 T-CrispPAIR T-CrispSum

1481 vi:E—F r,&,+V:(AB) @F vi:E—F &, +rV:A+B@E

1482 I'x:,Ay:, B+M A @F Iix:, Ar M : A @F Iy:, BrM,: A @F

1483 T+ case, Vof (x,y) » M: A @F T+ case, V of {inl x = Mj,inry+— M} : A" @F
1484

1485
1486 Decorations Su=-|A|T| AT

1487 Terms M, N := handle® M with H

1488

A
1489 T-HANDLER

Dz{fi:AiH*Bi}i F,E[D+E]]_|-M:A@DD+E
1491 F,x:[D+E]Al—N:B@F [F,p,-:Al-,rl-:[F](Bi—>B)I—N,-:B@F],~

1492 T + handle® M with {return x — N} & {¢ piri— Ni}i:B@F
1493

1494 T-SHALLOWHANDLER

D:{fiZAi—»Bi}i I",ﬂ<u)>l-M:A@D+F

1496 Ix: (D) A+ N:B@F [T,pi: Airi : {D)(B; > A) + N; : B @ FJ;

1497 T + handle’ M with {return x — N} w {£; piri— Ni}i:B@F
1498

1490

1495

1499 T-SuarLowHanprer?
1500 Dz{fiZAi—»Bi}i F,G[D+E]FM:AQDD+E
1501 Ix:[D+EJArN:B@F [T,p;i: Airi s [D+E](B; > A) + N; : B@FJ;

1502 T + handle®" M with {return x > N} W {¢; piri—> N;}; : B@F
1503

1232 Fig. 9. Syntax and typing rules for data types, absolute and shallow handlers in MET.
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1920 Value normal forms U u=---| (U, U) | inl U | inr U

12 Evaluation contexts & :=---| (& N) | (U,8) | inl & | inr & | case, & of {Q — M}

e | handle’ & with H

1523

1oz E-CRISPPAIR case,, (U, U,) of (x,y) = N~ N[Ui/x,U,/y]

1925 E-CrispINL  case, inl U of {inl x — Ny,---} ~ Ni[U/x]

1926 E-CrisPINR  case, inr U of {inr y — Ny, ---} ~ Ny [U/y]

1527 E-ReT® handle U with H ~> N[(mod|p.g U)/x]

1528 where (return x — N) €e H

192 E-OpA handle® &[do ¢ U] with H ~

1930 N[U/p, (modr) (Ay.handle® E[y] with H))/r]
where 0—free(£,E) and (( pr— N) € H

E-ReT' handle’ U with H ~> N[(modpyU)/x]

where (return x — N) €e H

E-Opf handle’ &[do ¢ U] with H ~» N[U/p, (Ay.E[y])/r]
where 0—free(£,E) and ({ pr — N) € H

E-ReTAT handle®’ U with H ~ N[(modp.r U)/x]

where (return x — N) e H

1530 E-OpAt handle®” &[do ¢ U] with H ~

NIU/p. (modipsz) (y.E[y)))/r]

where 0—free(£,E) and (f pr— N) e H

1531
1532
1533
1534
1535
1536
1537
1538

1541
1542
1543 Fig. 10. Operational semantics for data types and more handlers in MET.
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A.3 The Double Category of Effects

o E—t— F
TR
E < <
\U){F JJ
VF El )F/

Fig. 11. 2-cells in a 2-category compared to 2-cells in a double category.

A double category extends a 2-category with an additional kind of morphisms. Alongside the
regular morphisms, now called horizontal morphisms, there are also vertical morphisms that connect
the objects of the 2-category. This makes it possible to generalise the 2-cells to transform arbitrary
morphisms, whose source and target are connected by vertical morphisms. Figure 11 shows the
differences between 2-cells in a 2-category and those in a double category using syntax of MET.

In MET, objects/modes are given by effect contexts, the horizontal morphisms by modalities, the
vertical morphisms by the sub-effecting relation, and 2-cells by the modality transformations.

Now we show that it indeed has the structure of a double category.

Since the sub-effecting relation is a preorder, effect contexts (objects) E and sub-effecting (vertical
morphisms) E < F obviously form a category given by the poset.

We repeat the definition of modalities and modality composition from Section 3.3 here for easy
reference. We directly define them directly in terms of morphisms between modes.

(LIDYs : D+(F-L) — F
[E'lr o [Elp = [E]lr
(LIDYp o [Elp+(p-1) = [Elr
[E]r o (LID)g = [D+(E-D)]r
(LilD1)p  © {L2|D2)p,s(p-1,) = <(Li+L|D2+D)p where (L,D) =Lz > D,

The effect contexts (objects) and modalities (horizontal morphisms) also form a category since
modality composition possesses associativity and identity. We have the following lemma.

LEMMA A.1 (MODES AND MODALITIES FORM A CATEGORY). Modes and modalities form a category
with the identity morphism 1g = (|)g : E — E and the morphism composition yp o vpr such that
(1) Identity: 1p o pup = pup = pp o 1g for up : E — F.
(2) Associativity: (yg, © vg,) o &g, = pg, o (Vg, o &g,) for pg, : E; — Eqi, vg, : Es — E,, and
&g, 1 E — Es.

Proor. By inlining the definitions of modalities and checking each case. O

In Section 3, we only define the modality transformations of shape ur = vp where the targets of
p and v are required to be the same effect context F. This is enough for presenting the calculus, but
we can further extend it to allow pyr = vp where F < F’. This is used in the meta theory for MET
such as the lock weakening lemma (Lemma A.11.3).

The extended modality transformation relation is defined by the transitive closure of the following
rules. Compared to the definition in Section 3.3, the only new rule is MT-MoNo.

MT-ABs MT-UpcAsT MT-ExXPAND MT-MonNo
,uF:E’—>F ELE D <D (F-L)=t:PE FF
[ElF = pr (LID)p = (LID")p (¢,LID,t: P)p < (L|D)p HF = HF
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The following lemmas shows that the transformation pyr = v satisfies the requirement of being
2-cells in the double category of effects with well-defined vertical and horizontal composition.

LEMMA A.2 (MODALITY TRANSFORMATIONS ARE 2-CELLS). If yp = vp, pp : E — F, and vpr :
E' — F', then E < E’ and F < F’. Moreover, the transformation relation is closed under vertical and
horizontal composition as shown by the following admissible rules.

7’ ’ ’ ’ /
HF, = VF, VE, = &R, HF = U VE = Vp up:E—F e i EN— F

pr, = &, HE © VE = R © Vg
Proor. To make proving easier, we give the resulting rules by taking the transitive closure.

upr 1 E— F' ELE FF

[Elr = pp

L=dom(D) D;<D, (F-L)=DE F<F
<L1|D1>F = <L,L1|D1,D>F,

L=dom(D) D <D, (F-L)=DE F<F
(L,L1|Dy, D)p = (L | D)) pr

It is easy to see that sources and targets of morphisms increase. Vertical composition follows
directly from the fact that we take the transitive closure. Horizontal compositions follows from
case analysis on shapes of modalities being composed. O

More on Relationships between MET and Multimodal Type Theory. In addition to extending to a
double category, MET also differs from MTT in the usage of morphism families. In types and terms
we use (1, indexed families of morphisms between modes, instead of concrete morphisms pr. This
is very useful to allow term variables to be used flexibly in different effect contexts larger than
where they are defined. As a result, every type is always well-defined at any modes, which implies
that we do not need to define the judgement A @ E as in MTT. Moreover, one important benefit of
having types well-defined at any modes is that type quantifiers do not need to carry the additional
information about the modes at which the type variables can be used, greatly simplifying the type
system. Otherwise, polymorphic types would have forms YaX @ A, where E indicates the mode
of the type variable a.

In contexts, we still keep concrete morphisms pp, which makes the proof trees of terms much
more structured than using morphism families.

A.4 Lemmas for Modes and Modalities

Beyond the structure and properties of double categories shown in Appendix A.3, we have some
extra properties on modes and modalities in MET.

The most important one is that horizontal morphisms (sub-effecting) act functorially on vertical
ones (modalities). In other words, the action of i on effect contexts gives a total monotone function.

LEMMA A.3 (MONOTONE MODALITIES). Ifpup : E— F and F < F', then pypr : E' — F' withE < E'.
ProOF. By definition. O

We prove the lemma on the equivalence between syntactic and semantic definition of modality
transformation in Section 3.3. This lemma can be generalised to the general form of 2-cells in a
double category pr = vpr where F < F'.
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LEMMA 3.1 (SEMANTICS OF MODALITY TRANSFORMATION). We have pr = vg if and only if
u(F") < v(F’) forall F” with F < F'.

Proor. From left to right, it is obvious that the semantics is preserved after taking the transitive
closure. We only need to show the transformation given by each rule satisfies the semantics.

Case MT-ABs. Follow from Lemma A.3.

Case MT-UpcasT. Since D < D’, we have D + (F — L) < D’ + (F — L) for any F.

Case MT-ExpaND. Since (F—L) =¢: P,E, for any F < F’ we have (F/ — L) = ¢ : P, E’ for some E’.
Both sides act on F’ give D, ¢ : P, E’.

From left to right, we need to show that for all pairs pr and vr satisfying the semantic definition,
we have pp = vp in the transitive closure of the three syntactic rules. This obviously holds for
those transformation starting from absolute modalities. For those transformation starting from
relative modalities, observe that they can only be transformed other relative modalities by the
semantic definition. By taking the transitive closure of the last two rules, we have

L=dom(D) D;<D, (F-L)=DE
(L1|Dy)p = (L,L1| D}, D)y

L = dom(D) D; < Df (F-L;) =D,E
(L,Ly|Dy, DYy = (Ly|D})p

Suppose (L1|D1)p and (Ly|D,)f satisfies that D; + (F' —L;) < Dy + (F' — L,) (1) forall F < F’.

Case analysis on the relationship between D; and D,.

Case D, is longer than D;. By (1) we have D, = D], D for D; < D]. Let L = dom(D). Using proof
by contradiction, we can show that L, = L, L; and (F — L;) = D, E for some E; otherwise,
we can always properly set F’ to violate (1) meanwhile satisfying F < F’. Thus, this case is
covered by the first rule of the transitive closure.

Case Dj is longer than Dy. We have D; = D, D for D) < D,. Similar to the above case, using proof
by contradiction we can show that it is covered by the second rule of the transitive closure.

]

Our proofs for type soundness of MET do not use ad-hoc case analysis on shapes of modalities
or reply on any specific properties about the definition of composition and transformation (except
for the parts about effect handlers since they specify the required modalities in the typing rules).
As a result, it should be able to generalise our calculus and proofs to other mode theories satisfying
certain extra properties. We state some properties of the mode theory as the following lemmas for
easier reference in proofs. Most of them directly follow from the definition.

LEMMA A.4 (VERTICAL COMPOSITION). If yip, = Vg, and vy, = &f,, then up, = &p,.

Proor. Follow from Lemma A.2 O

LEMMA A.5 (HORIZONTAL COMPOSITION). If up : E — F, pp, : E' — F', yp = pi,, and vg = vi,,,
then pip o vg = pp, o v,.

Proor. Follow from Lemma A.2 O

LEMMA A.6 (MONOTONE MODALITY TRANSFORMATION). If up = vp and F < F', then up = vpr.

Proor. Follow from Lemma 3.1 m]
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LEMMA A.7 (ASYMMETRIC REFLEXIVITY OF MODALITY TRANSFORMATION). IfF < F’ and pr : E —
F, then purp = pp.

ProoF. By definition. O

A.5 Lemmas for MET

We prove structural and substitution lemmas for MET as well as some other auxiliary lemmas for
proving type soundness.

LEMMA A.8 (CANONICAL FORMS).
1L If+U: pA @E, then U is of shape mod,, U’.
If+U:A— B@E, thenU is of shape Ax* .M.
If +U :Va.A @E, then U is of shape Aa.V.
If +U: (A B) @E, thenU is of shape (U, Uy).
If+U:A+B @E, thenU is either of shape inl U’ or of shape inr U’.

SR

Proor. Directly follows from the typing rules. O

In order to define the lock weakening lemma, we first define a context update operation ('),
which gives a new context derived from updating the indexes of all locks and variable bindings in
I such that ([)), @ F'.

'DF = -
(]ﬂ“g“,,l“’[)F = n”;][_.,r,
@cip) T')p = &ip) (T)pecror)
(e ATD, = x5 A (D)
(la:KI')p = a:K([')p

The have the following lemma showing that the index update operation preserves the locks(—)
operation except for updating the index.

LEMMA A.9 (INDEX UPDATE PRESERVES COMPOSITION). If up = locks(T') : E — F, F < F’, and
locks((T) ) : E' — F’, then locks(([) /) = ppr-

Proor. By straightforward induction on the context and using the property that (zov)r = ppovg
for uyp : E — F. O

COROLLARY A.10 (INDEX UPDATE PRESERVES TRANSFORMATION). Iflocks(T') : E —» F, F < F/,
and locks(([) ) : E" — F’, then locks(T') = locks((T') z).

Proor. Immediately follow from Lemma A.9 and Lemma A.7. O
We have the following structural lemmas.

LEMMA A.11 (STRUCTURAL RULES).  The following structural rules are admissible.
1. Variable weakening.
LI'+M:B@E  T,x:, AT @F
| AT'FM:B@E

2. Variable swapping.
Loxcy Ay, BT'+M:A @FE
Ly:, Bx:, AT+ M: A" @F
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3. Lock weakening.
ra&,6 I'+-M:A@E UF = VF vp:F = F locks((T") /) : E' — F
T.&, () rM:AQ@EF

4. Type variable weakening.
ILI'+M:B@E
Ia:KI'+M:B@E

5. Type variable swapping.
Tl,Fz,a:K,T3I—M:A((DE agﬁ:V(rz) Tl,a:K,F3FM:A((DE
IH,(Z ZI(,I% FM:A@E I&,I},(Z Zl(,I% FM:A@E

ProOF. 1,2, 4, and 5 follow from straightforward induction on the typing derivation. For 3, we
also proceed by induction on the typing derivation. The most interesting case is T-VAR. Other cases
mostly follow from IHs.

Case
T-Var
Vg, = locks(Iz) : E — Fy g, = Vg (1) or T+ A: Abs
I}, X :l’; 5 I} Fx:A (éb E
1
Trivial when A is pure. Otherwise, case analysis on where the lock weakening happens.
Case T. Supposing It =T, ﬂ,,ﬁ, Iy and after lock weakening we have I,&@,,, Iy, x W, |14
1
where I, = (]FZDF{ :E' — F{and I} = (l)p : F{ = F/.By Lemma A9 on Iy, F < F/,
and Lemma A.3, we have F; < F. Then by (1) and Lemma A.6, we have ll}/ = v%,.
1 1
Then by Lemma A.9 we have v, = locks(I}). Finally by T-VAR we have
1
r.a, I, x :”?;’F‘Z, Fx:A@F
Case Ty.Suppose I = Ty, @,,,I". is weakened to I, = Iy, @,,, (I) . By Corollary A.10 we
have locks(I'") = locks((I’) ). Then by Lemma A.5 we have we have locks(I;) =
locks(T;). By Lemma A.4 and (1), we have p%l = locks(I}). Finally by T-VAR we have
I'x :y/h,l"z' Fx:A@E
Case

T-Mobp
g F > E F,E#F,I‘/,Q%I—V:A@Fl(l)

r.&, I'+mod, V:/A@E

We have
(T, 8Dy, = (T prs (), = (T, @,
Supposing yy, : F{ — E’, by locks((]I"[)F,,ﬂl,;,) : F/ — F" and IH on (1), we have
&, ()e.&, rvV:Ao@F.
Then by T-Mob we have
r.&, (l')p Fmod, V:yA@E.
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Case
T-LETMOD
’ : }:1 — E
r.a,.B 1’ ﬂ‘,rkV ,uA@Fl(l) FGHF,F xvéoﬂ;lAkM:B@E(Z)

HF>

r.&, I +let, mody, x=VinM:B@E
By IH on (1), we have
r ﬂw—;(] DF/’HVI/T’ "V:/J’A ((DFI
where v}, : F{ — E’. By IH on (2), we have
L&, ([")p.x v op, ArM:B@E.
g 1

Then by T-LETMOD, we have
r.&, (I')g+lety, mody x=VinM:B@E

Case
T-LET™MOD’
, : }71 — E

r.&,.I" &, a:KrV: ,uA@Fl(l) T8 I, oy, VaK A+ M:B@E(2)

r.&, 1 rlet, mod,, AaKx=VinM:B @E
Similar to the case for T-LETMoD. BY IH on (1), we have
r,a,, (]FIDF"QL';,’O‘ cKrV:ipA@F,
where v;, : F{ — E’. By IH on (2), we have
&, [)px :Vé,o,,;], VaKArM:B@E'.
Then by T-LETMOD’, we have
T.&,, (') +let, mod, AaK.x=VinM:B@FE

Case T-TABs, T-ABs, T-TAprp, T-Arp, T-Do, T-MAskK, T-HANDLER, and extensions. Follow from IH.
Similar to the two cases T-Mob and T-LETMoD we have shown.

[m]
As a corollary of Lemma A.11.3, the following sub-effecting rule is admissible.
COROLLARY A.12 (SUB-EFFECTING). The following rule is admissible.
TFM:A@E locks(T) : E — F FLF locks(([)p) : E' — F
(O)p FrM:AQ@F
Proor. Follow from Lemma A.11.3 by adding the lock @] to theleftof T'inT + M : A @E,

and weaken it to @ . Note that typing judgements still hold after adding a lock to or removing a
lock from the left of the context, as long as the new contexts are still well-defined. O

The following lemma reflects the intuition that pure values can be used in any effect context.

LeMMA A.13 (PURE ProMOTION). The following promotion rule is admissible.

I&,I‘F V:A QD<E IH +A: Abs
locks(T') : E— F locks(T”) : E' > F fv(V) ndom(I’) =0

LI'FV:A@F
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Proor. By induction on the typing derivation of V.
Case T-VAR. Trivial.
Case
T-Mop
)UE:FI_)E FI,F,ﬂuEFV:A@FI(l)

I,T+mod,V:A@E

Case analysis on the shape of .
Case p is relative. By kinding, A is also pure. By IH on (1), we have

,I'.&, rV:AQ@F
where g/ : F{ — E’. Then by T-Mob we have

I,I" - mod, V: 1A @ E

Case p is absolute. We have p = [F;] and locks(I",&,,,) = [Fi]F = locks(T',&@,,). Thus,
replacing the context (I',@,,) with (I”,@,,,) in (1) does not influence all usages of
T-VAR in the derivation tree of (1). We have

FI,F',B;,E, FVA @Fl
Then by T-Mop we have
I,I" - mod, V: 1A @ E

Case T-TABs. Follow from IH and Lemma A.11.5.
Case T-ABs. Impossible since function types are impure.
Case Data Types. Follow from IHs.

LEMMA A.14 (SUBSTITUTION). The following substitution rules are admissible.
1. Preservation of kinds under type substitution.
'rA:K Ia:K,T'+B:K’
I,T' + B[A/a] : K’

2. Preservation of types under type substitution.
'rA:K ILa:K,I'+M:B@E
I[,T'+ M[A/a] : B[A/a] @E

3. Preservation of types under value substitution.
r.@,rV:A@F T,x:, AT'+M:B@E
I,T' + M[V/x] :B@E

Proor.
1. By straightforward induction on the kinding derivation.
2. By straightforward induction on the typing derivation of M.
3. By induction on the typing derivation of M. Trivial when variable x is not used. In the following
induction we always assume x is used.
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1912 Case

1913 T-VAr

1914 v = locks(I") : E > F ur = v (1) orT + A: Abs
o1 T,x:, AT Fx:A@E

1916

1917 Case analysis on the purity of A

1918 Case Impure. By T, Q,,F FV:A@F,(1),and Lemma A.11.3, we have

o1 r.&, rV:AQE.
1920

1921 Then, by context equivalence, Lemma A.11.1, and Lemma A.11.4, we have

1922 ILT'+FV:A@E.
1923
1924 Case Pure. By T.@,, +V : A @F’ and Lemma A.13, we have

1923 ILI'+V:A@EF.
1926

1927 Case

1928 T-Mobp

1929 pg:Fi —E L, X iy, A,F’,HH;EFW:B@Fl(l)

1930 Ix:, AT Fmod, W: /B @E
1931
1932 By IH on (1) we have

1933 LLT'.&8, FW[V/x]:B@F,.
1934 Then by T-Mob we have

1935
1936 LT+ (mod, W)[V/x]: /B @E

1937

Case

1938
T-LETMOD
1939

VE I}H — E

1940 T,x o, AT @, +W: /A" @F (1) Lx o, ATy popy, A +M:B@E(2)
1941
1942 I,x:, AT rlet, mod, y=WinM:B@E

1943 By IH on (1), we have
1944

1945 I,r'.&, rWVv/x]: /A @F.

1946 By IH on (2), we have

1947

1948 I,T,y Svgopl, A"+ M[V/x]:B @E.
1

1949

1050 Then by T-LETMOD, we have

1951 I,T'+ (let, mod, y=W in M)[V/x] : B@E
1952
Case
1953
T-LETMOD’
1055 vg:F = E F,x:HFA,F’,ﬂ_VE,a:KkV:p’A'@Fl(l)
1956 Lx o ATy vgouy, VoK A"+ M:B@E(2)

1957

1954

oss [,x:, AT Flet, mod, AaK.y=VinM:B@E

1959 Similar to the case for T-LETM0D. Our goal follows from IH on (1), IH on (2), and T-LETMOD’.
1960
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Case
T-Mask
T,x:p, AT @¢), FM:B@E-L(1)
Ix:,. AT rmask, M: (L)B@E
By IH on (1) we have
I,I,&;), FM[V/x]:B@E -~ L.
Then by T-Mask we have
I,T’ + (mask;, M)[V/x] : (L)B @E
Case

T-HANDLER
DI{fiSAi*»Bi}i F,x:yFA,F’,ﬂqukM:Ao @D+E(1)
[,x 3 AT, y:(D)Ag - N: B@E(2)
[I‘,x ‘up A,F’,p,- :Ai,ri :B; > BFN;:B @E(B)]l

I,x:, AT+ handle M with {return y — N} W {¢; p; r; = N;}; : B@E

Follow from IH on (1),(2),(3), and reapplying T-HANDLER.
Case T-TABs, T-TArp, T-ABs, T-App, T-Do. Follow from IH.
Case Extensions. Follow from IH.

A.6 Progress

THEOREM 3.3 (PROGRESS). If M : A @ E, then either there exists N such that M ~> N or M is in
a normal form with respect to E.

Proor. By induction on the typing derivation + M : A @ E. The most non-trivial cases are
T-Mask and T-HANDLER. Other cases follow from IHs and reduction rules, using Lemma A.8.

Case M is in a value normal form U. Trivial. Base case.

Case T-Do. Trivial. Base case.

Case T-Mop. mod, V.ByIHon V.

Case T-LETmop. let, mod, x = V in N. By IH on V, if V is reducible then M is reducible;
otherwise, V is in a value normal form, then by Lemma A.8 we have that M is reducible by
E-LETMOD.

Case T-LETMOD’. Similar to the case for T-LETMOD.

Case T-TApp. M A. Similarly by IH on M, Lemma A.8, and E-TApp.

Case T-App. M N. Similarly by IH on M and N, Lemma A.8, and E-App.

Case T-Mask. mask® M. By IH on M.

Case M is reducible. Trivial.
Case M is in a value normal form. By E-Mask.
Case M = E[do ¢ U] with n—free(¢, £). The whole term is in a normal form.
Case Handlers. The general form is handle® M with H. By IH on M.
Case M is reducible. Trivial.
Case M is in a value normal form. By E-RET.
Case M = &[do ¢ U] with n—free(£,E). If n = 0 and ¢ € H, then reducible by E-Op.
Otherwise, the whole term is in a normal form.
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Case T-BoxAss. mod[) M.If M ~> N, follow by IH on M. Otherwise, M must be in a value normal
form because the T-BoxABs requires M to have the empty effect. In this case, mod[) M is
also in a value normal form.

Case Data Types. Similar to other cases.

A.7 Subject Reduction
THEOREM 3.4 (SUBJECT REDUCTION). If T+ M : A @E and M ~> N, thenT + N: A @E.

Proor. By induction on the typing derivationT + M : A @ E.

Case T-VAR. Impossible as there is no further reduction.
Case
T-Mob
pr:E—F T8, rV:A@E(1)

IF'tmod,V:uA@F

The only way to reduce is by E-L1rT and V ~» W.IH on (1) gives
r.&,rW:AQE.
Then by T-Mob we have
I'tmod,W:A@F.

Case
T-LETMOD
vpP:E—>F r,&, rV:pA@E(1) I,x typopy AFM:B@F(2)

I'rlet,mod, x=VinM:B@F

By case analysis on the reduction.
Case E-LIrT with V ~> W. By IH on (1) and reapplying T-LETMOD.
Case E-LETMOD. We have V = mod, U and

let, mod, x = mod, U in M ~> M[U/x].
Inversion on (1) gives
ra, &, rU:AQF,
where g : E' — E. By context equivalence, we have
r&,., rU:A@F
where v o g : E' — F. By Lemma A.14.3 and (2), we have
T+M[U/x]:B@F.

Case
T-LET™MOD’ o
vi:E—F r,&,,0:K+V:pA@E(1) L, X typopy VAKX A+ M:B@F(2)

I+ let, mod, Aa_K.szinM:B@F

Similar to the case for T-LETM0OD’. By case analysis on the reduction.
Case E-Lirt with V ~> W. By IH on (1) and reapplying T-LETMOD’.
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Case E-LETMoDp’. We have V = mod,, U and
let, mod, AaK x = mod, U in M ~> M[(Va_K.U)/x].
Inversion on (1) gives
I, K@, rU:pA@F.
where g : E' — E. By Lemma A.11.5 we have
ra,8,6cKrU:AQF.
By context equivalence, we have
&, .a:KrU:A@FE.
where vp o g : E' — F. By T-TABs we have
T, &, FAaK.U:VaKA@F,
By Lemma A.14.3 and (2), we have
T+M[U/x]:B@F.

Case T-TABs,T-ABs. Impossible as there is no further reduction.

Case
T-TArp
TFM:Yoe"B@E(1) TFrA:K(2)
T+MA:B[AJa] @F
By case analysis on the reduction.
Case E-Lirt with M ~> N. By IH on (1) and reapplying T-TApp.
Case E-TApp. We have M = AaX.V and
(AKX V) A~ V[A/a].
Inversion on (1) gives
Ia:K+V:B@E.
Then by Lemma A.14.2 on (2), we have
I'+V[A/a] : B[A/a] @E.
Case

T-Aprp
'+-M:A— B@E(1) I'+N:A@E(2)

''rMN:B@E

By case analysis on the reduction.

Case E-Lirt with M ~> M’. By IH on (1) and reapplying T-App.
Case E-LIrT with N ~» N’. By IH on (2) and reapplying T-APp.
Case E-App. We have M = AxA.M’, N = U, and

MN ~ M'[U/x].
Inversion on (1) gives
I'x:ArM :B@E.
Then by Lemma A.14.3 we have
't M'[U/x] :B@E.
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2108 Case T-Do. The only way to reduce is by E-L1rT. Follow from IH and reapplying T-Do.
2100 Case

2110 T-MAsk

2111 F,ﬂ(LDFI-M:A@F—L(l)

2112 I't mask; M: (L)A @F

2113

o114 By case analysis on the reduction.

o115 Case E-Lirt with M ~> N. By IH on (1) and reapplying T-Masxk.

o116 Case E-Mask. We have M = U and

2117 mask; U ~ mod ) U.

Zi By (L)p : F — L — F and T-Mop, we have

2120 IF'tmodyU:(L)A@F.

2121 Case

2122 T-HANDLER

2123 H = {return x —» N} W {f p; ri = N;};

2124 DZ{fi:Ai—»Bi}i F,ﬂ<|D>FkM:A@D+F(1)
2125 F,x(|D)AkNB@F(2) [F,p,-:Ai,ri:Bi—>BkNi:B@F(3)]i
o T - handle M with H: B @ F

2128 By case analysis on the reduction.

2129 Case E-LIrT with M ~> M’. By IHs and reapplying T-HANDLER.

2130 Case E-RET. We have M = U and

2131 handle U with H ~> N[(modp) U)/x].

2132

2133 By (1), (D) : F — D + F, and T-Mob, we have

2134 I'rmodypyU:A@F.

2135

)13 Then by (2) and Lemma A.14.3 we have

2137 I'+ N[(modypyU)/x] :B@F.

2138 Case E-Op. We have M = &[do ¢; U], 0—free(¢;,E), ¢ pjrj = Nj, and
2139

2140 handle M with H ~» N;[U/p, (Ay.handle &[y] with H) /r].
2141 Since D is well-kinded, A; and B; are pure. By inversion on do ¢; U we have
2142

9143 F,B<|D>F|—U:Aj @D+ F.

2144 By Aj is pure and Lemma A.13, we have

2145 ,

e T &p),..8¢),, FU:A;@F

2147 where L = dom(D). By context equivalence, we have

a1as T+U:Aj @F(4)

2149

2150 Observe that B; being pure allows y : B; to be accessed in any context. By (1) and a
2151 straightforward induction on & we have

2152 Iy:B;,@p), FE[yl:A@D+F.

2153

)54 Then by T-HANDLER and T-ABs we have

2155 I' + Ay.handle E[y] with H: B; — B @ F (5).

2156
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Finally, by (3), (4), (5), and Lemma A.14.3 we have
I' - N;[U/p, (Ay.handle E[y] with H)/r] : B @F.
Case

T-Hanore?
H= {return X = N} V] {fi pitri— Ni}i
Lz{fi}i EZ{[iZAi—»Bi}i F,B[D+E]FI—M:A@D+E(1)
T, x: [D +E]A|—N:B @F(Z) [F,pi :Ai,ri : [FJ(BI — B) F Ni : B @F(3)]l

T+ handle® MwithH:B@F

By case analysis on the reduction.
Case E-LIFT with M ~> M’. By IHs and reapplying T-HANDLE® .
Case E-RET®. We have M = U and

handle M with H ~> N[(mod[p.g U)/x].

By (1), [D + F]r : D+ E — F, and T-Mob, we have

I't modipypU: [D+EJA@F.
Then by (2) and Lemma A.14.3 we have

I't N[(mod[p,gU)/x] :B@F.

Case E-Op®. We have M = &[do t; U], 0—free(¢;,E), ¢ pjrj — Nj, and
handle® M with H ~ N;[U/p, (mod|g (ly.handle® &[y] with H))/r].
Since D is well-kinded, A; and B; are pure. By inversion on do #; U, we have
I‘,HLDJrEJF FU:A; @D +E.
By Aj is pure and Lemma A.13, we have
THU:A; @F (4).

Observe that B; being pure allows y to be accessed in any context. By (1) and a
straightforward induction on & we have

Iy: Bj,ﬂlDJrEJF FE[y]l :A@D+E.
By [F]Fr o [D + E]r = [D + E]r and context equivalence, we have
L,y:Bj, @/, &p., FE[yl :A@D+E.
Since B; is pure, we can swap y : B; with @7, and derive
I, 8r,.y:B;, 8., FE[y] :A@D+E.

A we have

By T-HANDLER
I,& ),y : B, + handle® E[y] with H: B @ E.
Then by T-ABs and T-MobD we have
I + mod(r (ly.handle® &[y] with H) : [F](B; — B) @ F (5).
Finally, by (3), (4), (5), and Lemma A.14.3 we have
I'+ N;[U/p, (mod[F| (Ay.handle E[y] with H))/r] : B @F.

Case Shallow handlers. Similar to the cases of deep handlers.
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Case Data Types. Nothing more special than the cases we have already shown. Introduction
rules follows from IHs and reapplying the same typing rules. Elimination rules require to
additionally consider their corresponding reduction rules.

]

A.8 Proof of Encoding

We prove the encoding from Féﬁ into MET in Section 5.

Definition 5.1 (Well-scoped). A typing judgement I', x :; A, I; + M : B! E is well-scoped for x if
either x ¢ fv(M) or ) ¢ T; or A = V.A". A typing judgement T + M : A!E is well-scoped if it is
well-scoped for all x € T'.

LEMMA A.15 (WELL-SCOPEDNESS OF DERIVATION TREES). If the judgement at the bottom of a
derivation tree is well-scoped, then every judgement in the derivation tree is well-scoped.

Proor. Assume the contrary. Let I}, x :; A, I, + M : B!E be the top-most judgement in the
derivation tree with x € fv(M) and ¢} € I and A # V.A’. By case analysis on whether ¢} € I
was introduced in the derivation tree.

Case not introduced in the derivation tree: Then the judgement at the bottom of the derivation
tree must contain both the marker and x and is not well-scoped for x. Contradiction.

Case introduced in the derivation tree: since we chose the top-most judgement, the judgement
must have introduced the marker by an application of the R-EABs rule. Let ¢’ be the effect
variable introduced at this judgement. Then ¢ # ¢” by the side-condition of the R-EABs rule.
We have that ¢ is the ambient effect at the R-VAR rule where x is used as a free variable,
since we chose the top-most judgement. By the side-condition of the R-VAR rule, then ¢ = ¢’
or A =V.A’. Contradiction.

]

In the special case we consider there are no absent signatures. This implies that submoding on
effects can only add labels to the end. Furthermore, all labels are drawn from a global environment
and thus have the same signatures. This allows us to freely permute them in the effect row. In this
case, we can strengthen the statement to the following:

COROLLARY A.16 (TRANSFORMATION FROM INDEX). If(L1|D;)(F) < (L2|D2)(F) and L; < F and
Ly, < Fand Ly >« Dy = Ly »< Dy, then (L1 |D1)r = (Lz|D2)p.

Proor. We show that for all F” with F < F’, we have (L;|D1)(F’) < (Lz|D2)(F’). Since all
signatures are present in F, we have that F/ = F + [ for some collection of labels with signatures /.
Then we use that L; < F:

(Li|Dy)(F') = (Ly | D) (F + 1)
=D+ ((F+1) - Ly)
=D+ ((F=Ly) +1])
= (Ly|Dy)(F) +1

and the same for (L |D,)(F’). Since (L;|D1)(F) < (Lz|D2)(F) and we can freely permute labels,
we have that ((L|D1)(F) +1) < ({Ly|D2)(F) +1). O

The condition that L; > D; = L, »< D, can be checked easily, where for the composition of
modalities we use the fact that for (L|D) = (L;|D;)o{L,|D;), we have L >« D = (L1, Ly) < (D1, Ds).
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LEMMA A.17 (FIRST MODALITY TRANSFORMATION). For all Eq, E,, E5:
((E1 — E3|Ez — Ey) o (Ey — E3|E3 — E3))g, © (E1 — E3|E3 — Ey)p,
Proor. We can use Corollary A.16 since (E; — E3) < E; and (E; — E;) + L < E; where (L, D) =
(E; — E3) > (E5 — E;). We have:
(Ey — E3|Es — E1)(Ey) = (B3 — Ey) + (Ey — (E; — E3))
= (Es — E1) + (E; N E3)
=,
and using this calculation:
(Ey = E3|Ey — Ey) o (Ez — E3|E3 — E3)(Ey) = (Ez — E3|E3 — E2)({E1 — E2|Ez — Eq)(Ey))
= (Ez — E3|E3 — E3)(E>)
=F,

LEMMA A.18 (SECOND MODALITY TRANSFORMATION). Forall L, E, F:
(L+(E-F)|IF=E)pyg = (L+E) = F|F = (L+E))p4g
Proor. We can use Corollary A.16 since (L+E) —F < L+Eand L+ (E — F) < L + E. We have:
((L+E)—-F|F-(L+E)(L+E)=(F-(L+E)+((L+E)—-(L+E-F))
=(F-(L+E))+((L+E)NF)
=F
and:

(L+(E-F)|[F-EYL+E)=(F-E)+((L+E)-(L+(E-F)))
=(F-E)+(E-(E-F))
=(F-E)+(ENF)
=F

LEMMA A.19 (THIRD MODALITY TRANSFORMATION). For all 4, E, F:
(&) o (6, E~ FIF = 4, E))g = (E~ F|F = E)g
ProOF. We can use Corollary A.16 since ({¢) o (¢;, E — F|F — 4, E)) = (¢, E — F|F — £, E)(£;,E)
and £;,E—F < ¢, Eand E — F < E. We have (E — F|F — E)(E) = F and:
(&) o (t;, E~F|F — 4, E)(E) = (6, E - F|F = &, E)({£)(E))
= (t;,E - F|F — 4, E)(4;, E)
=F

LEMMA A.20 (TRANSLATING INSTANTIATED TYPES). For all Fl; types A: [A]g = [A[E'/]]e.E -

Proor. By induction on the type A.
Case A = Int. Trivial.
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Case A =V.A’. Trivial.
Case A=A’ —F B’. Then:
[A]e = (E-FIF - E)([A']r — [B']r)
[ALE/1|ee = (E.E' = F.E'|F,E' =E,E')([A'[E'/]]rer — [B'[E'/1]F.p)
By the induction hypothesis we have:
[ATF = [A'[E' /1] r.er
[B']r = [B'[E'/1]r.pr
Since we can freely permute labels:
(E,E' —F,E'|F,E' —EE')=(E,E—E,F|E,F — E,E)
= (E— F|F - E)
O
LEMMA 5.2 (TYPE PRESERVATION OF ENCODING). IfT' v M : A!{E|¢e} is well-scoped, then M :
AVE -> M and [T]g + M : [A]g @E.

Proor. By induction on the typing derivation I' - M : A! E. We prove this for each rule of the
translation. As a visual aid, we repeat each rule where we replace the translation premises by the
MET judgement implied by the induction hypothesis and the translation in the conclusion by the
MET judgement we need to prove.

R-Var

[T1,x : A, L] g + rebox(x; A;E) : [A]g @E

We use the rebox(x; A; E) function defined as follows:

mod<|>x, if A=Int
rebox(x; A;E) = {modg_pp_pyx, ifA=A —Fp
mod[ x, ifA=V.A

This function is exactly equivalent to mod,, x where y = topmod([A]g) We use the T-Mob rule
to introduce the box. By cases on the type A:

Case A = Int. We can use the T-VARr rule since - I Int : Abs.

Case A =V.A’. Then [A]r = [|[A’]. for all F. By rule MT-ABs, the pure modality transforms into
any other modality and so we can use the T-VAR rule.

Case A = A” —F B’ Since the Fl. judgement is well-scoped, we have that locks(L}) is the
composition of transition modalities. Furthermore, locks(I'”) o (E — F|F — E) : F — F’ for
the context F’ where x as introduced and x is annotated by the modality (F' — F|F — F')p :
F — F’. By Lemma A.17, we can use the T-VAR rule.

R-Arp
[T]e+ M : [A —E Bl @E
[Tl F N' : [A]g @ E x fresh

[[]e F letmod(y x =M"inx N’ : [B]g @E

We have [A —F B]Jr = (|)([A]g — [B]k)- The claim follows by the T-LETmMoD and T-App rules.
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R-ABs
[[,¢.,x:Alp+M :[B]r @F v:=(E-F|F-E) u = topmod([A]F)

[T]e F mod, (AxIAlF Jet mod, x =xinM'): [A>"Blp @E

We have [T, ¢,,x : Alr = [T &r—rr_p)x :u A" where A’ = [A]f. Further [A —F B]g =
(E—F|F — E)([A]r — [B]F)- The claim follows from the T-LETm0D, T-ABs and T-Mob rules.

R-EABs
[Ter]. vV : [A]. @-

[T]e + mod[] V' [VA]Jg @E

We have [T, ¢]. = [[]g, @. Further, [V.A]g = [|[A].. The claim follows from the T-Mobp rule.

R-EArp
[Tlg+ M :[VAJg @E  xfresh

[T]e + let mod[) x = M inx : [A[E/]]g @F

We have [V.A]g = [|[A].. By Lemma A.20, [A]. = [A[E/]] . The claim follows by the T-LETMOD
rule.

R-Do
t:A—-»BeX
[[I‘Hf,E F M/ : [[Aﬂ[,E @ f,E

[[1"]][,5 Fdot¢ M : [[B]][,E @t E

Because we only allow pure values in the effect signatures of F.., we have that [A],r = [A].
and [B],g = [B]., where ¢ : [A]. — [B]. in MET. The claim follows directly by the T-Do rule.

R-Mask
[T, ¢ . cler M : [A]e @E

pp = topmod([A]E) 2 = topmod([A]L+E)
[Tli+e + let mod ), x = mask;, M’ in mod,, x : [A]p4g @ L +E

We have [T, ¢, . Jg = [T]c+e. @ (1+5)-|r—(1+5))- By permuting labels, we have
((L+E)—-E|E-(L+E)) = (L. The goal follows by the T-LETM0oD, T-MAsk and T-Mob rules
if we can show that x can be used under the box. This is clear for integers, since they are pure
and otherwise we need to show that ((L)) o p1)r+g = (p2)r+£. For A = V.A’ this is clear since
p1 = p2 =[] and (L) o [] = []. For functions, this follows from Lemma A.18.

R-HANDLER -
Hlﬂ, ‘I?H?;I? F j»f, : Hfaﬂ?;lf (QD {},13
[0,x:Alg+ N : [Blg @E  [[T,pi: Airi: Bi =% Bl + N/ : [Blg @E];
p = topmod([A] ) y = topmod([A]g)
N = let mod@)m x = x in let, mod(y x = mod |y x in N
[ == topmod([A;].) N/ := let mod,, p; = p; in N/];
H = {return x —> N} W {{; p; ri —> N;}; H' = {return x —» N} w {& p; ri — N/ };

[T]g + handle M’ with H' : [B]g @E
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We have [T, ¢, ]z = [Tz 8 ; ;7 p - By permuting labels, we have (E - 6, E|t,E—E) =
(). In the operation clauses, we have that [B; —F B]r = (|)([B:]z — [B]k). Because the argument
and return of effects are pure, we have that [B;]g = [B;]. and [A;]g = [A].. We need to unbox the
argument p; though. In the return clause, MET gives us x : ;) [Al7 g, but we need x : [A]g. We
achieve this by unboxing x fully and then re-boxing it with the modality p’. This is possible for
integers because they are pure, for Vs because of the MT-ABs rule and for functions due to the
modality transformation in Lemma A.19.

[m]

B Full Specification of METEL

In this section, we give a full specification of METEL including the declarative type system, type
inference algorithm, meta theory of type inference, and elaboration to the core calculus. The proofs
are given in Appendix C.

We focus on formalising the core part of the type inference of METEL. We assume standard
language features like algebraic data types and pattern matching when writing examples; they are
largely orthogonal to our main contribution of type inference.

B.1 Syntax
The syntax of METEL is shown in Figure 12. The new parts compared to MET are highlighted.

Types ABu=a|A— B| A

Intuitionistic types STu=al|S—>T

Effects E:=-|¢|D,E|E\L

Masks and Extensions L,D :=-| ¢, L

Modalities = [E] | (L|D)

Type schemes ou=A|Vak.A

Kinds K ::= Abs | Any | Eff

Restrictions R:i=i|m

Contexts Fu=-|T,a:K|[,x:0 | T.&,

Type contexts Au=-|ANa:K

Label contexts Yu=-|2,f:A—> B

Modality decorations pu=-|p

Terms MN:a=x| [x] | Ax.M | AxA.M | MN | mod, V
| let,¢x=MinN | letx° =M in N
| do ¢ M | mask; M | handle M with H

Values V,Wa=x| [x] | Ax.M | AxA.M | mod, V

Handlers H:={returnx —» M} |{{pr—> M}WH

Fig. 12. Syntax of METEL.

Following FREEZEML [15], we always fully unbox variables unless they are explicitly frozen by
[x]. Restrictions distinguish between intuitionistic types i, which cannot contain any modalities,
and modal types, which can contain modalities. Following FREEZEML, though rigid type variables
a could technically be instantiated to modal types, we allow intuitionistic types to contain them
since they are rigid and cannot be unified with other types during type inference. As in ML, we
generalise type variables for let-bindings. We combine normal let-binding and modality elimination
into one syntax let, ¢ x = M in N. When ¢ = -, it is a normal let-binding.
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Different from the core calculus, we keep modalities y in context. We will show in Appendix B.6
that this change does not break soundness and we can always elaborate well-typed closed terms in
METEL to well-typed closed terms in METE.

We restrict extensions and effects to only contain present labels whose signatures are given by
a global context ¥ for simplicity. We do not expect any specific challenges of generalising them
with signatures. Notice that we can still reuse all previous definitions of modes and modalities of
MET. The only differences are that labels with the same name always have the same signature and
absent labels are not allowed to appear explicitly.

For simplicity of type inference, we do not allow negative effects of form E\L to appear in the
surface syntax. We write + M pos if all type and modality annotations in M do not contain E\L.
That is, all effect types should have form either D or D, ¢. It still allows annotations in M to contain
rigid type and effect variables. This is an acceptable restriction in practice since we rarely need
to use effect variables and masking at the same time. And even we do need, we can always just
refactor effect types to avoid negative effects to appear in type annotations.

We write - A pos if type A does not contain E\L, and I I pos if all types A of variable bindings
satisfy - A pos. Note that +- ' pos still allows the modalities in x :, _ and @, to contain effect types
of any form including E\L.

B.2 Statements in Context and Syntax-Directed Typing Rules

We formalise the syntax-directed type system and type inference algorithm following the approach
of type inference in context [20]. We first define statements.

Statements ]::]/\J'|0:(K’R)|AEB|05RA|M0k|O'§geno"
| (o) =>v@E| (M;AA) QT o | (M;v; ;A A) § (& 0)
| (M;AA) UB|M:A@E

For each statement, we define the judgement I' + J which means the statement J holds in the
context I'. All these judgements require implicit well-formedness conditions for the statements and
contexts. That is, all free type and term variables in statements should appear in the context I', and
all effect labels should appear in the global label context X. Contexts are ordered and types can
only refer to variables bound on the left of them in contexts.

The kinding o : (K, R), type equivalence A = B, instantiation o <g A and term well-formedness
M ok are defined in Figure 13. The conjunction of statements is standard and defined as follows.

rvJ r+J TrJAT TrJAJ
TrJAT T+J rvJ

Some auxiliary statements and auxiliary functions for typing are defined in Figure 14. The
judgement T + (y,0) = v @ E checks the accessibility condition for variables. The judgements
I'+ (M;A;A) §F o deals with value restriction for T-LETANNO. The judgements I' + (M;v; ¢; A; A)
deals with value restriction for T-LETMOD, as well as case analyses on the shape of ¢.

The syntax-directed typing judgement M : A @ E is defined in Figure 15. The typing rules
different from Figure 3 are highlighted. The T-FREEZE rule is the relatively standard variable rule.
The T-VAR additionally eliminates the modality for x that is retrieved by split(A, A) defined in
Figure 14. It keeps splitting out the top-level modalities of A until reaching a non-modal type or the
modality relies on rigid variables in A, which are quantified. The T-LETMOD generalise M when M
is a value; otherwise, it instantiate the principal type of M with intuitionistic types. The T-HANDLER
also instantiate the principal types of M and N with intuitionistic types. This avoids solving global
non-trivial constraints on flexible modal or effect variables in type inference.
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I'+to:(K,R)

I'sa:K I'to:(K,i) I'to: (Abs,R) T'rA:(K,m)
T'ra: (K, res(K)) 'to:(K,m) I'+o:(Any,R) T'+ (L|D)A: (K, m)
T+ E: (Eff,m) I'tA:(Any,m) I'+A:(Any,R) '+ B: (Any,R)
I'+ [E]A: (Abs, m) I'+A— B:(Any,R)
Ta:Kvo:(K,R) T+ E: (Eff,m)

T +VaX.o: (K, R) T F-: (Eff, m) T ¢ E: (Eff,m)

I'+B:(K,R) I'+o[B/a] <r A

TFA<RA [+VaXo<gA
Tro=o I'tB:(K,m) Ik o[B/a] <gen o Fa:KFo Zgeno
I'Fo <geno T+VaXo <gen 0’ I'Fo =gen VaX. o'
I'+ Mok I'+ N ok '+ VA.A: (Any,m) LA+ Mok I'+ N ok
I'+let, ¢ x=Min N ok T+let x4 = Min N ok
I'+A: (Any,m) '+ M ok '+ M ok
T Fx ok T [x] ok I F Ax?.M ok [ F Ax.M ok
T'+ Mok T'r N ok ' Mok 't Mok
I' MN ok I'+do tM ok I' + mask; M ok

H = {return x = N} W {{; p; r; = N;}; D=t
'+ Mok I'+ N ok [T+ N; ok];

T + handle M with H ok

I'sa:K Tru=sv T'+A=B TrA=sA '+B=F T+rE=F
Tta=a T'+pA=vB r-A—-B=A"—>FB I'+ [E] = [F]
L=L D=D' E=F T+E
T+ (L|D) = (L'|D’) TFE=F

Fig. 13. Statements in context for METEL.
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T+ (po)=v@E||Tr(MMA) L o||TF(MvigAA) G (£0) [T (M;A4) | B

T'ko:Abs UF = VF vpP:E—F M € Val
T'r(po)=>v@E T+(po)=>v@E Tr (M;AA) §TVAA
M ¢ Val A=- principal(T; M; A; A) I'+-VAAZB

Tr(MAA G A T+ (M;AA) | B

M € Val principal (T, &,; M; A; pA) &= {V ok Z —# p#-orv=1
v, e

Tr(M;v;p; A A) § (EVAA)

MgVal  v=1 T+ (MAA) LB §{§ sz’

T,A+g M : A @E for some E such that
for any A’, A, F’ withT, A" +s M: A’ @ E/,
we have I’ A’ + VA.A <, A’ and E < E’
let (v, B) = split(A;A”) in (g ov,B),
if A= pA’ and ftv(u) N dom(A) = @
(1,A), otherwise

T'r (M;v;9;AA) (& B)

principal(T; M; A; A)

split(A; A)

Fig. 14. Auxiliary judgements and meta-functions for METEL.
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2598 | Tk M:A@E

2599

2600 T-VAR

2601 T-FREEZE & = alocks(I”) (v, A") = split(A; A)
2602 & = alocks(T”) I[,T'+ (u,VAA) = E@E [T+ (pov,VAA) = E@E

2603 I,T' + VA.A <, B I,LI'+VAA <, B

2604 Tx:, VAAT vy [x]:B@E T.x:, VAAT ryx:B@E

2605

2606 T-Mobp T-ABSANNO T-ABs

“7T T8,k VAQE up :E—F I'x:Ars M:B@E I'x:S+sM:B@E
2608
T'+smod,V:yA@F T AxAM:A—>B@E T AxM:S—>B@E

2609

2610
2611 T-Appr T-LETMOD

Tt M:A—> B@E T (M;v;A;0;A) 8 (& 0) Ir,&,Ars M: A @E
2613 ' s N:A@E ve:E—>F Ix:xors N:B@F

2614 Tt MN:B@E Frslet, g x=MinN:B@F

2615

2616 T-LETANNO
2617 T-Mask T+ (M;AA) Y o TARM:AQ@E
2618 F,G<L‘> FeM:A@F-1L ILx:0rs N:B@E

2019 T +s mask, M: (L)A @ F Thletx"™ A =MinN:B@E

2612

2620

2621
T-HANDLER

sz D = {t;}; {t;:A; » B} €%

“% Tpo Tr(MAA) A T,8py,Ars M:Ay@D+F
%% 3»35¢:A—»B E=¢F Tr(N;A;B) B T,x:(D)AN +N:By@F
262 TrsM:A@E [T,pi:Airi:B; > Brs N;: B@F];

2626
'+tsdotM:B@E T +; handle M with {return x — N} w {f; p;r; > N;}; : B@F

2627
2628
2629 Fig. 15. Syntax-directed typing rules for METEL.
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B.3 Algorithmic Contexts and Metasubstitutions

We distinguish between rigid type variables (which come from the object language and can only be
unified with intuitionistic types) and flexible type variables (which come from algorithms and can
be unified with both intuitionistic and modal types). We introduce flexible type variables & and
extend the syntax of types and contexts as follows.

Types AB:u=---|a
Algorithmic contexts ©:=-10,a:K|0,x:0|0,8,| 6,&: (K,R)|0,&=A]63
Suffixes Eu=-| 5 a:(K,R)|Ea=A

Flexible type variables in algorithmic contexts are either declarations & : (K, R) with kinds and
restrictions, or definitions & = A which indicate that these flexible variables have been solved.

We do not allow type annotations in terms to use flexible type variables. The syntax for type
schemes is still YA.A.

We define metasubstitutions § § ©® C ©’ from the algorithmic context © to ®” and the equivalence
relation between metasubstitutions in Figure 16. They are the same as the definitions in Gundry
[20] except for adding more trivial cases for elements including bindings of rigid type variables
and locks. Metasubstitutions reflect information increase between contexts.

fseC o
fsece ®+A:(K,R fseCE O +0A=B
18-CE 0,A/6d30,d: (K,R)C O 0,B/a 3©,a=AC @
fsOCO fsOCO
030,0:KCO®,0:K,= 030,x:0C0O,x:00,=
fseC O fsec e
fs0,@8, CO &, 5 080,5C0,5E
0=0"s0ce
b=60"s0CO © +A:(K,R) O rA=A
1=18-CE 0,Ala=60",A"/a380,a:(K,R)C @O
0=0"30C 0O ©r0A=B ®+rB=H 0=60"sece
0,B/a=60,B/ad80,d=AC0O 0=0"30,a:KCO,a:K,E
f=60"s0CceE 0=60"s0ce 0=60"30C 0O
0=0"30,x:0C®,x:00,= 6=0"360,8,C0O &, 0=0"30,5C0O,3E

Fig. 16. Metasubstitutions and equivalence of metasubstitutions.
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2696 OrA:(K,R)
2697
0,d:(KR,O Fa: (KR) ©.6=A0+ta: (KR

2698
2699 , ,
o 0.0’ +A=B 0,0 +A=B
2701 0,&4:(K,R),®' ra=a 0,6=A0"+ra=B 0,6=A0 +rB=4a
2702

2703 T-FREEZE

& = alocks(®") VA.A = subst(©; o)

o 0,0'F (uYAA) = EQE 0,0 FVYAAZ, B

2706 0,x:,0,0 ks [x]:B@E
2707

2704

2708 T-Var

& = alocks(®") VA.A = subst(©;0)
1o (v,A”) = split(A, A) 0,0+ (uov,VAA) = E@E 0,0 FVYAA <, B

2711 0,x:,00 rsx:B@E
2712

2709

2713 Fig. 17. Extended rules for statements in algorithmic contexts.

2714

2715

2716 We define gen(Z; A) as substituting solved flexible variables and generalising remaining flexible
2717 variables in =. We define subst(®; A) as substituting solved flexible variables in ©.

2718

gen(54) = A

2719 N —_ — ~

oo gen(a: (K,R),E;A) = Va:K.gen(E;Ala/d])

. gen(@ =B,E;A) = gen(E[B/al;A[B/&])

2722 subst(;A) = A

2723 subst(@ = B,©®;A) = subst(®[B/a];A[B/a])

2724 subst(_,®;A) = subst(E;A)

2725

— Although the judgements for statements in context are all defined on declarative context T,
,75; it is easy to extend them to algorithmic contexts ©. For any I + ], we get © + ] almost freely
b5 DY just replacing letters from I' to ©. The only non-trivial modifications are to extend kinding
209 ©F A (K, R), type equivalence © - A = B, and typing I' + M : A @ E to cover flexible variables.
,75 The extended rules are shown in Figure 17.

2731 The essence of type inference for METEL is that we never guesses flexible modal and effect
.73,  variables in contexts. This property allows us to avoid collecting and solving non-trivial global
.73,  constraints on modalities in type inference. We define + © ng if all locks and variable bindings in
475, © do not contain unsolved flexible modal or effect variables.

2735

2736 FOng O F subst(©;0) ng FOng FOng FO®ng

ZZ; F-ng FO,x: 0ng O, &, ng FOS ng FO,a:Kng
2739 FOng FOng

2740 - ° "5

- FO,¢: (K,R) ng FO,&=Ang

2742 The following lemma shows that metasubstitutions preserve this relation.

2743

2744
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LeEMMA B.1 (NO GUESS OF MODALITIES AND EFFECTS IN CONTEXTS). If+ ©g ng and 6 § ©, C Oy,
thent+ O ng.

B.4 Algorithmic Moving between Contexts

Now we give algorithms to solve statements in contexts except for type inference, which is given
individually in the next section. All algorithms have form ©, + J 4 ©;, which starts from the
algorithmic context ®, solves the question of J and ends up with the algorithmic context ©;.

We first define the notion of questions, solutions, and minimal solutions for statements that we
need algorithms. Same as in the declarative version, we always require the algorithmic contexts ®
for questions and solutions to satisfy I © pos.

Statements like kinding o : (K, R), type equivalence A = B, and term well-formedness M ok only
have inputs; solving them only needs to make sure that the judgements are satisfied. We define
solutions and minimal solutions for them.

Definition B.2 (Questions without outputs and their solutions). A question for a statement J
which does not have outputs is a tuple (©y; J) where J is well-scoped in 0. A solution to it is a
metasubstitution 6 8§ ©y C ©; where O; + 0]. The solution is minimal if for any other solution
0’ 8 ©y C ©’, there exists a metasubstitution { § ©; £ ©” such that 8’ = {6 8 ©, C ©’ (say ¢’
factors through 6 with cofactor {). When J is an equivalence statement A = B, we additionally
require - A pos and + B pos.

Other statements separate between inputs and outputs; solving them also requires giving outputs.
We define questions, solutions, and minimal solutions for those we need.

Definition B.3 (Questions with outputs and their solutions).

e An instantiation question is a tuple (0¢; 0 <g O) where ¢ is well-scoped in ©,. A solution
to it is a tuple (6 8 ©y C O1; A) such that ©; + 0o < A. The solution is minimal if for any
other solution (0’ 8§ ©y C ©’; A’), there exists a metasubstitution ¢ 8 ®; C ©’ such that
=030, C0O and® +EA=A".

e A transformation question is a tuple (Og; (4, o) = v @ O) where o is well-scoped in 0.
A solution to it is a tuple (8 8 ©y C Oy; E) such that ©; + (i, 00) = v @ E. The solution
is minimal if for any other solution (6’ 8 ©y C ©’;E’), there exists a metasubstitution
£30; 0@ suchthat§’ =¢0 80, C ® and E < E'.

e A type inference question is a tuple (Qp; M : O @ O) where + ©y ng, ©y + M ok, and
F M pos. A solution to it is a tuple (0 8 ©y C ©O1;A;E) such that ®; + M : A @E.
The solution is minimal if for any other solution (8" 8 ©, C ©’; A’;E’), there exists a
metasubstitution £ § ©; E ©" suchthat 8’ =0 § ©y E© and© (A= A"and E < E'.

We define the algorithm for solving the questions we need in Figure 18. Note that for some
judgements, we only need their declarative forms.
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The algorithms for kinding uses the following auxiliary definitions.

res(Abs) = i
res(Any) = i
res(Eff)y = m
fail, if K = Eff or K’ = Eff
KnK' = 4{Abs, ifK =Absor K’ =Abs
Any, otherwise
fail, if K = Eff or K’ = Eff
KnK' = JAbs, ifK =Absor K’ = Abs

Any, otherwise

We define the algorithm for unification in Figures 19 and 20. Note that unification® + A = B 4 ©’
is only defined for statements A = B satisfying + A pos and +- B pos. We will show later that during
type inference no negative effects would appear in types, as long as the input context and terms
also satisfy the restriction of no negative effects.

We list some important lemmas here which show the soundness, generality, and completeness
of kinding and unification.

LEMMA B.4 (SOUNDNESS AND GENERALITY OF KIND RESTRICTION). If©g + A : (K, R) -4 ©1, then
©y C O, is a minimal solution of (0g; A : (K, R))

LEMMA B.5 (COMPLETENESS OF KIND RESTRICTION). If0 8 ®¢ C © is a solution to the kinding
question (©g; A : (K, R)), then there exists ©1 such that©y + A : (K,R) 4 0.

LEMMA B.6 (SOUNDNESS AND GENERALITY OF UNIFICATION).
1. If©y F A = B 4 Oy, then ©) C Oy is a minimal solution of (Qy; A = B).
2. If0®, | Er a =AH404, A isnot a flexible variable, and E only contains declaration of flexible
variables appearing in A, then ©,, E C Oy is a minimal solution of (©¢; ax = A).

LEMMA B.7 (COMPLETENESS OF UNIFICATION).
1. If6 8 ©¢ C O is a solution to the unification question (©y; A = B), then there exists ©; such
that@o +A=BH @1.
2. If0 8 ©y, E C O is a solution to the unification question (0, Z; & = A), then there exists ©;
suchthat®y | Z+a = A4 0.

B.5 Type Inference

Figure 22 gives type inference algorithm for METEL. It is also in the form of algorithmic moving
between contexts @y + M : A @E 4 ©;.

We define solve(y : E — F) and solve(y = v) in Figure 21 which find the minimal index for
certain modality and transformation to hold.

The following lemmas show their soundness, generality, and completeness.

LEMMA B.8 (SOUNDNESS AND GENERALITY OF MODALITY SOLVING).
(1) Ifsolve(y : E — F) = Fy, then pf, : E; — F; withE < E; and F < Fy;. Moreover, for any
other ug, : E; — F, with F, < Fy and F, # F, either E < E; or F < F, does not hold.
(2) If solve(u = v) = F, then up = vp. Moreover, for any other F* < F with F' # F, the relation
L = v does not hold.
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2843 ‘GFVA.A <R B0
2844

_ ©,4: (K,R)Fold/a]l <R A16

2846 OFrA<RAH40 OrVako<g A410
2847

(©r0: (KR) 16’

2848
2849 @3a:K K <K res(K) <R OrA:(K,R) 10"
a0 Ora: (KR 10 0,6=-A0+ra: (KR 10" ,6=A0

2851
2852

Jass OrA:(K,m)-6
Js54 ©,4:(K,R),0 ra:(K,R) 40,4 : (K'MK,R MR),o ©r (LID)A: (K,m) 40

2855

2856 O+ E: (Eff,m) 410’ @+ A:(Any,m) 40"

2857 O+ [E]A: (Abs,m) 4 ©”
2858

2859 O+ A: (Any,R) 40, ©; + B: (Any,R) 4 0, O,a:K+0:(K,R)410,a:K,E
2860 7
©+A— B: (Any,R) 40, OrVaX o: (KR 40,2

2861

2862 ,
2563 OrE:(Effm)410©

2864 OF - : (Effm)40© OFrLE: (Eff m)410
2865

‘ OF (o) >v@EAO

2866

2867 F = solve(p = v) vi:E—F solve(u = v) fails ©F o : (Abs,m) 46’
2808 Or (p,o)>v@EA4O Or (po)y=v40

2869
W0 @k (M;vids AsA) B (£,0) 46

2871

Or (M;NA) T o0

Or (M;NA) o6

2872
2873

M € Val §:{VOH’ o=p $p#-orv=1

v, ¢="-
2874
2875 OF (M;v;¢;E;A) § (£ gen(E;A)) 410

2876

2877

B $=p
1, ¢=-

2878

M ¢ Val v=1 Or (M;E;A) B0 &= {

. Or (M;v;:5;A) § (£ B) 10
2880

2881
J552 OFgen(5;A) £,B410’ M € Val M ¢ Val A=-

2883 Or (M;E;A) | B4© OF (M;A;A) §FVAA4O Or (M;N;A) T VAA4O

2884

2885 Fig. 18. Algorithmic moving between contexts.
2886
2887
2888
2889
2890

2891



2892
2893
2894
2895
2896
2897
2898
2899
2900
2901
2902
2903
2904
2905
2906
2907
2908
2909
2910
2911
2912
2913
2914
2915
2916
2917
2918
2919
2920
2921
2922
2923
2924
2925
2926
2927
2928
2929
2930
2931
2932
2933
2934
2935
2936
2937
2938
2939
2940

60 Wenhao Tang, Leo White, Stephen Dolan, Daniel Hillerstrém, Sam Lindley, and Anton Lorenzen

OFrA=B46

U-RiGip-RiGID U-FLEx-FLEX-ID U-FLEx-FLEX-L
©3a:K ©35d:(KR) a+p  Orp: (KR O
Ora=a40 Ora=4a40 ©a:(KRra=p416,a=4
U-FLEX:FLEX-R U—FLEX—FLEX—SUB%T
a+p Orad:(K,R)410’ O+ a[A/7] = plA/7] 1@
©,f:(KRra=p-10 p=a O.7=Ara=407=A
U-FLEX-FLEX-SKIIIFLEX ) U-FLEX-FLEX-SKH:RIGID
y#a v+PB Ora=p4160 Ora=p460
©,7:(K,R)ra=p40,7:(K,R) ©,y:Kra=440"y:K
U-FLEX-FLEX-SKIFTERM U-FLEX-FLEX-SAKIPLOCK U-FLEX-FLE¥-SKIPMARK
Ora=4460 Ora=p46 Ora=p40
Ox:0rd=f40,x:0 e.@,ra=10.8, CHEEYRL:E
U-FrLex-RiGID-L U-FLEx-RiGID-R
A non-flex-var Ol +ta=A410 A non-flex-var O|l-+ra=A410
Ora=A460 O+rA=440
U-Mob U-ARROW
OrA=A" 40 @ ru=y 410" OrA=A"10 ©+B=B 410"
OruA= /A 10 O+rA—>B=A">B 410"
U-RELATIVE U-ABSOLUTE U-EFrFeCcT-CLOSED
L=L D=D OrE=FH0O L=L
O+ (LID)=(L"|D") 410 Or [E]=[F]40 OrL=L"40
U-EFrFECT-L U-EFFECT-R
L’ = labels(E) OrE:(Effm)410 L’ = labels(E) OFE:(Effm)410
Lcr @ |- +é:=E-L46 Lcr O| - +ré=E-L40
OrLé=EH0 OFE=L;é40
U-ErrecT-LR

L17¢_L2 ng_Ll O,6F & =Ly — L, 640, O +é& =L — Ly, 410,
OFLi,é =1y,8 40,

Fig. 19. Unification (Part I).

Proor. 1. When p is absolute, trivial. When p is relative, the delta between the source and target
is fixed and we only need to case analysis whether E or F gives the lower bound.

2. When p is absolute, the minimal index for the transformation is completely determined by v.
Otherwise, relative p can only be transformed to relative v. The delta between L; and D; must be
the same as the delta between L, and D, in order to make the transformation hold. The index is
determined by the larger one among L, and L,. O
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(O|Era=A10
U-FLEX-RIGID-SOLVE U-FLEX-RIGID-SUBST .
©,E+A:(K,R) 16 ©,E+ a[B/f]l = A[B/p] 1€
0,6:(K,R)|E+ra=A40,6=A ©,f=B|Era=A+10,p=B8
U-FLEX-RIGID-DEPEND U-FLEX-RIGID-SKIPFLEX
Qtf  fefva) a+p  fefv)
O|f:(K,R,Era=A40 O|ZEra=A40
©,f: (KR |Era=A+0 ©,f: (KR |Era=A40"p:(KR)
U-FLEX-RIGID-SKIPRIGID U-FLEX-RIGID-SKIPTERM
B ¢ ftv(A) O|Era=A40 O|Era=A460
O,:K|E+a=A40,5:K O,x:0|E+ta=A40,x:0
U-FLEx-Ri1GID-Sk1PLOCK U-FLEX-RIGID-SKIPMARK
O|Era=A40 O|Zra=A46
0.8, | Era=A40.8, O;|ZEra=A40'g
Fig. 20. Unification (Part II).
F, EXF
solve([E'] : E — F) = ) '
fail, otherwise
F, E<D+(F-L
solve({L|D) : E — F) = = ( )
L+ (E-D), otherwise
solve([E] = v) = solve(v:E— )
solve({L|D) = [E]) = fail
fail, (L,D) # (L’,D’)
h L,D) =Ly > D;and (L’,D’) = L, = D
solve((Li|D1) = (L2[D)) = where (1) = by w= Drand (D7) = £z < Dz
Ly, Li<L
L, otherwise
Fig. 21. Solvers for modalities.
LEMMA B.9 (COMPLETENESS OF SOLVING).
o Ifup : E' — F withE < E' and F < F’, then solve(u : E — F) = F” for some F".
o Ifur = vp, thensolve(y = v) = F’ for some F’.
Proor. By definition. O

We prove that type inference does not generate negative effects.

LeEMMA B.10 (NO NEGATIVE EFFECTS). For the type inference question (Q©g; M : O @ O) with the
implicit condition - ©g pos and+ M pos, if®y + M : A @E 4 Oy, then+ ©; pos and + A pos.

This lemma guarantees that though the unification algorithm is not defined for negative effects,
it would not fail because of negative effects during type inference.
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We prove the soundness, generality, and completeness for type inference.

THEOREM B.11 (SOUNDNESS AND GENERALITY OF TYPE INFERENCE). For the type inference question
(O;M: 0 @0O),ifOgFM:A@E 40, then (09 C ©1, A, E) is a minimal solution.

THEOREM B.12 (COMPLETENESS OF TYPE INFERENCE). If+ ©¢ ng, ©y + Mok, 0 8 ©y C O, and

Or;M:A@F, then®y + M :B @E 4 Oy for some ©1, B, and E.

All proofs can be found in Appendix C.
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\@rM:A@EW)'

I-FREEZE
& = alocks(©y) VA.A = subst(©;0)
0,0) F (L,YA.A) > E@E 40,
0, +FVAA<,B410,

@,x:,, 0,0 + |'x] :B@E 40,

I-Mob
@0,“;, FVA @E 4 @1,“;1,51
F=solve(y:E — )

()0 + lT]()(iu \%4 2/11& Gj)I: 4 ()1, EZl

I-ABSANNO
Opx:ArM:B@EA40,x: A%

OyFrM:A@E 40,
O,,&: (Any,m)F A=B — d 405
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I-VAr
& = alocks(©y) VA.A = subst(©; o)
(v, A”) = split(A, A)
0,00k (Lo, VAA) > E@E A6,
0O, +FVAAZL,B40,

0,x:,0,0)Fx:B@E 40,

O FN:B@F 40,

Qy+FMN:@d @EUF 4053

O¢, & : (Any,i),x: @+ M:B@E 401,x:aE,

Oy MA*M:A—>B@EH40,,5,

I-LETANNO
O - (M;A;A) 3T 040,
O, 35A, =, + A =AA BO35A,E3

()0 FAxM:ad — B @EH ()1, EE]

O15AFM:A @EAO,3A 5,
O3, x:0F N:B@F 404x:0,E4

O Fletx"™ A =MinN:B@EUF 40,5,

I-LETMOD

®O5nv FM:A ((DE B @1,“1,, E1

@1351,0?:(Any,m)l—AEqﬁd-i@)ngz
()3,3( w0 FN:B@F 40y

O F (M;v;;22;) § (&,0) 403
F’" =solve(v: E — F)

Q + let, gb x=MinN:B@ F’ 4 (CH

I-Do
X3¢:A—-B
()0 FM 1141 @EH ()1

OFA =A40,

@()I-dOfM:B(@{f}UE-|®2

I[-HANDLER
D = {t;};

I-MaAsk
()0,‘i<[w> FM:A@E A0,
F =solve({L) : E — )

Qo+ mask; M: (L)A @F 40O,

{f& : A‘Xi - 13i } cXx

@),qu FM:Ay @FE A G)’,B<|D>,E’

G0, x: (D)A+ N :By @E, 40y, x :

[®iaPi :Ai,r,» :Bi — B I—Ni ZBi ((DE,' 4@;,1)1' :
E =solve({D) : E' — )

()’ F (]Vf;EEI;fio) ll AA ()0

— ’ —r
I Oy + (N;E);By) | B4 6,

— ’ = _ n
St 5 @i,.’:i I-Bi =B'|®i+l]i:1

FZEUEr U (UiEi)

O + handle M with {return x —» N} W {t; p; ri > N;}_, : B@F 4 Op44

Fig. 22. Type inference for METEL.
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B.6 Elaboration to the Core Calculus

The semantics of METEL is given by its elaboration to METE.

We first fill the gap between METEL and METE that contexts of METEL do not keep indexes
of modalities appearing in locks and variable bindings. Observe that for any typing judgement
of closed terms +; M : A @ E, the indexes of modalities for locks and bindings in contexts are
completely determined by the derivation tree. We derive a new presentation of the declarative
type system for METEL by keeping indexes of locks and bindings in context, and modify auxiliary
relations involving modalities to consider indexes as well. The interesting typing rules for the
new typing judgement I' +g; M : A @ E and auxiliary relations are defined in the non-highlighted
parts of Figures 23 to 25. We inline the relation (M; v; ¢; A; A) and split T-UnmoD into four rules for
clarity of elaboration. The following lemma shows the equivalence between the two type systems.

LEMMA B.13 (INDEXES IN CONTEXTS CAN BE IGNORED). +g; M : A @ E if and only if -« M : A @ E.

The proof follows from straightforward induction on the typing derivations. The only non-trivial
case is to show the equivalence of typing rules for variables, since they use the modality transfor-
mation relation in different ways. The following lemma shows that the modality transformation
relation holds regardless of the targets of modalities.

LEMMA B.14 (SOURCE DETERMINES TRANSFORMATION). Ifvp : E — F and ur = vr, then for any
F’ such that vpr : E — F’, we have up = vpr.

Proor. If v = [E], we have y = [E’] where E’ < E. Otherwise, we can show F = F’. O

As a corollary, for T + (g, 0) = v @ E, we know that either I' + ¢ : Abs or pp — vp for any F
with vp : E — F. The reverse direction also holds. This gives the equivalence of the variable rules.

Since the new type system is equivalent to the old one, and it is obvious to derive a derivation
tree of the new typing judgement from the old one for closed terms, we restrict elaboration to
closed terms and directly define the elaboration on the derivation tree of the new judgement
I' s M : A @ E. The elaboration is given as the highlighted parts of Figures 23 to 25. There is
nothing really surprising in the elaboration. For all terms that introduce variable bindings x, we
immediately unbox it and bind the unboxed result to x. For variable rules, we use the original x
for froze variables, and unboxed X for usual variables which are automatically unboxed. Also, in
variable, let-binding rules and handler rules, we deal with generalisation and instantiation. The
following theorem showing the type preservation. Its proof follows from straightforward induction.

THEOREM B.15 (TYPE PRESERVATION). IfT +; M: A @E --> M’ ,thenT - M : A @E.

up = veorT ko : Abs principal(T; M; A;A)  THYAA X B -» A

It (pup,0) = vP @E T+ (M;AA) B - A

T+B:(K,R) Tro[Bla] <RA A

FTFA<gA - I+VaX.o<g A ->BA
unmod(x;A;A; M) = letmod, AAx=xAin M where (v,_) = split(A)

Fig. 23. Auxiliary definitions for METEL with indexed contexts and its elaboration.
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T-FREEZE
&r = alocks(T)

Iﬂ,Iﬂ, + (/lF,\fZX.Iﬁ) = é}: @E

65

I[LT'+VAA <, B -> A’

T,x:, VAAT kg [x] > xA :B@E

T-Var

&p = alocks(T”)
LT+ (upovpr,VAA') = & @E

(v, A”) = split(A; A)

[,x 0, VAAT Fgx -

T-ABSANNO
Ix:Ar M:B@E > M

up: ' — F
LT/ FVAA <n B > A’
A :B@E
T-ABs
I'x:Sti;M:B@E > M

T by AXAM
> AxA.unmod(x; wA;M) :A—>B@E

T-LETMODVAL
vi:E—>F Er=vpopug
&, ,Arg; V:ipA@E -V’
T,x i VAA g N:B@F > N’
N’ = unmod(x;A; A;N')
Irglet,pux=VinN
> let, mod, AAx=V"inN" :B@F

T-LETVAL
& A+ V:AQ@E -V
Ix:, VAArgN:B@F --> N’
N’ = unmod(x;A; A;N')
TFkglety x=VinN
> letx=AAV' inN” :B@F

T-LETANNO
T (M;AA) S o

I'bg Ax.M
> Ax%.unmod(x; - S;M’) : S —> B @E

T-LETMODNONVAL
M ¢ Val (M; A A) LA -5 Ay
& ArgM:pA@E > M
Ix:, Arg N:B@F > N’
N” = unmod(x;;A’; N)
Frglety ux=Min N
> lety mod, x = M'[A;/A] inN"” :B@F

T-LETNONVAL
M ¢ Val (M;A;A) J A - Ay
r,& Arg M:A@E > M
[x:,A+rs N:B@F > N’
N”" = unmod(x;;A’; N')
IFtg;lety x=MinN
> let x = M'[A;/A] inN" :B@F

IArg M:A@E > M

I'x:0r; N:B@E > N’

Thyletx"A=MinN ->letx=AAM inN :B@E

T-HANDLER
D ={t;};

TF(M;A;A) JA > Ay
I+ (N;A;By) | B --» By

{{’,-:A,-—»Bi}gz
r’“(\D)F’A b M:Ay @D +F --> M’
Ix:(D)AAN Fi N:By @F --> N’

[F,pi tA;ri:Bi > Brsi Ni:B@F --> Nll]l

I +5; handle M with {return x — N} W {¢; p; r; — N;};
-> handle M’[A;/A] with {return x > N’[B;/A'|}w {£; piri > N/}; : B@F

Fig. 24. Elaboration from METEL with indexed contexts to METE (part I).
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T-App
T-Mobp Tt M:A—B@E > M
L& r;V:AQE -V’ pr:E—F T+y N:A@E -» N’
I'rgmod,V > mod, V' : fA@F T+ MN ->M N :B@E
T-Do
T-MASK >5¢:A—-»B E=¢F
T @) i M:A@F—L - M ThyM:A@E —> M
I +s; masky M --> masky M’ : (L)A @ F I'tidotM ->dot M :B@E

Fig. 25. Elaboration from METEL with indexed contexts to METE (part II).
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C Proofs for METEL

In this section, we prove the soundness and completeness of the type inference of METEL.

C.1 Definitions and Lemmas

Following Gundry [20], we define the notion of stable statements.

Definition C.1 (Stability). A statement ] is stable if it is preserved by metasubstitution. Formally,
if @)+ Jand 0 8 ©y C Oy, then ©; + ].

All our statements are stable under metasubstitution. Stability allows us to solve sub-questions
step-by-step and compose them to the solution of the whole question.

We have the following lemma showing we can compose minimal solutions of sub-questions to
obtain the minimal solution of the whole question.

LEmMA C.2 (THE OPTIMIST’S LEMMA). If 6y 8 ©¢ E ©, is a minimal solution of ] and 6; § ©; E O,
is a minimal solution of J', then 6,6, 8 ®9 T ©, is a minimal solution of J A J'.

Proor. Same as Gundry [20]. Any solution theta 8 ®y C © to the question (g, ] A J’) should
solve (©y, J), thus factor through 6, with cofactor {, 8§ ®; C ©’. Then {, should solve (04, 6,]’),
thus factor through 6; with cofactor ;. Our goal follow from 6 factors through 6,6, with cofactor
§1 3 0, E@suchthat05§1€19o 3@0‘;@. O

Although this lemma only applies to questions without outputs defined in Definition B.2, we can
use similar ideas in proofs for questions with outputs defined in Definition B.3 .

C.2 Unification
LEMMA B.4 (SOUNDNESS AND GENERALITY OF KIND RESTRICTION). If©g + A : (K, R) -4 ©4, then
©y C O, is a minimal solution of (0g; A : (K, R))

Proor. We want to show that ) C ©1, ©; + A : (K, R), and for any other solution 6 § ©, C ©’,
we have 0 § ©; £ ©’. By straightforward induction on the judgement © + A : (K,R) 4 ©’. The
most non-trivial case is when A is a flexible variable.

©,6:(K',R),® ra:(K,R)40,4: (K'NK,R MR),0
Soundness follows from K’ 1M K < K and R’ M R < R. Generality follows from that & : (K’,R")

and & : (K, R) must both hold for any solution, and the meet operation M gives the greatest lower
bounds. Other cases follow from IHs and Lemma C.2. O

LEMMA B.5 (COMPLETENESS OF KIND RESTRICTION). If0 § ©, C © is a solution to the kinding
question (©g; A : (K, R)), then there exists ©; such that©y + A : (K,R) 4 ;.

Proor. Straightforward induction on the declarative kinding judgements. O

LEMMA B.6 (SOUNDNESS AND GENERALITY OF UNIFICATION).
1. If© + A = B 40O, then ©y C ©; is a minimal solution of (0y; A = B).
2. If® | E+ & = A 404, Aisnot a flexible variable, and E only contains declaration of flexible
variables appearing in A, then ©y, E C O is a minimal solution of (Q; & = A).

Proor. For 1, we want to show that ®; + A = B, and for any other 8 § ©, C O with
©’ + 0A = 0B, there exists { § ©; E ©" such that § = { § ©y C ©'. For 2, we want to show that
©; + A = B, and for any other 6 8§ ©),Z C ©" with ®' + 0d = 0B, there exists { § ®; C © such
that 0 = { 8 ®, C ©". We prove 1 and 2 simultaneously by mutual induction on the unification
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judgement ® F A = B4 0;and Oy | E + @ = A 4 ©;. Similar to the proof of unification in
Gundry [20], the key observation is that most unification rules does not introduce new flexible
variables, and for all definitions ﬁ = B in O, we must have ©’ + Qﬁ = 6B for the problem to be
solved. Most cases follow from similar and routine usages of IHs. We only elaborate interesting
and representative cases.

Case U-Ricip-RiGip and U-FLEX-FLEX-ID. Trivial.

Case U-FLEX-FLEX-SKIPMARK.

@0"0}5[;4@1(1)
()03 Fa= /§ - ()13

For any other solution 6 § ©y5 £ ©’ § =, we have 6 8 ©, C ©’. IH on (1) gives a cofactor {

such that 0 = { 8 ©y £ ©’, which further gives = { 8 ©p; C O ¢ E.
Case U-FLEx-FLEx-L and U-FLEX-FLEX-R. Follow from IH.
Case U-FLEX-FLEX-SUBST. Follow from IH.
Case U-FLEX-FLEX-SKIPFLEX. Follow from IH.
Case U-FLEX-FLEX-SKIPRIGID. Follow from IH.
Case U-FLEX-FLEX-SkIPTERM. Follow from IH.
Case U-FLEX-FLEX-SkipLock. Follow from IH.
Case U-FLeEx-RiGip-L and U-FLEx-RiGiD-R. Follow from IH.
Case U-Mob and U-Arrow. Follow from IH and Lemma C.2.
Case U-ReLATIVE and U-EFFECT-CLOSED. Trivial.
Case U-ABsOLUTE. Follow from IH.
Case U-EFrecT-L and U-ErrecT-R. Follow from IH.
Case U-ErfrecT-LR.

Li ¢ Ly L, Z L
O, é+ & =Ly — L, 640 (1) O+ &=L —Ly,£40,(2)

O + Ll,él =L, é‘z 40,

For any other solution 6§ § ©y C ©’, suppose 0¢; = E; and 0¢, = E,. Since Ly, E; = Ly, Ey,
there exists E such that E; = L, — Ly, E and E; = Ly — Ly, E. Then by IHs on (1) and (2), and
Lemma C.2, we can show that { = 6, E/¢ is the required cofactor.

Case U-FLEX-RIGID-SOLVE. Any other solutions must solve A : (K, R) and a = A. Follow from IH.

Case U-FLEX-RIGID-SuBST and U-FLEX-Ri1GID-DEPEND. Follow from IH.

Case U-FLEx-RiGID-SKIPFLEX, U-FLEX-RIGID-SKIPRIGID, U-FLEX-RIGID-SKIPTERM,
U-FLEX-R1GID-SKIPLOCK, and U-FLEX-RIGID-SKIPMARK. Follow from IH.

LEMMA B.7 (COMPLETENESS OF UNIFICATION).

1. If6 8 ©¢ C O is a solution to the unification question (©y; A = B), then there exists ©; such
that ®)+rA=B40;.

2. If0 8 ©y, Z C O is a solution to the unification question (0, Z; & = A), then there exists ©;
suchthat®y |E+a=AA4 0.

Proor. We prove 1 and 2 simultaneously. By a straightforward induction on the declarative
rules for unification, we can show that if 6 is a solution for (©¢; A = B), then it must also solve the
questions of all premises for ©y + A = B 4 _ in the algorithmic rules. Then by IHs and Lemma B.5 we
can show that there exists ©; such that ©y + A = B 4 ©; holds. The same applies to (0, Z; & = A).
Base cases @ = o and & = & hold trivially. The only case where the algorithmic rules require extra
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3333 conditions to succeed is U-FLEX-RIGID-SOLVE where in the premise the kinding of A cannot depend
3334 on the flexible variable &. For @ = A where A is not a flexible variable and ¢ is not assigned to
3335 a type in ©p, we can show that ® 8@ = 6A does not hold for any solutions if A contains & by
3336 induction on the declarative rules of type equivalence. O
3337

3333 C.3  Type Inference

3339 LEMMA C.3 (SOUNDNESS AND GENERALITY OF TRANSFORMATION). For the question (©y, (y, 0) =
3340 v @OQO), ifO F (i,0) = v @E 40Oy, then (0 T ©4,E) is a minimal solution.

3341

1310 Proor. Follow from Lemma B.4 and Lemma B.8. ]

3343 LEmMMA C.4 (SOUNDNESS AND GENERALITY OF INSTANTIATION). For the question (®g, o <g O), if

3344 Qg+ 0 <g A 40y, then (0y C O, A) is a minimal solution.
3345
Proor. By definition, ©; = O, E where = contains exactly all flexible type variables introduced

3346

434, Dy this instantiation. It is obvious that all other solutions can factor through ®, £ ©o, E by
4345  Substituting flexible variables in E with proper types. O
3349 LEmMMma C.5 (POLYMORPHIC WEAKENING). IfI',x 3, 0,I" v M : A @E and 0 =gen o', then

350 Tx: o, "+ M:A@E.
3351

LeEMMA B.10 (NO NEGATIVE EFFECTS). For the type inference question (Q©g; M : O @ O) with the
implicit condition + ©g pos and+ M pos, if®g + M : A @E 4 Oy, then+ ©1 pos and + A pos.

3352
3353
3354 ProoF. By straightforward induction on the typing judgement of type inference. O
3355

3356 THEOREM B.11 (SOUNDNESS AND GENERALITY OF TYPE INFERENCE). For the type inference question

557 (O M:0 @0), ifO+M:A@E 4 0Oy, then (09 T ©1, A, E) is a minimal solution.

3358 Proor. We want to show that if - © ng, @ - Mok and ©, + M : A @ E 4 ©y, then ©, C 0,
39 and ®; + M : A @E. Moreover, forany §’ 3 @, C © with® r M : A’ @ F/, there exists
360 8@ CO suchthat =030, C 0,0 A <gen A’,and E < E'.

3361 By induction on the derivation of @y - M : A @ E 4 ©;. Soundness follows from routine usages
of IHs straightforwardly. The only non-trivial cases is for T-LETMoD and T-HANDLER where we
probably need to show the principal condition for some terms. They follow from the generality of

3362
3363

3364 corresponding sub-judgements, and generality follows from IHs on these sub-judgements.
3365 We focus on proving generality.
3366
3367 Case

I-FREEZE
3368 & = alocks(©g) VA.A = subst(©;0)
3369 0,00+ (1, YA.A) = £ @E 40, (1) ©1 FYAA <, B410,(2)
j:? 0,x:,0,00F[x]:B@E 40,
3372 For any other solution (6" § ©,x :, 0,0 E ©p,x :, 0'0,07; B’; E’) where ®' = 0,x :, 0’0, 07,
3373 by ©,x 3, 0,00 ng and Lemma B.1, we have y and £ unchanged after metasubstitution of
3374 0’. Moreover, subst(®y; 6’ 0) is pure only if subst(0®; o) is pure since substitution preserves
3375 purity. Thus, 8” must solve the question of (1). By Lemma C.3 on (1), we have E < E’ (3)
3376 and 6’ factors through ©, ©) C ©, (the metasubstitution of (1)) with cofactor {; § ®; £ ©’.
3377 Then ({1, B’) must solve (2). By Lemma C.4 on (2), {; factors through ©; C 0, (the meta-
3378 substitution of (2)) with cofactor {; 8 ®; C ©’ such that ©" + {,B = B’ (4), Thus, 6’ factors
3379 through ©, x :, 0,0y C O, with cofactor {; § ®, C ©’. Our goal follows from cofactor {3,

3380 (3), and (4).

3381
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Case
[-VAar
& = alocks(©y) VA.A = subst(0; o) (v, A") = split(A, A)
0,00 F (o, VAA) = E@EA4O, (1) O+ VA.A <m B0, (2)

(),J( o CT,()O Fx:B @EH ()2

For any other solution (6" 8 ©,x :;, 0,09 C ©';B";E’), by + ©,x :, 0,0 ng, Lemma B.1,
and the definition of split(—), we have py, v, and & unchanged after metasubstitution of 6’.
The remaining part is almost the same as the proof for I-FREEZE.
Case
I-LETmOD
0.8, rM:A@E-10,,8,Z (1)
©15E,ad: (Any,m) FA=¢a40;5E,(2) Ok (M;v;9:Ep;0) §(£,0) 405(3)
O3, x:: 0 FN:B@F -40,(4) F’ = solve(v : E — F) (5)
O rlet,dx=MinN:B@F 403

For any other solution (8" § ©) E ©’;B";F]), wehave © r let, § x =M in N : B @F].
Inversion gives

O +r (M;v;A;9;A7) B (E,07)
o, &8, Ar; M: A @F
©,x:p 0 rs M:B @F]
vr; 1 B/ — Fy
By definition, we have & = £. Since v does not contain flexible variables, by
O, @, A M: gA @F

we have (0’ § ©,,@, C ©,8,,A; A’; E’) solves the question of (1). By IH on (1), we have 6’

factors through the metasubstitution of (1) with cofactor {; §$ ©,,@,,Z, C ©@’,&,, A such

that E < E' and O + (1A = pA’.

Then {] = {1, A’ /& must solve the statement of (2). By Lemma B.6 on (2), we have ] factors

through the metasubstitution of (2) with cofactor {, § ©, § =, C ©’ § A. Case analysis on

whether value restriction is satisfied.

Case M € Val. We have 0 = gen(E;;d) and ¢’ = VA.A". By {, $ O, ¢Z; C © § A and
(od = A’, we have ©' + 0 Z4en 0. Then by Lemma C50n©',x :¢ o' b M : B" @ F’
and & = &, we have

@,x::0rs M:B @F]

Thus, ({z 8 ©3,x :z 0 T ©',x 3z 0;B;F]) solves the question of (4). Observe that
by (1) and (2), o cannot contain flexible modal or effect variables; otherwise it would
violate F @y ng since the only way for the type of M to rely on flexible modal or effect
variables in @y is via usage of term variables in ®,. Thus we have + @3, x :» 0 ng. Then
by IH on (4), we have {; factors through the metasubstitution of (4) with cofactor {3
such that F < F{ and © + (3B = B’ (6). By Lemma B.8 on (5) and v : E" — Fj, we
have I < F| (7). Our goal follows from cofactor {3, (6), and (7).
Case M ¢ Val. We have

O, F gen(Ey;4) <0403

O +VAA X0’
Same as the above sub-case, we have ©' + gen(Z;; &) <gen YA.A’. By definition of
algorithmic <;, we have ©3 = ©,, E5 where =3 contains the flexible intuitionistic
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Case

Case

Case

variables appearing in o. Thus, by {; 8 ©, C ©’, there exists a metasubstitution
{5 8 ©,, 23 C O, which substitutes flexible variables in Z5 such that ©’ + {,{jo = o’
Then we have (»(; 8 ©3,x :r 0 E ©',x : ¢, which gives that (§2§£;B';F’) solves (4).
Similar to the above sub-case, o does not contain flexible modal or effect variables
since we use <; and have - @y ng. Then by IH on (4), we have {,{; factors through
the metasubstitution of (4) with cofactor {5 such that F < F{ and © + {3B = B’ (6).
By Lemma B.8 on (5) and vg; : E" — F{, we have I < F[ (7). Our goal follows from
cofactor {3, (6), and (7).

I-ABs
©p, & : (Any,i),x:a+M:B@E40,x:4,Z; (1)

()0 FAx.M:a&d —> B @ EA ()1,551

For any other solution (6’ § ® C ©’;A” — B;E’), wehave ® +; Ax M : A’ > B @E'.
Inversion gives

O ,x:Ars M:B @F

Letting 0; = 0’,A’/&, we have that (01, B, E’) solves the question of (1). By + © ng
we have + ©p, & : (Any,i),x : @ ng. Then by IH on (1), we have 0; factors through the
metasubstitution of (1) with cofactor { 8 ©1,x : ¢,5; C ©',x : &,x : A’ such that E < E’ (2)
and ©’ + (B = B’ (3). Observe that 8’ = 6; = { 8 ©y C ©’. Our goal follows from cofactor ¢,
(2), and (3).

I-ABSANNO
Opx:ArM:B@E410,x: A= (1)

O F XA M:A—>B@E40,,5,;

Our goal follows from IH on (1).

I-Arp
OyFrM:A@E 460, (1)
@1|‘NCB@F—|®2(2) @2,d:(Any,m)l—AEB—>0}—|®3(3)

Oy+-rMN:@d @EUF 405

For any other solution (6" § ©9 C ©’; A; E;), we have © + M N : A; @ E;. Inversion gives

O M: A — A @F,
@+, N:B @F,

Then (6’; A’ — A;; E1) must solve the question of (1). By IH on (1), we have 0’ factors
through the metasubstitution of (1) with cofactor {; 8 ®; & ©’ such that E < E; and
Q'+ g}zﬁ =A - A;.

Then ({1; B’; E1) must solve the question (2). By IH on (2), we have {; factors through the
metasubstitution of (2) with cofactor ¢, § ©; C ©' such that F < E; and © + {,B = B'.
Letting ) = {3,A;/&, we have {, solves the statement of (3). By Lemma B.6 on (3), {,
factors through the metasubstitution of (3) with cofactor {5 $ ©3 C ©". By {, = {3 8 Oy, d :
(Abs,m) C ©’, we have ®' + (3¢ = A; (4). By E < E; and F < F; we have EU F < E; (5).
Our goal follows from cofactor {3, (4), and (5).
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Case
[-LETANNO
@ol-(M;A;A)II+CT-|®1(1) O15AFM:A @EA0,3A,5,(2)
O, 5AE FA =A4033A25(3) O3, x:0Fr N:B@F 404,x: 0,24 (4)

O Fletx"™A=MinN:B@EUF 40,5,

By definition of {7 and (1), ®y = ©;. For any other solution (6’ § @, C ©’, B’, E;), we have
O s letx"**=MinN:B @E,.

Inversion gives
O+ (MAAQ o
O Ars M:A@E,
O, x:0rs N: B @E;
Wehave 0 8@y s AC O sAand ® §A +s M : A @ Ey, which gives that (6’, A, E;) solves
the question of (2). By IH on (2), we have 0’ factors through the metasubstitution of (2) with
cofactor {1 § @, §A,E, T O §Asuchthat® §A+ (1A’ = Aand E < E;.
Then {; solves the statement of (3). By Lemma B.6 on (3), {; factors through the metasubsti-
tution of (3) with cofactor {, § ©3 3 A,E3 C @' §A.
Since o does not contain any flexible variable, we have {; 8 @3,x : ¢ C ©’,x : 0. Thus,
we have ({3, B', E;) solves the question of (4). By IH on (4), we have {; factors through the
metasubstitution of (4) with cofactor 5 § ©4,x : 0,24 C ©’,x : o such that ©' + (3B = B’ (5)
and F < E;. By E < E; and F < E; we have E U F < E; (6). Our goal follows from cofactor
&, (5), and (6).
Case
I-Do
YX>5¢:A—»B OyFM:A @E 40 (1) OFA =A40,(2)

@0|—d0[M:B@{f}UE-|@2

Our goal follows from IH on (1) and Lemma B.6 on (2).
Case
I-Mask
Qo @y FM:A@E A0, (1) F =solve({L) : E — -) (2)

Qo+ mask; M: (L)A @F 4O,

Our goal follows from IH on (1) and Lemma B.8 on (2).
Case
I-HANDLER
D ={t;}; {ti:Ai > Bi} C X
O, 8p) FM: Ay @E 10_,8p),E (1) O_1F (M;E;A) | A48 (2)
©.x: (D)AF N :By @E, 40, x:_.5)(3) O+ (N:Z):By) | B40,;(4)
[®ispi tAjri:Bi > BFN;:B; @E; 4 @;,pi N ] :_,E;— (5)
O, E; F Bi =B 40 (6)]L,

E =solve({D) : E' — ) F=EUE, U (U;E;)
O + handle M with {return x = N} W {f; p; ri = N;}.; : B@F 4 Op4q

Though this rule looks scary, there is nothing special we need for proving it compared to
the cases we have shown. For any other solution (6’ 8 ® C ©’; B’; F’), we have

©' +; handle M with H: B’ @ F’.
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Inversion gives

O ks (M; A AD) | A

O s (N;A;By) | B

@’,n<u)>, Arsg M: <|D>A6 @D+ F

©,x: (D)A,A"+s N:Bj @F

[("),,pi ZAi,I’i ZB,' — B ks Ni : B’ @F’]i
Our goal follow from IHs on (1), (3), (5), and Lemma B.6 on (6). To use IH on (3), we need
to show that @y, x : (D)A ng is satisfied and (D)A can be transformed to (D)A’ via a
proper metasubstitution. We can show both using (2) similarly to the proof for T-LETMmoD
when value restriction is not satisfied. Similarly, to use IHs on (4), we can again show that
F ©;,p; : A, ri : Bj > B ng is satisfied and B; — B can be transformed to B; — B’ via a
proper metasubstitution using (5).

O

THEOREM B.12 (COMPLETENESS OF TYPE INFERENCE). If+ ©¢ ng, ©g + Mok, 6 8 ©; C O, and
Or;M:A@F, then®y +M:B @E 4 O, for some ©1, B, and E.

Proor. By induction on the typing derivation ® ;s M : A @ F.

Case

Case

Case

T-FREEZE
& = alocks(®") VA.A = subst(©;0)
0,0+ (LVAA) = E@E(1)  ©,0' FVAA =<y B

0,x:, 0,0 s [x] :B@E

Suppose @y = ©_1,x 3y ¢’,0;. By Lemma B.1 and + @ ng, we have + ©,x :, 0,0 ng,

¥ = p, and alocks(®p) = £. Case analysis on (1).

Case There exists F such that yp = &p. Then ©_1,0; F (p,0’) = & @E' 4 0, also
succeeds. Our goal follows from I-FREEZE.

Case Otherwise. We have ©,0" + VA.A : Abs and solve(py = ¢) fails. Let VA.A" =
subst(©_1;0"). By ©,0" + VA.A : Abs and 0,0’ + ¢ = 6¢’, we have 6,0’ + VA.A =
O(VA.A’). Then by 0 ¢ ©_1,0) C ©,0’, we have ©_1,0; - VA.A’ : (Abs,m) 4 ©;
succeeds for some ©;. Our goal follows from I-FREEZE.

T-Var
& = alocks(®") VA.A = subst(©;0)
(v, Ap) = split(A, A) 0,0+ (nov,VAA) > E@E 0,0 +VA.A; < B
0,x:,0,0 Fsx:B@E
Suppose @) = ©_1,x 3 0’,0) and VA.A" = subst(©_;;0”). Let (v/, A]) = split(A,A”). By
Lemma B.1 and - ©¢ ng, we have - ©,x :, 0,0  ng. Thus, o and ¢’ do not contain flexible

modal and effect variables, which implies that v = v'. The remaining part is similar to the
case of T-FREEZE.

T-Mob
O.8,r V:A@E(1) pr:E—>F(2)

OFsmod,V:pA@F

IH on (1) gives
@0,“;, FV ZA, @E/ 4 @1,“,1,51
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for some A’, E’, ©; and =;. By (2) and Lemma B.9, we have F’ = solve(y : E* — -). Our goal
follows from I-Mob.

T-ABSANNO
O,x:Ars M:B@E(1)

Or, XA M:A—>B@E

Our goal follows from IH on (1) and I-ABsANNO.
T-ABs
©,x:Srs M:B@E(1)
Ors AxM:S—>B@E

Let ¢ = 0,5/a. We have 0’ 8 O, & : (Any,i),x : @ E ©,x : S. Our goal follows from IH on
(1) and €’, and I-ABs.

T-Arpr
Ors M:A—> B@E(1) Ors N: A@E(2)

Ors MN:B@E

IH on (1) gives
Oy +FM: A’ @ E' 4 (CH (3)

for some A’, E’, and ©;. By Theorem B.11 we have 0 factors through the metasubstitution
of (3) with cofactor {; § ®; E © such that ® + (A’ = A — B. Then IH on (2) gives

0, +N : B’ @ F' 4 0, (4)

for some B’, F’, and ©,. Again by Theorem B.11 we have {; factors through the metasub-
stitution of (4) with cofactor {; 8 ®, C © such that © + {;B’ = A. Then by Lemma B.6,
{3 = {5, B/ & factors through

Qs & : (Any,m)+r A" =B — ¢ 405 (5)
with some cofactor. Our goal follows from I-App, (3), (4), and (5).
T-LETMOD

OF (M;v;A;9;A) T (&,0) O,8,Ars M: A @E (1)
vp:E—F O,x:x0rs N:B@F(2)

Otslet, g x=MinN:B@F

IH on (1) gives
®O,GV, A F M : A1 @E, - @1,ﬂv, A, El (3)

for some Ay, E’, ©1, and Z;. By Theorem B.11, 6 factors through the metasubstitution of
(3) with cofactor {; § ©,,@,,A,Z; C ©,&,, A such that ©,A + {;A; = ¢A. Observe that
since M does not mention A in type annotations, A; cannot contain any rigid variables in
A, which gives

@0, QV FM: A1 @E’ 4 @1,“1,, E] (4)

(180.,8,5,C08, A
Letting {] = {3, A/&, by Lemma B.7, we have

O15Z,a: (Any,m) F A; = pa 403§ =, (5)
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By Lemma B.6, {; factors through the metasubstitution of (5) with cofactor {; § ©,,@,,Z; C
©,8@,, A. Case analysis on whether value restriction is satisfied.
Case M € Val. We have 0 = VA.A, ¢’ = gen(E,; &), and

Oy (M;v;;E0;4) T (€,07) 4 ©,(6).

By {, 30, @&,5,C0,8,A wehave ® r {0’ =gen 0. Then by Lemma C.5 on (2) we
have

0,x ¢ (0" s N:B@F (7).

By principal(©, &, M;A;pA) and + © ng, o does not contain flexible modal or effect
variables. Otherwise, o would not be the principal type since these flexible variables
could be further generalised. Thus, {,¢0” does neither contain flexible modal or effect
variables, which gives  ©, x : {10’ ng. Our goal follows from IH on (7), I-LET, (4), (5),
(6), and Lemma B.9.

Case M ¢ Val. We have

OFrVAASZ O
@2 F gen(Ez;o?) <i o’ A @3

By definition of <;, we have ©3 = ©,, E3 where =3 only contains flexible variables in ¢”.
By (, $ ©,,@,,5, C O,@8,, A, there exists {; § ©,,53 C O, such that © + {,{;0" = 0.
Then we have {»{, 8 ©;,E3,x : 0’ € ©,x : 0. By principal(®, M, A, A) and + © ng, gy
does not contain flexible modal or effect variables, which further gives that o does not
contain flexible modal or effect variables. Thus we have + ©, x : ¢ ng. Our goal follows
from IH on (2), I-LET, (4), (5), and

Case
T-LETANNO
Or (M;MA) Y e OARM:A@E(1)  ©x:0r N:B@E(2)
Orsletx"™*=MinN:B@E
By definition, we have @,  (M;A; A) § o 4 ©; where ©) = ©;. Our goal follows from IH
on (1), Theorem B.11, Lemma B.6, and IH on (2).
Case
T-Do
35¢:A—»B E=tF ©OrM:A@E(1)
Orsdof M:B@E
Our goal follows from IH on (1) and Theorem B.11.
Case

T-Mask
®’n<L\> Fs M:A@F - L(1)

O +s mask; M : (LP)A@F

Our goal follows from IH on (1) and Lemma B.9.
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Case
T-HANDLER
D = {t;}; {ti: A » Bi} €%
I+ (M;A;A)) J A1) F,ﬂqD),A Fs M: Ay @D+ F (2)
T'+(N;A;By) | B(3) I,x:{(D)A,A"+¢ N:By @F (4)
[T,pi: Airi : Bi > Brs N;: B@F (5)];

I +s handle M with {return x — N} W {f; p;r;—> N;}; : B@F

Though this rule looks scary, there is nothing special we need for proving it compared to
the cases we have shown. Our goal follows from IHs on (2), (4), and (5), using Theorem B.11
and Lemma B.9. To use IHs on (4) and (5), we need to connect the declarative intuitionistic
instantiations of (1) and (3) with their corresponding algorithmic intuitionistic instantiations,
as well as main the + — ng invariant using the principal condition of (1) and (3), similarly
to the proof for T-LETMOD when value restriction is not satisfied.

]
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