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Abstract:  The traditional approach to recursive types in higher-order functional
languages imposes strong restrictions on admissible recursion schemata: a sum
of products of simple type expressions, possibly parametric, is the norm. In this
paper, we advocate a more liberal type definition language, combining standard
type constructors and first-order parametric polymorphism with arbitrary recur-
sion and some useful non-free constructs. The existence of fixpoints and some
other properties of the defined types, e.g., the existence of a computable equality
and total order, can be inferred by abstract interpretation of the type equations in
terms of cardinality classes.
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1.1 INTRODUCTION

The purpose of this paper is to exemplify the static analysis of complex type def-
initions by means of abstract interpretation in some reasonably simple semantic
domain. The motivation for such an effort is to relax some of the historically
evolved restrictions of type definitions, without losing the benefits of strong static
typing, both for early detection of program errors and as a guideline for efficient
code generation. Instead of “outsourcing” all useful nontrivial type constructs into
auxiliary libraries, we advocate the integration of semantically well-founded high-
level type operations into the core of a programming language. This is already an
established practice in the area of specification languages, whether intended to be
executable (such as Microsoft’s AsmL[6]) or not (such as Z[7]).

The paper is organized as follows: First, some desirable generalizations of
common type definition techniques are outlined and their implications discussed.
Then, a type definition language incorporating these generalizations is presented



in front-end syntax, back-end representation, and denotational semantics. Last,
and most importantly, an abstract interpretation of type definitions is defined, en-
abling constructive algorithms for the relevant semantic problems that are not
decidable from the set-based model alone.

1.1.1 General Type Recursion

Free data types, which essentially describe term languages, are commonly defined
by systems of recursive type equations. A language might also allow other type
definition, such as type aliases, parametricity or structured type definitions that do
not fit into the sum-of-products pattern. These should all be orthogonal extensions
of the same base mechanism, not only for uniformity, but also to benefit from each
other’s abstractions: E.g., combining type aliases and parametric polymorphism
immediately yields type macros:

binOp[a] ::
relation[a] :

(axa)—a

(a x o) — bool

Expanding such definitions conveys more information to the type checker than
treating them as opaque data type definitions, enabling type compatibility rules:

binOpl[a] = relation[a] <= a = bool

The definitions of data types need not be restricted to the sum-of-products
schema, either. Consider, e.g., this non-standard definition of nonempty a-lists:

consfa] ::= o x (cons[a] + ()

Such a definition is not commonly considered useful in an algebraic context,
but it is nevertheless quite a natural thing to define in a coalgebraical or imperative
context. Some fields of application require nonempty lists for modeling, e.g., the
combinator + of SGML and its omnipresent descendant, XML[2].

1.1.2 Non-Syntactic Type Constructors

The constructors of classical algebra (sum and product) are strongly connected
to context-free syntax rules: The algebra of terms is an initial model of a clas-
sical signature. However, there are many useful type constructors whose prop-
erties cannot be handled by syntax alone. Structures such as sets and maps are
slowly working their way from pure specification languages such as Z not only
into auxiliary libraries, but into the core of executable languages, e.g., Microsoft’s
AsmL[6]. Consider the type SET a of finite sets of as. Clearly, such a type must
have the following properties to be of any use:

1. The element relation € C a x SET a is decidable.

2. The elements of any instance of SET a can be enumerated (axiom of choice).



The latter property rules out purely intensional representations. But even sup-
posing there is an extension, the former property implies that a must provide a
decidable equality. Since some other types are commonly represented intension-
ally, e.g., function types, the SET constructor turns out to be partial. Things get
even more complicated when operational complexity is examined: If o not only
provides an equality, but also a total order, then there are better time complex-
ity bounds for most operations on SETa, e.g., time complexity of € becomes
O(logn), where n is the number of elements in the set. Different representations
of the SET type might be chosen depending on the properties of the argument

type.

There are some semi-automatic solutions to these problems. The type defini-
tion language of Haskell, e.g., has the ability to derive the equality and standard
order relations of a free data type (i.e., the instantiation of type classes[9] Eq and
Or d), given all field types are declared explicitly as instances of Eq/Or d. But
even the creators of Haskell admit in [3] that this mechanism is not entirely satis-
factory. Given a richer type system and some cardinality information, one can do
better: Equality and standard order can be inferred for all enumerable types, even
for some that are conceptually intensional: If proven to be enumerable, PO\
coincides with the extensional SETa and a - [3 coincides with the extensional
o % [. (See next section for the definition of these constructors)

The drawback is that, once having type constructors that require an equal-
ity relation, the equivalence properties of that relation (reflexivity, symmetry and
transitivity) are part of the semantics of the type language. Then, it might not be
desirable to have the user implement this relation (and guarantee its properties),
as a Haskell programmer would do by instantiating Eq by hand. This is not a
real issue, however, because a custom equality relation can be encoded as the ker-
nel of a function, which is provably an equivalence relation: For an equivalence
eq C o x a, there is a suitable function eq’ : o — B, such that eq = Kered’, i.e.:

xeqy <= eq'(x) = eq'(y)
A custom standard order can be encoded in much the same way.

To summarize: If advanced type constructors are to be supported directly by
a language, then there must be some means to check the constraints imposed on
the argument types automatically, i.e., certain properties of types and also certain
canonical operations must be inferred from the type definitions.

This approach is completely opposed to the common practice of creating run-
time libraries populated with useful data types, and having semantics specified
solely in terms of suggestive names and reference manuals.



1.2 DEFINING TYPES

1.2.1 Type Definition Language
We define a type definition language by the following EBNF grammar:

Ta= Vv [TI[1310
IT+T|TXxT|ToT[T2T|T2T
| OPT T | SEQT |SET T |BAGT | POWT

Vi=a|B|--|T]...

E:=V [[V]} =T

Types are defined by systems of arbitrarily recursive and (potentially) poly-
morphic type equations. Type equations E bind type variables V, optionally with
a polymorphic parameter, to type expressions T. The language of type expres-
sions is induced by:

1. type variables (instantiated with types if parametric)

2. the empty type {} and the void type ()

3. Cartesian product (x) and the disjoint sum (+) operators

4. spaces of total (—) and partial (—) functions and finite maps (=)

5. collection monads of optionals (OPT), finite subsets (SET), finite multisets
(BAG), finite sequences (SEQ) and arbitrary subsets (POW.

For the sake of simplicity and limited space in this paper, we consider only
parametric types (constructors) with at most one polymorphic parameter. Since
there are no tuples of types, there is no way to simulate n polymorphic parameters
as of now, but the system can be easily generalized.

1.2.2 Type Representation Language

The front-end language, modeled after commonly used notations, needs to be
slightly transformed into a back-end representation to accomodate semantic rea-
soning:

Ti= VIF [T 1810
T £T T xTT =TT 2T T 2T
|OPTT'| SEQT' | SETT' | BAGT’ | POWT’
Fu=W|AV.]T |W@R
W:i=0|@]...
Ri=pWi=F)"




In the type representation language, the recursion is made explicit. Recursion
schemata (recursions for short) R are first order citizens, with the p-operator bind-
ing constructor variables to defining equations and yielding the least fixpoint of
the given mutually recursive constructor family transformation. Constructors are
made up of type A-abstractions and constructor references. Recursive constructor
references are p-bound constructor variables. A constructor reference @that is not
recursive is expressed as the projection @@ r from a recursion r. Types, finally,
are built with the standard operators and explicit constructor instantiation.

The | operator comes with the builtin fixpoint semantics of free data types
(initial algebras). There are other fixpoint semantics, e.g. cofree data types (final
coalgebras). However, the denotational semantics and the cardinality analysis of
types defined with such operators are outside the scope of this paper.

To summarize, there is a twofold abstraction involved in the definition of

types:

types constructors recursions
- - 4) - - —) - -
units of discourse units of semantics units of declaration

To simplify the notation of non-polymorphic types, we shall use a type t as a
constant constructor, with the meaning At . t, where T does not occur freely int.
Dually, we shall use a constant constructor f as a type, with the meaning f[t],
where t is an arbitrary well-formed type expression, e.g. (). Then, constructor
semantics can be defined uniformly for all type equations.

Examples

The mapping from front-end to back-end language is so straightforward that we
do not define it formally in this paper. Essentially, groups of mutually recursive
equations are prefixed with a |1 operator, and all other type references are resolved
and replaced by explicit @ expressions.

Some simple type definitions, both in front-end and back-end notation:

1. The natural numbers Nat:
nat ::= nat + () — unat:=nat+()
2. The homogenous lists HList:

hlistja] ::= (a x hlistja]) + () +—— phlist:=Aa . (o x hlist[a]) + ()

3. The pure lisp lists LList defined in terms of homogenous lists. Note the explicit
name resolution in the back-end:

[list ::= hlist[llist] —  pllist ::= (hlist @ HList)]llist]



4. The homogenous lists again, defined in terms of (possibly) empty and
nonempty lists:

opt[a] ::= cons[a] + () opt ::=Aa . cons[a] + (),
cons[a] ::=a x opt[a] cons::=Ad .o x opt[a]

1.2.3 Denotational Semantics

We shall give naive partial denotational semantics based on plain set-theory for
types ([[ ]I+), constructors ([ [le)and recursions ([[ [|r), respectively. The semantic
domains are:

1. the objects of the category Set for types
2. the partial endofunctors Set — Set for constructors

3. the finite W -indexed families of functors W = Set -~ Set for recursions

Note that we will regard only the object-mapping part of functors in this paper.

A context I" denotes a pair of valuation maps 't + ', such that ' : V — Set
and e : W — (Set -~ Set). See table 1.1 for the semantic equations.

An object (type/constructor/recursion) is said to be well-formed, iff its deno-
tational semantics are defined. There are many ill-formed objects: Some of these
contain merely syntactical errors, e.g., references to unbound variables. A more
interesting class of ill-formed objects are those involving a non-existent fixpoint
construction. The following example has been known to be ill-formed since the
time of Cantor:

us ::= POWs

The following definition has no semantics either. Both the assumption that s
is empty and that s is nonempty lead to a contradiction:

pus:i=s—{}

In any case, the semantic domain of general sets is far too powerful and thus
of no use in automatic verification of type properties. Since the solution space for
recursions are the partial set endofunctors, it is even undecidable whether a candi-
date is actually the fixpoint of a given functor transformation. In the next section,
we will present an extremely simplified semantic domain for the abstract interpre-
tation of type definitions. Though reducing the complexity of the system enough
to obtain computable fixpoints, our model preserves many interesting properties
of the defined types.



1.3 CARDINALITY CLASSES

Type definitions fall into one of six cardinality classes, all well-known from stan-
dard set theory:
C={0<l<n<w<C<y}

See table 1.2 for the pronounciation of these symbols. Each cardinality class
associates some properties with its member types:

1. A type of cardinality 0 has no instance.

2. A type of cardinality 1 has exactly one instance.

3. A type of cardinality n or greater has more than one instance.

. A type of cardinality n or less has finitely many instances.

. A type of cardinality w or greater has infinitely many instances.

. A type of cardinality w or less has a finite extensional representation.
. A type of cardinality w or less is recursively enumerable.

. A type of cardinality € has more than countably many instances.

© 00 N o o B~

. A type of cardinality 4 is ill-defined.

These properties are not of purely theoretical interest, but have some important
practical corollaries:

1. A type of cardinality 0 or 1 needs no representation in memory at all.
2. A type of cardinality n can be encoded in a fixed number of bits in memory.

3. A type of cardinality w must be encoded using extensible bit vectors or point-
ers.

4. A type of cardinality w or less induces a computable total order.
5. A type of cardinality € must be encoded intensionally.
6. A type of cardinality 4 is a programmer’s error.

7. A type of cardinality 0 or 1 with a nontrivial definition is probably a pro-
grammer’s error and should trigger a warning. Consider, e.g., the following
erroneous definition of homogenous lists that has cardinality O:

hlist[a] ::= (a x hlist[a]) x ()

The abstract interpretation of type definitions in terms of cardinality classes is
defined as follows:

1. The type constants { } and () are mapped to cardinalities 0 and 1, respectively.



2. The interpretations of the builtin constructors are shown in tables 1.3-1.5.

Since the space of cardinality functions C — C is finite, it is decidable whether
a finite family of cardinality functionsis in fact a fixpoint of a given transformation
(the abstract interpretation of a recursion). In the remaining sections of this paper,
we shall go further and actually give a computable construction for cardinality
fixpoints.

1.3.1 Monotonicity

In order to compute least fixpoints of recursive cardinality equations, we shall use
a straightforward bottom-up approximation based on [8]. The domain of cardi-
nality classes C, our interpretation of closed type expressions, is trivially a CPO
(C, <) with the bottom element 0. Furthermore, the top element 4 denotes ill-
formedness.

The domain of unary cardinality functions, our interpretation of construc-
tors, can be ordered pointwise to obtain a CPO (C — C,C) with bottom element
constO:

fCg<=Vc. f(c) <g(c)

The last step of abstraction is the interpretation of recursions as monotonic
transformations of (families of) cardinality functions. Since monotonicity is
most naturally formulated for unary functions, the binary standard operations are
treated as families of sections, i.e., partially instantiated in either their left or right
argument with any possible value. Each section of a standard operation corre-
sponds to a row or column of tables 1.3/1.4. Sections are denoted in parentheses
with the uninstantiated argument set to a placeholder _.

It is easy to show (using the given tables) that repeated application of most of
the given unary cardinality operations f is monotonic, i.e., x < f(x). There are
two kinds of exceptions:

1. The constant operations (0 x _), (-x 0), (0 — ), (-— 1), (0-» ), (.= 0),
(0% _), and (_ = 0). For these, however, the weak monotonicity f(x) <
f(f(x)) holds.

2. The alternating operation (- — 0). A recursion involving this operation and
none of the constant operations has no fixpoint. Thus, if such a circle is de-
tected, the fixpoint approximation can be aborted (i.e., set to 2), instead of
alternating infinitely between 0 and 1.

1.3.2 Totality

Note that all fully monotonic operations are necessarily strict with respect to the
top element: f(4) = 4. Thusthe interpretation of 4 as the ill-defined cardinality is
justified. As a consequence, even though the calculus of recursive type definitions
has partial semantics, the abstract interpretation in terms of cardinality is total with
a one-to-one correspondence between ill-defined set semantics and cardinality
class 5.



1.3.3 Classes of cardinality operations

The subranges Cc = {0,...,c} of C are closed under certain classes O of opera-
tions. An operation f shall be called c-faithful, iff C. is closed under f:

x<c= f(x)<c

1. All standard cardinality operations except for sections instantiated with 4 and
the exponential closure operations SET, BAGand POWare ¢-faithful.

2. The only ¢-faithful operations that are not w-faithful are the sections instanti-
ated with ¢ and the exponential operations (- — w), (- -+ w) (but not (- % w)),
and POWM(but not SET).

3. The only w-faithful operations that are not n-faithful are the sections instanti-
ated with wand the closure operations BAGand SEQ

4. The n-faithful operations are also called polynomial.

1.3.4 Short-Cut Recursion

Obviously, abstract interpretation in terms of cardinality classes alone is not suf-
ficient to deal with recursion. Even the most basic recursive examples exceed the
power of the cardinality calculus presented so far. Consider the recursive defini-
tion of natural numbers:

pnat ::=nat+ ()

If the least fixpoint is approximated naively, the cardinality of nat will be
approximated by 0 — 1 — n —n — ..., and never exceed n. Since we intend
to compute a cardinality fixpoint in finitely many approximation steps, but the
set-theoretic fixpoint takes w steps to approximate, the naive approach must fail.

In order to solve this problem, we need means to detect recursive paths in
the type expressions, i.e., paths that are going to repeat w times in the fixpoint,
and perform all w steps at once in the cardinality calculus. Thus, a purely alge-
braic notion of type expression terms is ruled out. Instead, we shall formulate a
recursion-capable cardinality inference algorithm based on a coalgebraic notion
of type expression graphs.

Informally, every subexpression in a system of type definitions is assumed to
have a unique node identity i € N. Subexpression nodes are labeled with their root
operation. The number of outgoing edges at each node shall correspond with the
number of arguments of the operation. Furthermore, there shall be a total order
among the edges originating from a single node, reflecting the textual order of
the arguments. A graph representation of the solution for an equation is easily
obtained by mapping the left hand side node onto the root of the right hand side
(see figure 1.1).

Now we can refine the abstract interpretation by annotating each computed
cardinality with the set of expression identities that contribute monotonically:

1. The contributor set of a constant operation is empty.
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FIGURE 1.1. Theeguation and solution graphs of nat

2. The contributor set of a monotonic operation is the union of the root node iden-
tity and the contributor set of the arguments (including the fixed argument of
a section). The pathological operation (- — 0) can be treated like a monotonic
operation in the recursive case, yielding 4.

Whenever the identity of an operation node is found in the contributor set
of one of its arguments, there is a recursive subexpression that will be unrolled w
times in the least fixpoint of the type definition. This recursion must be monotonic:
If there was a non-monotonic operation involved, then the contributor set would
have been cleared at that point. Whenever a monotonic recursion is detected, a
different interpretation of the type operation is employed, reflecting the cardinality
effect of w successive applications of the operation.

Table 1.6 shows the operations that behave differently in the recursive case.
The meta-variable r stands for a recursive subexpression, i.e., a subexpression
whose contributor set contains the identity of the root node. Operations not oc-
curring in the table need no special treatment in the recursive case.

Illustrated graphically, the solution is approximated by bottom-up construction
of trees that can be mapped homomorphically onto the circular solution graph.
The recursion handling mechanism takes place whenever the mapping is found
to be non-injective. Then, the two identified nodes, being beginning and end
of a circle, are collapsed and the resulting single node is updated to reflect the
cardinality of w iterations of that circle (see figure 1.2).

FIGURE 1.2. Fixpoint approximation for nat
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1.4 CONCLUSION

We have presented a type definition language that aims at incorporating some
state-of-the-art and highly desirable generalizations into the standard model of
parametric free data types, namely general and mutual recursion and some ad-
vanced type constructors. We have shown that cardinality analysis is the key
to several important properties of the resulting type definitions, including well-
formedness, and how to accomplish terminating cardinality inference by abstract
interpretation in a recursion-aware domain of cardinality classes.

1.4.1 Future Work

Formal Proof The inferred cardinality results have been validated in a proto-
typic implementation, but a formal proof of our method has yet to be done. The
topic is still quite new, and we hope to gain insights from future extensions and
generalizations that will help us in formulating a concise proof.

Refinement of Interpretation It is easy to verify that all of the six cardinality
classes described in this paper are indispensable for consistent interpretation of
type constructors. Introducing new classes above €&, though of interest to set the-
ory, is pointless for (constructive) data types. Refining the abstract interpretation
domain beyond cardinality might induce classes slightly above or below w with
different properties, however. This should be a future topic of research, espe-
cially the range of countable but not enumerable types obtained with non-convex
constructors, e.g., general Chomsky grammars or semantic subtypes.

Cofree Semantics The operator p and its least fixpoint semantics is not the only

way to give semantics to recursive type definitions. There might also be an oper-

ator v with geatest fixpoint semantics, yielding final coalgebra models of types.

Since final coalgebras tend to behave badly in terms of cardinality, e.g. vt ::=t+t

is already continuous, the more interesting fixpoint operator might be ", yielding
a submodel of the final coalgebra that contains only instances with a finite (albeit

cyclical) graph representation, a very powerful and natural model of semantic nets

and object-oriented systems. It is not yet known whether our abstract interpreta-

tion approach can be generalized to support such fixpoint computations at all, and

if it does, which refinements are necessary.

Cardinality and Functorial Semantics The possibility of generalization of type
constructors to full functors (i.e., with a morphism-mapping part) has been a topic
of active research in recent years, see e.g. [5]: Most of the conceivable type
constructors have a generalization to morphisms, allowing the automatic lifting
of operations to composite types. It is not yet known whether cardinality analysis
might also provide a clue to properties of the morphism construction associated
with a type construction.
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Further Uses of Cardinality Info There are many more applications for cardi-
nality information. E.g., a type of class w or less induces a canonical pretty print-
ing function. A less trivial application is a special treatment of types of class 1: By
collapsing all of these types into a single canonical void type (), and by adding
a type equation a = () — q, it is possible to eliminate the distinction between
values and functions, and thus between application and composition, reconciling
calulations based on A-terms and morphisms. This topic is currently under the
authors’ investigation.

1.4.2 Related Work

There are many theoretical results and areas of application for abstract interpre-
tation of programs. See [4] for a comprehensive treatise. To our knowledge,
there are few examples of abstract interpretation of a type language. However,
we expect this to change in the future, because type languages are becoming
increasingly powerful and actually competing with computational languages in
complexity.

The only related application of cardinality analysis we are aware of is the
static analysis of solution spaces for Prolog queries [1]. This work is about actual
computations and thus about finite cardinalities, whereas we have a statical and
transfinite approach.
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[MEJr:T" - Set
[T+t = (1)
[T+ 1 = [T F 11 (I - )
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[FTEAT.te(u) =[FT®{T—u}tkt]r
[FFo@rle =+ rlx(®

[FE_Jr:R—-W = Set — Set
[M+u(@ = fi)]r = So

where Sp isthe least fi xpoint of the functor family transformation @, defi ned as:

OS) (@) =[Fest fill

TABLE 1.1. Denotational Semantics

empty
void
finite
discrete
continuous
unstable

~R_RE SO

TABLE 1.2. Cardinality classes

14



njwle 4

x [0 1

njwle 4

1

+ ] 0

O~ N s
O Y Y|Y|W
© 3 3[3(v =
O c c|3|Y -
O - |3V -
oOoOoOo|lo|o o
O c|3|Y -~
R R
QY Y(YY -
333|3|Y =
cc |3~
- c (3| -
O c|3|YV =
O d c|3v -«

TABLE 1.3. Polynomial binary constructors

1 njlw|le 4 [0 1 njw|le 4
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njlwle 4

-0 1
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TABLE 1.4. Exponential binary constructors

| OPT SEQ SET BAG POW

Monadic constructors

TABLE 1.5.

TABLE 1.6. Recursive operations

M RS

g9
mm 33 33w

S
+ +|lo 3 3|30 =
% #f|= 3 3|3 -
$ e 33w~
% L R I Y R
H R IR R
O c|3|Y -~
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