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Abstract—State-of-the-art approaches to footstep planning
assume reduced-order dynamics when solving the combinatorial
problem of selecting contact surfaces in real time. However, in
exchange for computational efficiency, these approaches ignore
limb dynamics and joint torque limits. In this work, we address
these limitations by presenting a topology-based approach that
enables model predictive control (MPC) to simultaneously plan
full-body motions, torque commands, contact surfaces, and
footstep placements in real time. To determine if a robot’s foot is
inside a polygon, we borrow the winding number concept from
topology. Specifically, we use winding number and electric po-
tential to create a contact-surface penalty function that forms a
harmonic field. Using our topology-based penalty function, MPC
can then select a contact surface from all candidate surfaces
in the vicinity and determine footstep placements within it.
We highlight the benefits of our approach by showing the
impact of considering full-body dynamics, which includes joint
torque limits and limb dynamics, in the selection of footstep
placements and contact surfaces. Additionally, we demonstrate
the feasibility of deploying our topology-based approach in
an MPC scheme through a series of experimental and simulation
trials.

I. INTRODUCTION

To traverse discrete terrains such as stepping stones,
legged robots need to carefully plan their footsteps and
motion [1], [2], [3]. In previous works, footsteps and
motion were computed separately [4], [5], [6] to reduce the
combinatorial complexity of these nonlinear problems [7],
[8]. However, in doing so, assumptions need to be introduced
into the gait pattern, kinematics, and dynamics model. Alter-
natively, to focus on the footstep planning (i.e., combinatorial
problem), other approaches neglect limb dynamics, thereby
allowing for formulating this problem as a mixed-integer con-
vex problem [9], [10]. However, for robots with heavy limbs
or limited actuation torque, this assumption does not hold,
nor can the full reachability (i.e., kinematics) of the robot
be exploited. These limitations also lead to errors in footstep
tracking, which are caused by improper tracking of angular
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Fig. 1. Visualization of the planned motion and footsteps, taking into
account the robot’s full-body dynamics (including limb dynamics and joint
torque limits), friction cones, and all potential contact surfaces. Different
colors are used to represent the swing-foot trajectories, while candidate
contact surfaces are indicated by dark gray squares. Our approach can be
used to plan footstep placements and contact surfaces for both quadruped
and humanoid robots. This video is available to view at https://youtu.
be/VpZX-YgHE34.

momentum [11]. The above-mentioned limitations can be
addressed by considering the robot’s full-body dynamics, as
it also takes into account limb dynamics and actuation limits,
and computing motion and footsteps together. However, this
results in a large optimization problem that is challenging to
solve within a control loop of a few milliseconds.

Recently, we have demonstrated an MPC that takes into
account the full-body dynamics of the robot [11], [12]. A
key advantage of our previous approaches is the ability of
our MPC to generate agile and complex maneuvers through
the use of feasibility-driven search [13] and optimal policy
tracking. However, it requires a predefined sequence of
footstep placements and contact surfaces. To address these
limitations, in this paper, we borrow concepts from topology
and classical electrostatics to enable the automatic selection
of footstep placements and contact surfaces in real time.
Compared to other state-of-the-art approaches, our footstep
plans ensure torque limits, friction-cone constraints, and full-
body kinematics and dynamics (Fig. 1). To the best of our
knowledge, our work is the first to introduce the deployment
of full-body dynamics MPC with optimizing footstep place-
ment and contact surface.
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A. Related Work

Recent methods for footstep planning can optimize the
footstep placement and gait pattern [9], [14], [15], [16]. These
approaches can overcome discrete terrains by smoothing
their geometry [7], [14], [15] or using discrete variables in
mixed-integer optimization [9], [10], [16], [17]. However,
the computational complexity of these approaches makes it
infeasible to deploy them online. The reason is that they
result in a combinatorial explosion of hybrid modes, which
cannot be resolved by employing simplified models to cast
the problem as a mixed-integer convex optimization [9],
[17]. Alternatively, it can be formulated as a continuous
problem with complementary constraints. However, the in-
creased computation time due to the ill-posed nature of the
complementary constraints makes it difficult to deploy this
approach online [7], [8], [14]. To circumvent combinatorial
complexity or ill-conditioning, our work concentrates solely
on optimizing the footstep placement.

The narrow focus on optimizing the footstep placement
enables online re-planning. For instance, as shown in [18],
MPC can generate a walking motion with automatic footstep
placement. However, despite the impressive achievement,
this approach assumes that the robot behaves as a linear
inverted pendulum, which cannot account for its kinematic
feasibility, actuation limits, orientation, or the effect of non-
coplanar contact conditions, and limb and vertical motions.
Later, Di Carlo et al. [19] proposed a convex relaxation of
the single rigid body dynamics (SRBD) that can accommo-
date the robot’s orientation. As in [18], this boils down to a
linear MPC that is solved with a general-purpose quadratic
programming solver. More recently, other MPC approaches
employ SRBD or centroidal dynamics (CD), using direct
transcription and general-purpose nonlinear programming
solvers [20], [21]. Although these approaches can address
non-coplanar contacts and vertical motion, they still cannot
account for the robot’s kinematic and actuation limits, and the
effects of the limb dynamics. Furthermore, one may think that
these assumptions are not critical for robots with lightweight
legs; however, a recent study shows that they still have a
substantial impact on the control [22]. This justifies why, in
our work, we compute motions that ensure the robot’s full-
body dynamics.

Real-time handling of both body and leg kinematics and
dynamics in an MPC manner can be achieved by taking
advantage of the temporal structure of the optimal control
problem. Differential dynamic programming (DDP) [23]
takes advantage of this structure by factorizing a sequence
of smaller matrices, rather than employing sparse linear
solvers [24] commonly done in nonlinear programming [25].
This reduction in computational complexity facilitates the de-
ployment of MPC with full-body dynamics, as demonstrated
by simulation results in [26]. Inspired by these results, recent
research has shown the application of MPC with SRBD
and full kinematics [27], [28], [29] and full-body dynam-
ics [11], [12], [30], [31], [32]. However, these approaches
do not address the issue of footstep placement and contact
surface selection. While algorithms based on DDP, such as

iLQR [33], Box-FDDP [13], and ALTRO [34], have been
also developed, they have not yet been applied to address
the aforementioned problems. In contrast to other MPC ap-
proaches, our topology-based approach creates a continuous
cost function for terrain within the framework of full-body
dynamics MPC, rather than addressing the combinatorial
complexity of selecting an optimal contact surface.

B. Contribution

The main contribution of our work is a motion predic-
tive controller that simultaneously plans full-body motions,
torque commands, feedback policies, footstep placements,
and contact surfaces in real time. Specifically, we identify
three technical contributions as follows:

(1) A novel topology-based MPC using the winding number
and electric field that plans footstep placements and
contact surfaces in real time;

(i) Demonstration of the advantages of our topology-
based MPC that takes into account full-body dynamics
in selecting footstep placements and contact surfaces;

(iii) Experimental validation of our topology-based MPC on
the ANYmal robot, and simulations that showcase its
potential capabilities.

In the next section, we introduce the concepts of electric
potential and winding number that we use to create a contact-
surface penalty function.

II. ELECTRIC POTENTIAL AND WINDING NUMBER IN
CONTACT SURFACES

In this section, we explain in detail our novel approach to
footstep placement and contact surface selection. It borrows
the concepts of electric potential (Section II-A and II-B)
and winding number (Section II-C and II-D) from classi-
cal electrostatics and topological representation, respectively.
These concepts enable us to design a contact-surface penalty
function, allowing our MPC to select optimal contact surfaces
and footstep placements (Section II-E).

A. Unitless Electric Potential in Closed Curves

We begin with an introduction to the electric potential that
arises from a charged particle. This is also called a Coulomb
potential and is defined as
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where () is the charge of the particle, €( is the permittivity
of vacuum, r is the point at which the potential is evaluated,
and p is the point at which the charged particle is located.
Since the physical meaning of the electric potential is not
relevant to the definition of the cost function, we drop the
scaling factor % and make the potential unitless. Moreover,
the potential measured across a closed curve ~(s) can be
obtained by integrating the electric field:
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B. Electric Potential in Contact Polygons

We describe the contact surfaces as contact polygons.
Their boundaries can be represented by a sequence of linear
segments. Similar to Eq. (2), we calculate the potential
measured across the i-th linear segment of the polygon as
follows:

1
1
Di = —ds, 3)
/0 la; + (b; — a;)s — P

where a;,b; € R? are the endpoints of the segment and
p € R? is the position of the robot’s foot in the horizontal
plane. Then, we compute the resulting potential produced by
each potential segment p;, which is described as follows:

Vy==Y p, “)
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where the negative sign denotes the computation of the po-
tential outside the contact polygon. Furthermore, the integral

in Eq. (3) has the following analytical solution:
atan(<) — atan(4)
Di = : * @)
€;
with ) )
¢i = (a; -b;) — (a; - D) + (bi - D) — (b; - by),

di = —(a; -b;) — (a; - p) + (b; - ) + (a; - &),
e; = [a; x bi], — [a; x P, + [b; X P,

where [a x b], returns the z coordinate of the cross product
of the two vectors a = [a,, ay] and b = [b,,b,] in the XY
plane (i.e., azby — ayby).

C. Winding Number

To represent discrete terrain as a topological space, we
leverage the concept of winding number. The winding num-
ber is a measure of how many times a curve is wound around
a point in the 2D plane. There are different ways to define
the winding number. For instance, from the perspective of
differential geometry, we can associate this number with the
polar coordinates for a point in the origin (p = 0), i.e.,

. N 1 x y
wind(y,p =0) = ;% (r—gdy + T—de) ,
v

where x,y defines the parametric equation of a continuous
closed curve v, with 2 = 22 + 72

D. Winding Number in Contact Polygons

As in Section II-B and using the formula derived by [35],
we calculate the winding number of the closed curve ~ by
summing over the ¢-th linear segments as follows:

~
. R atan2(c;, d;
wind(y,p) = ) # (6)

with R R
¢i = [(a; = P) x (b; — D)=,
d; = (a; —p) - (b; — D).
Then, we only need to check if wind(~, p) >
a point P is inside a closed curve.
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Fig. 2. Contact-surface penalty function for two contact surfaces. The
cost is zero inside the two candidate contact surfaces outlined in black and
positive elsewhere. To determine if the robot’s feet are inside the contact
surfaces, we compute the winding number.

E. Contact-Surface Penalty Function

To enable the robot to select a placement p¢, (with Cy, as
each foot) within a single contact surface, we assign a zero
cost when the placement is inside the surface. To achieve this,
we use an indicator function based on the winding number
to compute the contact-surface penalty cost épck as follows:

0 if Zj Vy, =0,
Zj Nj . . ~
épck = SV if Zj wind(y;, Pe, ) @)

<4
0 if Ej Wind(’Yjaf)Ck) > %7
where V,, is the electric potential, N; is the number of
linear segments, and wind(+y;, pc, ) is the winding number
obtained for the polygon j. We compute this electric potential
and winding number using Eq. (4) and Eq. (6). Finally, we
can also compute the analytical derivatives of this penalty
function by applying the chain rule.

As shown in Eq. (7), we define the penalty function by
using a square root (second line). However, to avoid division
by zero, we set the penalty function to zero when the electric
potential is zero (first line). This happens when p¢, is on the
boundary of the polygon. Fig. 2 shows our penalty function
when we have two contact surfaces.

Since our penalty function is based on the definition of
electric potential as defined in Eq. (5), it forms a harmonic
field. For convex closed curves, it is also monotonic. Ad-
ditionally, it remains harmonic for non-convex polygons,
collections of polygons, self-intersecting curves, and over-
lapping polygons. This means that it contains the fewest
possible number of local minima and saddle points. The
topology-based representation via the winding number allows
us to enforce all of these properties using our contact-surface
penalty function. Inspired by [36], our penalty function
exploits invariances within a homology class defined by the



winding number. In other words, it captures containment,
which makes this penalty an ideal candidate for numerical
optimization.

III. MPC AND PIPELINE

In this section, we describe our MPC formulation for
selecting footstep placements and contact surfaces (Sec-
tion III-A). We then present the control pipeline and setup
used in our experiments with the ANYmal robot (Sec-
tion III-B).

A. Topology-Based MPC

Building upon our previous work [11], our MPC solves
a hybrid optimal control problem at each control time step.
The different modes of the hybrid dynamics define different
contact conditions along the optimization horizon. These
rigid contact conditions are subject to the robot’s full-body
dynamics (i.e., contact dynamics). We also model the contact-
gain transitions between these modes using the impulse dy-
namics. Our BOX-FDDP solver [13] then computes full-body
motions, torque commands, and feedback policies within
the robot’s torque limits, given a predefined set of footstep
placements.

Here, our contact-surface penalty function extends the ca-
pabilities of our previous MPC by enabling it to automatically
plan footstep placements given a reference velocity and a
set of discrete contact surfaces. In Eq. (8), the modifications
introduced in this work are highlighted in blue.

N-1
min D (fz“uwrm- —f”ff%wapck)

k=0 Cr
s.t. if k is a contact-gain transition:

dk+1 = 9k,
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(integrator)

(contact dyn.)

(vertical foot pos.)

(vertical foot vel.)

Awpgli"_c L =a, (contact surface height)
Cl¢, > c, (friction-cone)

x < xp <X, (state bounds)

(control bounds)

(®)
where x = (q, v) is the state of the system, q € SE(3) x R™
(with n; as the number of joints) is the joint configuration,
v € R" (with n, = 6 + n;) is the generalized velocity,
u € R™ is the joint torque input, A¢ € R"< (with n. as
the dimension of the contact forces) is the contact force,
Pcg € R"™ (with C and G as active and inactive contacts,

u<u <,
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Fig. 3. Overview of our locomotion pipeline. Our topology-based MPC
computes full-body motions, torque commands, and feedback policies given
a reference velocity command and candidate contact surfaces.

respectively) is the position of the foot, A and a describes
the contact surface, @ and & denote integration and differ-
ence operations needed to optimize over manifolds [37]—
notations introduced in CROCODDYL [5]. Furthermore, £,
regularizes the robot’s configuration around a nominal pos-
ture "¢/, the generalized velocity, joint torques, and contact
forces as follows:

69 = llar © "G + IvillX + lulli + 1Ae, i

where Q,N € R™*" R € R™%*"™ and K € R"*" are
a set of (positive definite) diagonal weighting matrices.

To enable the automatic footstep placement, we first define
a quadratic cost w, ||t — #7¢/||? (with w, as its weight)
that tracks the reference base velocity "¢/ in the horizontal
plane. Next, for all active contacts, we include our contact-
surface penalty function ch Kpck (with wy as its weight).
We also add a constraint that specifies the contact surface
height. Finally, we impose constraints that define the vertical
motion of the swing foot. Note that we define the log(-)
operator in the vertical foot velocity constraint as the footstep
placement may lie on a SE(3) manifold. "pg" - ngef
describes the inverse composition between the reference and
current contact placements [38].

Again, we employ the robot’s full-body dynamics (contact
and impulse dynamics) in Eq. (8), where M € R *"v is
the joint-space inertia matrix, Jo € R™“*"™ ig the active
contact Jacobian, TbC T ¢ R™ is the force-bias vector,
ac € R« is the desired acceleration, and C and c describes
the linearized friction cone (or wrench cone for humanoids).
Note that the definition of the force-bias term (< or 7if)
changes between the contact and impulse dynamics. For more
details on the regularization cost, dynamics, friction cone, and
implementation aspects of our MPC, we encourage readers
to refer to [11].



B. Locomotion Pipeline and Experimental Setup

Fig. 3 illustrates our locomotion pipeline. Reference veloc-
ities are sent using a joystick that runs at 30 Hz. Candidate
footstep surfaces in the predefined environment are extracted
from mesh files at 10 Hz. Our topology-based MPC operates
at 50 Hz with an optimization horizon of 0.85s.

Our MPC, teleoperation, and surface extractor run on two
external PCs. The joystick and surface extractor run on an
Intel Core 19-9980 PC (8 core, 2.40 GHz) while the MPC
runs on an Intel Core 19-9900 PC (8 core, 3.60 GHz). Lastly,
the state feedback controller and state estimator operate at
400 Hz on two separate onboard PCs equipped with an Intel
Core i7-7500 (2 core, 2.70 GHz).

IV. RESULTS

In this section, we first show the impact of considering
the robot’s full-body dynamics when selecting footstep place-
ments (Section IV-A). It justifies the benefits of our approach
compared to other state-of-the-art methods that use simplified
models. We then validate our approach in an MPC scheme
on the ANYmal robot (Section IV-B). Finally, we showcase
the potential highly-dynamic maneuvers that our approach
can generate by exploiting limb dynamics in simulations
(Section IV-C).

A. Footstep Planning with the Robot’s Full-Body Dynamics

As discussed in Section I, neither CD nor SRBD can
enforce torque limits. Furthermore, limb dynamics and kine-
matics are not included in the SRBD. Here, we present
results that justify our full-body dynamics MPC that is able
to consider the robot’s torque limits and limb dynamics

Fig. 4. Visualization of footstep placements and contact surfaces planned
by our MPC when changing the joint torque limit and friction coefficient.
The figures in the left and right columns of each row show the start and end
of the crossing of the second foot, respectively. (a) ANYmal’s default torque
limits of 40 Nm and high friction coefficient of 1.0. (b) Reduced torque
limits of 20 N m. (c) Low friction coefficient of 0.14. When the torque limits
are reduced in (b), our approach moves the footstep closer to the robot’s hip
and selects contact surfaces that require lower torque commands. Instead,
our approach stretches the robot’s leg perpendicular to the ground when the
friction coefficient is low. This is done to maintain the reaction force within
the small friction cone.
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Fig. 5. Torque commands on the knee joints when the robot crosses the
patches. The red line represents the torque commands computed with the
ANYmal’s default torque limit of 40 N m, while the blue line represents the
torque commands computed with the reduced torque limit of 20 N m. The
black dashed line indicates the reduced torque limit. With the default torque
limit, the torque command for the right front knee computed by our MPC
peaks at 2.7 s. When the torque limit is lowered, our MPC changes the patch
crossing moment as shown in Fig. 4b. The command torque for the left front
knee reaches the limit at 2.9 s, but it is maintained within it during that gait.

when planning footsteps placements and contact surfaces. To
strictly focus on the independent variables (i.e., joint torque
limits and friction coefficients), we set up the simulation as
shown in Fig. 4.

1) Joint Torque Limits: We investigated the ability of the
robot to adjust to changing torque limits. The result will allow
us to consider having the robot carry a payload (e.g., an arm),
or more dynamic movements (e.g., crossing patches), without
concern about exceeding the robot’s torque limit. First, we
used the ANYmal’s default torque limits of 40 Nm to have
the robot walk with a trotting gait on the footstep surface of
two pallets with a gap of 30 cm. Next, we reduced the torque
limits by half. Fig. 4a and 4b show the selection of contact
surfaces and footstep placements for the default and reduced
torque limits, respectively. These demonstrate that our MPC
with the reduced torque limit makes the robot positions its
legs closer together. As a result, the joint torque commands
are reduced and kept within the torque limit, as demonstrated
in Fig. 5.

2) Limb Dynamics: We varied the friction coefficient to
investigate how the robot leverages limb dynamics when de-
termining contact surfaces and footstep placements. We used
the ANYmal’s default torque limits and the same reference
velocity used in Section IV-Al. As shown in Fig. 4c, our
approach stretched the robot’s leg perpendicular to the ground
so it can maintain the contact forces within the friction cone
(with a friction coefficient of 0.14).



Fig. 6. Snapshots of various locomotion maneuvers computed by our topology-based MPC with automatic footstep placement and contact surface selection.
We conducted all experimental and simulation trials using an MPC with an optimization horizon of 0.85s and a control frequency of 50 Hz. To seek to
further explore the potential for more dynamic maneuvers that could be achieved with high-torque actuators, we increased the torque limit for simulations.
(a) Experimental validation of gap-crossing maneuver with a gap of 10 cm. (b) Climbing up a staircase of 30 cm depth and 10 cm height with a trotting
gait. (c) Climbing up the same staircase with a pacing gait. (d) Jumping over a gap of 40 cm.

B. MPC Validation on the ANYmal Robot

We validated our MPC on the ANYmal robot. The robot
did not perceive its surroundings but received the candidate
contact surface information extracted from the predefined
environment as shown in Fig. 3. The robot moved with a
walking gait. It selected the next contact surface and planned
its footstep placement within it while considering the full-
body dynamics and kinematics as shown in Fig. 6a. Our
topology-based MPC enabled the ANYmal robot to success-
fully traverse a discrete terrain with a gap of 10cm. This
demonstrates that our approach can run fast enough for MPC
schemes on real robots, with an optimization horizon of 0.85 s
and a control frequency of 50 Hz.

C. Achieving Dynamic Locomotion

We further evaluated our MPC scheme in exploiting limb
dynamics to achieve highly dynamic quadrupedal locomo-
tion through simulations. Specifically, we demonstrated stair-
climbing and gap-crossing scenarios. To showcase the poten-
tial capabilities of our approach in generating highly dynamic
maneuvers when equipped with high-torque actuators in the
future, we disabled the robot’s torque limits.

1) Stair Climbing: We extracted the contact surfaces of a
staircase with 30 cm depth and 10 cm height. Our MPC ap-
proach selected the contact surfaces and footstep placements
to climb stairs in real time. The approach demonstrated the
ability to handle both trotting and pacing dynamics, as shown
in Fig. 6b and 6c¢.

2) Dynamic Jumping: We tested even more dynamic
jumping gait on terrain with a 40 cm gap. Fig. 6d shows that
our MPC can achieve highly dynamic motions and adjust the

contact surfaces and footstep placements to land reliably on
the next contact surface.

V. CONCLUSION

In this work, we introduced a novel topology-based ap-
proach that enables full-body dynamics MPC to automat-
ically select footstep placements and contact surfaces for
locomotion over discrete terrains. Specifically, we proposed a
contact-surface penalty function using electric potential and
winding number that optimizes both footstep placement and
contact surface selection. With our method, we first justified
the importance of considering full-body dynamics, which
includes joint torque limits and limb dynamics, in footstep
planning. We evaluated the planned footsteps and demon-
strated that our full-body dynamics MPC can effectively
adapt to variations in joint torque limits and friction coef-
ficients. Second, to demonstrate its practical implementation
of our method in an MPC scheme, we conducted hardware
experiments on discrete terrain using the ANYmal quadruped
robot. Finally, we showcased the potential capabilities of our
approach in various dynamic locomotion maneuvers with
robots equipped with high-torque actuators through stair-
climbing and gap-crossing simulations.

For future work, we will implement perceptive locomotion
with our MPC in changing environments to demonstrate the
practical usefulness of our work in solving real-world prob-
lems. Furthermore, we will compare our full-body dynam-
ics MPC approach with reduced-order model dynamics MPC
applications through empirical comparisons to highlight the
significance of our proposed approach.
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