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Geodesic Gaussian Kernels for Value Function Approximation
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Abstract: The least-squares policy iteration algorithm (Lagoudakis & Parr, JMLR 2003) works
extremely well in value function approximation, given appropriate basis functions. Recent studies
showed that value function approximation can be more effectively carried out by making use of the
non-linear manifold structure of the state space induced by the Markov decision processes. In this
paper, we propose using geodesic Gaussian kernels defined on the non-linear manifold for value
function approximation. We show that geodesic Gaussian kernels have a number of preferable
properties and compare favorably with other basis functions through numerical examples.

1 Introduction

Value function approximation is an essential ingredient of
reinforcement learning (RL), especially in the context of
solving Markov Decision Processes (MDPs) using policy
iteration methods. In problems with large discrete state
space or continuous state spaces, it becomes necessary to
use function approximation methods to represent the value
functions. A least-squares approach using a linear combi-
nation of predetermined under-complete basis functions has
shown to be promising [9]. Fourier functions (trigonomet-
ric polynomials), Gaussian kernels [7], and wavelets [3] are
popular basis function choices for general function approx-
imation problems. Both Fourier bases (global functions)
and Gaussian kernels (localized functions) have smooth-
ness properties that make them particularly useful for mod-
eling inherently smooth, continuous functions. Wavelets
provide basis functions at various different scales and may
also be employed for approximating smooth functions with
local discontinuities.

Typical value functions in RL tasks are predominantly
smooth with some discontinuous parts [10]. To illustrate
this, let us consider a toy RL task of guiding an agent to a
goal in a grid world (see Fig. 1(a)). In this task, a state �
corresponds to a two-dimensional Cartesian position � of
the agent. The agent can not move over the wall, so the
value function of this task is highly discontinuous across
the wall. On the other hand, the value function is smooth
along the maze since neighboring reachable states in the
maze have similar values (see Fig. 1(b)). Due to the dis-
continuity, simply employing Fourier functions or Gaussian
kernels as basis functions may not be a good idea. Wavelets
could be a viable alternative, but are over-complete bases—
one has to appropriately choose a subset of basis functions
which is not a straightforward task in practice.
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Recently, the paper [10] proposed considering value
functions defined not on the Euclidean space, but on graphs
induced by the MDPs (see Fig. 1(c)). Value functions which
usually contain discontinuity in the Euclidean domain (e.g.,
across the wall) are typically smooth on graphs (e.g., along
the maze); hence, approximating value functions on graphs
can be expected to work better than approximating them in
the Euclidean domain.

For accurately approximating value functions on graphs
using the least-squares framework, one needs to use ap-
propriate basis functions. The spectral graph theory [1]
showed that Fourier-like smooth bases on graphs are given
as minor eigenvectors of the graph-Laplacian matrix (see
Fig. 2(a)). However, as will be illustrated in the evalua-
tions, their global nature implies that the overall accuracy
of this method is susceptible to be degraded by local noise.
Another paper [2] defined diffusion wavelets, which posses
natural multi-resolution structure on graphs (see Fig. 2(b)).
The paper [11] showed that diffusion wavelets are use-
ful in value function approximation, although the issue of
choosing a suitable subset of basis functions from the over-
complete set is not discussed—this is not straightforward in
practice due to the lack of a natural ordering of basis func-
tions.

In the machine learning community, Gaussian kernels
seem to be more popular than Fourier functions or wavelets
because of their locality and smoothness [7, 13, 12]. Fur-
thermore, Gaussian kernels have ‘centers’, which alleviates
the difficulty of basis subset choice (e.g., uniform allocation
[9] or sample-dependent allocation [5]). In this paper, we
therefore define Gaussian kernels on graphs, and propose
using them for value function approximation (see Fig. 2(c)).
Our definition of Gaussian kernels on graphs employs the
shortest paths between states rather than the Euclidean dis-
tance, which can be computed efficiently using the Dijkstra
algorithm [4, 6]. Moreover, an effective use of Gaussian
kernels opens up the possibility to exploit the recent ad-
vances in using Gaussian processes for temporal difference
learning [5].

The paper describes the notations employed for the RL
problem succinctly in Section 2 and formulates the Gaus-



sian kernel based basis function on graphs in Section 3. A
major contribution of the work is the extensive compara-
tive study with other basis functions on multiple grid world
problems in Sections 4 and 5, including looking at the ro-
bustness of methods when the graph structure is estimated
through random walk, as is needed in real world applica-
tion.

2 Formulation of Reinforcement
Learning Problem

We briefly introduce the notation and reinforcement
learning (RL) formulation that we will use across the
manuscript.

Markov Decision Processes Let us consider a Markov
decision process (MDP) ������� �� ��, where � �
������ ����� � � � � ����� is a finite set of states, � �
������ ����� � � � � ����� is a finite set of actions, ���� �� ��� �
� � � � � � ��� �� is the probability of making a transi-
tion to state �� if action � is taken in state �, ���� �� ��� �
� ���� � �is an immediate reward for making a tran-
sition from � to �� by action �, and � � ��� �� is the discount
factor for future rewards. The expected reward ���� �� for
a state-action pair ��� �� is given as

���� �� �
�
����

���� �� ������� �� ���� (1)

Let ���� � � � � be a deterministic policy which the
agent follows. In this paper, we focus on deterministic poli-
cies since there always exists an optimal deterministic pol-
icy [9]. Let ����� �� � � � � � �be a state-action value
function for policy �, which indicates the expected long-
term discounted sum of rewards the agent receives when the
agent takes action � in state � and follows policy � there-
after. ����� �� satisfies the following Bellman equation:

����� �� � ���� ����
�
����

���� �� ��������� ������� (2)

Least-Squares Policy Iteration The paper [9] proposed
approximating the state-action value function ����� �� us-
ing a linear model:

������ �	�� �
��

���

��	���� ��� (3)

where 
 is the number of basis functions which is usu-
ally much smaller than the number of states, � �
���� ��� � � � � ���

� are the parameters to be learned, � de-
notes the transpose, and �	���� ������� are pre-determined
basis functions. Note that 
 and �	���� ������� can de-
pend on policy �, but we do not show the explicit depen-
dence for the sake of simplicity. Suppose we have sam-
ples ����� ��� ��� �����

�
��� obtained from random walks of the

agent where, at time �, the agent is making a transition from

�� to ��� by action �� with immediate reward ��. Then the pa-
rameter� is learned so that the Bellman equation (2) is op-
timally approximated in the least-squares sense1. Based on
the approximated state-action value function with learned
parameter ���, the policy is updated as

����	
 
��

�
���

������ �	 ����� (4)

Approximating the state-action value function and updating
the policy is iteratively carried out until some convergence
criterion is met, which is referred to as least-squares policy
iteration (LSPI) [9].

3 Gaussian Kernels on Graphs

In the LSPI algorithm, the choice of basis functions
�	���� ������� is an open design issue. While polynomials
[9] or Gaussian kernels [5] have traditionally been popular
choices, we will concentrate on methods that exploit graph
structure induced by MDPs. In this section, we introduce a
new basis construction method, while relation to the exist-
ing methods is discussed in the next section.

MDP-Induced Graph Let 
 be a weighted graph in-
duced by an MDP, where states � are nodes of the graph and
the transitions with non-zero transition probabilities from
one node to another are edges. The edges may have uniform
weight or the weight is determined according to the transi-
tion probabilities. In the following, we define the weights
by ‘� 
 transition probability’. The graph structure corre-
sponding to an example grid world shown in Fig. 1(a) is
illustrated in Fig. 1(c). In practice, the graph structure (in-
cluding the weights) may have to be estimated from random
walk samples of a finite length. We assume that the graph

is connected, i.e., �
� � � �� ���
�����, where � is the
number of nodes and � is the number of edges. Typically,
the graph is sparse in RL tasks, i.e., �� ���
 ����.

Ordinary Gaussian Kernels Ordinary Gaussian kernels
(OGKs) on the Euclidean space are defined as

���� ��� � ���

�


����� ����

���

�
� (5)

where ����� ��� are the Euclidean distance between states
� and ��; for example, ����� ��� � 
� 
 ��
 when the
Cartesian positions of � and �� in the state space are given
by � and ��, respectively. �� is the variance parameter of
the Gaussian kernel.

The above Gaussian function is defined on the state
space �, where �� is treated as a center of the kernel.
The Gaussian function needs to be extended over the state-
action space � � � in order to employ it in the LSPI algo-
rithm. This is usually carried out by ‘copying’ the Gaussian

1There are two approaches in this task: Bellman residual minimization
and fixed point approximation. We take the latter approach following the
suggestion in the paper [9].
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(a) Grid world. Black areas are walls over
which the agent can not move. A gray
area is a goal. Arrows in the grids repre-
sent one of the optimal policies.
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(b) Optimal state value function (in log-
scale) approximated using the natural ba-
sis with a large number of samples.

(c) Graph induced by the MDP and a
random policy.

Figure 1: An illustrative example of an RL task of guiding an agent to a goal in the grid world.

function over the action space. More precisely, for the �-th
action ���� �� �� �� � �� �� � � � ��� and for the �-th Gaus-
sian center ���� �� �� �� � �� �� � � � � ��2, the �����
����-
th basis function used in the LSPI algorithm is defined as

	����������� �� � ��� � ��������� ������ (6)

where ���� is the indicator function, i.e., ��� � ����� � � if
� � ���� otherwise ��� � ����� � �.

Gaussian kernels are shift-invariant, i.e., they do not di-
rectly depend on the absolute positions � and � �, but de-
pend only on the difference between two positions; more
specifically, Gaussian kernels depend only on the distance
between two positions.

Geodesic Gaussian Kernels On graphs, a natural defini-
tion of the distance would be the shortest path. So we define
Gaussian kernels on graphs based on the shortest path:

���� ��� � ���

�


����� ����

���

�
� (7)

where ����� ��� denotes the shortest path from state � to
state ��. Since the shortest path on the graph can be inter-
preted as a discrete approximation to the geodesic distance
on a non-linear manifold [1], we call Eq.(7) geodesic Gaus-
sian kernel (GGK).

Shortest paths on graphs can be efficiently computed
using the Dijkstra algorithm [4]. With its naive implemen-
tation, computational complexity for computing the short-
est paths from a single node to all other nodes is �����,
where � is the number of nodes. If the Fibonacci heap is
employed, the computational complexity can be reduced to
��� ���� � ��, where � is the number of edges [6]. Since
the graph in value function approximation problems is typ-
ically sparse (i.e., � � ��), using the Fibonacci heap pro-
vides significant computational gains. Furthermore, there
exist various approximation algorithms which are compu-
tationally very efficient (see [8] and references therein).

Next we want to extend GGKs on the state-action space
for constructing basis functions used in LSPI. A naive way

2
�� is the total number of basis functions.

is to just employ Eq.(6). However, this causes a ‘shift’ in
the Gaussian centers since the state usually changes when
some action is taken. To incorporate this delay, we propose
defining the basis functions as the expectation of Gaussian
functions after transition, i.e.,

	����������� �� � ��� � �����
�
����

���� �� �������� ������

(8)

4 Discussions

In this section, we discuss the characteristics of the pro-
posed and existing basis construction schemes using a toy
RL task of guiding an agent to a goal in a grid world (see
Fig. 1(a)). In this task, a state � corresponds to a two-
dimensional Cartesian grid position � of the agent. For il-
lustration purposes, let us display the state value function
� ���� � � � �, which is the expected long-term dis-
counted sum of rewards the agent receives when the agent
takes actions following policy � from state �. From the defi-
nition, it can be confirmed that � ���� is expressed in terms
of ����� �� as � ���� � ����� �����. The optimal state
value function (in log-scale) and an MDP-induced graph
structure estimated from �� series of random walk samples
of length ��� are illustrated in Fig. 1(b) and 1(c), respec-
tively.

Graph-Laplacian Eigenfunctions The paper [10] pro-
posed employing the smoothest vectors on graphs as bases
in value function approximation. According to the spec-
tral graph theory [1], such smooth bases are given by the
minor eigenvectors of the graph-Laplacian matrix, which
are called graph-Laplacian eigenfunctions (GLEs). GLEs
may be regarded as a natural extension of Fourier bases to
graphs.

Examples of GLEs are illustrated in Fig. 2(a), showing
that they have a nice Fourier-like structure on the graph.
It should be noted that GLEs are rather global in nature,
implying that noise in a local region can potentially degrade
the global quality of approximation.



An advantage of GLEs is that they have a natural or-
dering of the basis functions according to the smoothness.
This is practically very helpful in choosing a subset of basis
functions. The left graph in Fig. 3(a) depicts the approxi-
mated value function in log-scale, where top �� smoothest
GLEs out of ��� GLEs are used3. The right picture in
Fig. 3(a) illustrates the approximated policy obtained by
GLEs. GLEs are the smoothest vectors on a graph. How-
ever, in practice, since the graph structure (including the
transition probabilities between nodes) are estimated from
samples, these bases tend to become rather ’wiggly’; for ex-
ample, a flat-looking area in the right graph in Fig. 2(a) is
not really flat. Such undulating bases tend to produce fluc-
tuating value functions, which result in locally erroneous
policies.

MDP-induced graphs are typically sparse. In such
cases, the resultant graph-Laplacian matrix is sparse and
GLEs can be obtained just by solving a sparse eigenvalue
problem—which is computationally efficient. However,
finding minor eigenvectors is sometimes numerically un-
stable.

Diffusion Wavelets The paper [2] proposed diffusion
wavelets (DWs), which are a natural extension of wavelets
to the graph. The construction is based on a symmetrized
random walk on a graph. It is diffused on the graph up
to a desired level, resulting in a multi-resolution structure.
A detailed algorithm for constructing DWs and mathemat-
ical properties are described in the paper [2], so we omit
the detail here. Examples of DWs are shown in Fig. 2(b),
illustrating multi-resolution structure on the graph.

When constructing DWs, the maximum nest level of
wavelets and tolerance used in the construction algorithm
needs to be specified by users (see the paper [2] for de-
tail). Here we set the level to � and the tolerance to �����.
DWs are over-complete bases, so one has to appropriately
choose a subset of bases for better approximation. The left
graph in Fig. 3(b) depicts the approximated value function
obtained by DWs, where randomly chosen �� DWs out of
���� over-complete DWs are used (note that similar to the
case of GLE, the actual number of bases is ��). Appropri-
ately determining the tuning parameters as well as choosing
an appropriate basis subset (without any form of inherent
ranking) may not be a straightforward task in practice.

Similar to GLEs, DWs also extensively make use of the
graph structure in the basis design. Therefore, sampling
based approximation of graph structure can result in the
constructed bases being ’wiggly’ (see Fig. 2(b)) and the ob-
tained value functions fluctuate significantly (see the left
graph in Fig. 3(b)), which again result in erroneous policies
(see the right picture in Fig. 3(b)).

Owing to the multi-resolution structure, computation of
diffusion wavelets can be carried out recursively. However,
due to the over-completeness, it is still rather demanding

3Since the action space � contains four actions (‘up’, ‘down’, ‘left’,
and ‘right’), the actual number of bases is �� (� �� � �) out of ����
(� ���� �).
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(a) Graph-Laplacian eigenfunctions
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(b) Diffusion wavelets

5
10

15
20

5

10

15

20

0

0.5

1

x

y

(c) Geodesic Gaussian kernels
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(d) Ordinary Gaussian kernels

Figure 2: Examples of basis functions for two-room maze.
For better comparison, the widths of GGKs and OGKs are
made very large.

in computation time compared with GLEs or the proposed
GGKs.

Geodesic Gaussian Kernels An example of GGKs is de-
picted in Fig. 2(c), where the variance of the kernel is set to
a large value (�� � ��) for illustration purposes. The graph
shows that GGKs have nice smooth surface along the maze,
but not across the partition between two rooms.

An advantage of GGKs over GLEs and DWs is that
they have ‘centers’, i.e., ���� in Eq.(8). In practice, this
fact is very useful for adaptively choosing a subset of bases,
e.g., using a uniform allocation strategy, sample-dependent
allocation strategy, or maze-dependent allocation strategy.
When constructing GGKs, the graph structure is used only
for computing the shortest paths. This implies that even if
the graph structure is rather erroneously estimated from a fi-
nite number of samples, unimodality of the Gaussian func-
tion tends to be maintained without fluctuation. Therefore,
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(a) Graph-Laplacian eigenfunctions
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(b) Diffusion wavelets
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(c) Geodesic Gausian kernels
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(d) Ordinary Gaussian kernels

Figure 3: Approximated value functions in log-scale (left)
and obtained policies (right) for two-room maze.

GGKs would be more robust against the estimation error of
graph structure than GLEs and DWs. Furthermore, since
GGKs are local by nature, the ill-effects of local noise is
constrained locally, which is advantageous in practice.

In the left graph in Fig. 3(c), the approximated value
function obtained by �� GGKs (i.e., 
 � ��) are depicted,
where we put one GGK center at the goal state and re-
maining � centers are chosen randomly. This produces a

nice smooth function along the maze while the discontinu-
ity around the partition between two rooms is sharply main-
tained (cf. Fig. 1(b)). As a result, GGKs give an excellent
policy as illustrated in the right picture in Fig. 3(c).

As discussed in Section 3, the sparsity of the state
transition matrix allows efficient and fast computations of
shortest paths on the graph. Therefore, the LSPI algorithm
with GGKs is still computationally attractive.

GGKs include a tuning parameter, i.e., variance �� in
Eq.(7). The effect of choice of the variance parameter will
be discussed in the next section.

Ordinary Gaussian Kernels OGKs share some of the
preferable properties of GGKs described above. However,
as depicted in Fig. 2(d), the ‘tail’ of OGKs extends be-
yond the partition between two rooms. Therefore, OGKs
tend to make the discontinuity around the partition smooth,
which results in an erroneous policy around the partition
(see Fig. 3(d), particularly � � ��, � � �� �� � � � � ��).

5 Simulations

In this section, we report the results of extensive experi-
mental comparison of GLEs, DWs, GGKs, and OGKs.

We employ two standard grid world problems illus-
trated in Figs. 4(a) and 4(b) and evaluate the quality of
obtained policies by the fraction of states from which the
agent can not get to the goal optimally (i.e., in the shortest
number of steps). The simulation is repeated ��� times for
each maze and each method and the mean of the above error
as a function of the number of bases is plotted in Figs. 4(c)
and 4(d). Note that the actual number of bases is four times
more because of the duplication of basis functions over the
action space. GGKs and OGKs are tested with small/large
Gaussian widths.

Figs. 4(c) and 4(d) show that overall GGKs give much
better policies than the other methods. An interesting find-
ing from the graphs is that GGKs tend to work better if the
Gaussian width is made large, while OGKs show the op-
posite tendency, which may be explained as follows. Tails
of OGKs extend across the wall as illustrated in Fig 2(d).
Therefore, OGKs with large width tend to produce unde-
sired value function and erroneous policies. This tail effect
can be alleviated if the Gaussian width is made small. How-
ever, this in turn makes the approximated value function
fluctuated so the resulting policies are still erroneous. The
fluctuation problem seems to be improved if the number of
bases is increased, while the tail effect with large Gaussian
width still remains even when the number of bases is in-
creased. On the other hand, GGKs does not suffer from
both problems thanks to the geodesic construction. Thus,
GGKs can make the width large without sacrificing the dis-
continuity across the wall, which gives smooth value func-
tions along the maze. Consequently better policies are ob-
tained by GGKs with large width. This is a helpful property
since it eases the practical trouble of determining the values
of the tuning parameter.
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(a) Sutton’s maze
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(b) Three-room maze
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(c) Fraction of non-optimal states in Sutton’s maze
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(d) Fraction of non-optimal states in three-room maze

Figure 4: Simulation results for two intricated mazes. The
errors are averaged over ��� trials. In the legend, the
standard deviation � of GGK and OGK is denoted in the
blacket.

6 Conclusions and Outlook

We proposed a new basis construction method for value
function approximation. The proposed Geodesic Gaussian
kernels (GGKs) have several preferable properties: they are
smooth along the graph, robust against the graph estima-
tion error, easy to compute, etc. Furthermore, it is shown
that the obtained policies are not so sensitive to the choice
of the width of the Gaussian kernels. This is a very useful
property in practice.

We focused on discrete state spaces since the primal
purpose of this paper is to introduce the concept of GGKs.
However, GGKs can be naturally extended to continuous
state spaces as follows. First, the continuous state space is
discretized, which gives a graph as a discrete approximation
of the non-linear manifold structure of the continuous state

space. Based on the graph, we construct GGKs in the same
way as the discrete case. Finally, the discrete GGKs are
interpolated using an appropriate method which gives con-
tinuous GGKs. In the workshop, we are planning to present
some applications of GGKs to more realistic reinforcement
learning problems with continuous state spaces.
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