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Part 0

Frege’s Begriffsschrift



Gotlob Frege (1848–1925)



Frege 1879 — modus ponens



Frege 1879 — modus ponens

B ⊃A B

A



Frege 1879 — quantification



Frege 1879 — quantification

A⊃ Φ(a)

A⊃ ∀a.Φ(a)



Frege 1879



Frege in modern notation

B ⊃A B

A

A⊃ (B ⊃A)

(C ⊃ (B ⊃A))⊃ ((C ⊃B)⊃ (C ⊃A))

(C ⊃ (B ⊃A))⊃ (B ⊃ (C ⊃A))



Part 1

Gentzen’s Natural Deduction



Gerhard Gentzen (1909–1945)



Gentzen 1934: Natural Deduction



Gentzen 1934: Natural Deduction

[A]x
···
B

⊃-Ix
A⊃B

A⊃B A
⊃-E

B

A B
&-I

A & B

A & B
&-E0

A

A & B
&-E1

B



A proof

[B & A]z
&-E1

A

[B & A]z
&-E0

B
&-I

A & B
⊃-Iz

(B & A)⊃ (A & B)



Simplifying proofs

[A]x
···
B

⊃-Ix
A⊃B

···
A
⊃-E ⇒

···
A···
B

B

···
A

···
B

&-I
A & B

&-E0 ⇒

···
A

A



Simplifying a proof

[B & A]z
&-E1

A

[B & A]z
&-E0

B
&-I

A & B
⊃-Iz

(B & A)⊃ (A & B)

[B]y [A]x
&-I

B & A
⊃-E

A & B



Simplifying a proof

[B & A]z
&-E1

A

[B & A]z
&-E0

B
&-I

A & B
⊃-Iz

(B & A)⊃ (A & B)

[B]y [A]x
&-I

B & A
⊃-E

A & B
⇓

[B]y [A]x
&-I

B & A
&-E1

A

[B]y [A]x
&-I

B & A
&-E0

B
&-I

A & B



Simplifying a proof

[B & A]z
&-E1

A

[B & A]z
&-E0

B
&-I

A & B
⊃-Iz

(B & A)⊃ (A & B)

[B]y [A]x
&-I

B & A
⊃-E

A & B
⇓

[B]y [A]x
&-I

B & A
&-E1

A

[B]y [A]x
&-I

B & A
&-E0

B
&-I

A & B
⇓

[A]x [B]y
&-I

A & B



Part 2

Church’s Lambda Calculus



Alonzo Church (1903–1995)



Church 1932: Lambda Calculus



Lambda



Lambda



Lambda



Reduction rules

(λx. u) t ⇒ u[t/x]

fst (t, u) ⇒ t

snd (t, u) ⇒ u



Simplifying a term

(λz. (snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))



Simplifying a term

(λz. (snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))



Simplifying a term

(λz. (snd z, fst z)) (y, x)

⇓
(snd (y, x), fst (y, x))

⇓
(x, y)



Church 1940: Typed Lambda Calculus

[x : A]x
···

u : B
⊃-Ix

λx. u : A⊃B

s : A⊃B t : A
⊃-E

s t : B

t : A u : B
&-I

(t, u) : A & B

s : A & B
&-E0

fst s : A

s : A & B
&-E1

snd s : B



A program

[z : B & A]z
&-E1

snd z : A

[z : B & A]z
&-E0

fst z : B
&-I

(snd z, fst z) : A & B
⊃-Iz

λz. (snd z, fst z) : (B & A)⊃ (A & B)



Simplifying programs

[x : A]x
···

u : B
⊃-Ix

λx. u : A⊃B

···
t : A

⊃-E ⇒

···
t : A···

u[t/x] : B
(λx. u) t : B

···
t : A

···
u : B

&-I
(t, u) : A & B

&-E0 ⇒

···
t : A

fst (t, u) : A



Simplifying a program

[z : B & A]z
&-E1

snd z : A

[z : B & A]z
&-E0

fst z : B
&-I

(snd z, fst z) : A & B
⊃-Iz

λz. (snd z, fst z) : (B & A)⊃ (A & B)

[y : B]y [x : A]x
&-I

(y, x) : B & A
⊃-E

(λz. (snd z, fst z)) (y, x) : A & B



Simplifying a program

[z : B & A]z
&-E1

snd z : A

[z : B & A]z
&-E0

fst z : B
&-I

(snd z, fst z) : A & B
⊃-Iz

λz. (snd z, fst z) : (B & A)⊃ (A & B)

[y : B]y [x : A]x
&-I

(y, x) : B & A
⊃-E

(λz. (snd z, fst z)) (y, x) : A & B

⇓
[y : B]y [x : A]x

&-I
(y, x) : B & A

&-E1
snd (y, x) : A

[y : B]y [x : A]x
&-I

(y, x) : B & A
&-E0

fst (y, x) : B
&-I

(snd (y, x), fst (y, x)) : A & B



Simplifying a program

[z : B & A]z
&-E1

snd z : A

[z : B & A]z
&-E0

fst z : B
&-I

(snd z, fst z) : A & B
⊃-Iz

λz. (snd z, fst z) : (B & A)⊃ (A & B)

[y : B]y [x : A]x
&-I

(y, x) : B & A
⊃-E

(λz. (snd z, fst z)) (y, x) : A & B

⇓
[y : B]y [x : A]x

&-I
(y, x) : B & A

&-E1
snd (y, x) : A

[y : B]y [x : A]x
&-I

(y, x) : B & A
&-E0

fst (y, x) : B
&-I

(snd (y, x), fst (y, x)) : A & B

⇓
[x : A]x [y : B]y

&-I
(x, y) : A & B



Part 3

The Curry-Howard Isomorphism



 

The Curry-Howard homeomorphismLC'90



Haskell Curry (1900–1982) / William Howard



Howard 1980



Howard 1980



Howard 1980



Part 4

Programs and Proofs



Programs

• Lisp (McCarthy, 1960)

• Iswim (Landin, 1966)

• Scheme (Steele and Sussman, 1975)

• ML (Milner, Gordon, Wadsworth, 1979)

• Hope (Burstall, MacQueen, Sannella, 1980)

• Miranda (Turner, 1985)

• Haskell (Hudak, Peyton Jones, and Wadler, 1987)

• O’Caml (Leroy, 1996)

• Links (Wadler et al, 2005)



Proofs

• Automath (de Bruijn, 1970)

• Type Theory (Martin Löf, 1975)

• ML/LCF (Milner, Gordon, and Wadsworth, 1979)

• HOL (Gordon and Melham, 1988)

• CoQ (Huet and Coquand, 1988)

• Isabelle (Paulson, 1993)



Proofs/Programs

• Hindley/Milner (1969/1975)

• Girard/Reynolds (1972/1975)

• Linear Logic/Syntactic Control of Interference (1987/1978)

• Classical Logic/Continuation-Passing Style (1990)

• And dual to Or/Call-by-value dual to Call-by-name (2000)


