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Abstract

A fundamental concern of information integration
in an XML context is the ability to embed one or
more source documents in a target document so
that (a) the target document conforms to a tar-
get schema and (b) the information in the source
document(s) is preserved. In this paper, informa-
tion preservation for XML is formally studied, and
the results of this study guide the definition of a
novel notion of schema embedding between two
XML DTD schemas represented as graphs. Schema
embedding generalizes the conventional notion of
graph similarity by allowing an edge in a source
DTD schema to be mapped to a path in the target
DTD. Instance-level embeddings can be defined
from the schema embedding in a straightforward
manner, such that conformance to a target schema
and information preservation are guaranteed. We
show that it is NP-complete to find an embedding
between two DTD schemas. We also provide ef-
ficient heuristic algorithms to find candidate em-
beddings, along with experimental results to eval-
uate and compare the algorithms. These yield the
first systematic and effective approach to finding
information preserving XML mappings.

1 Introduction
A central technical issue for the exchange, migration and
integration of XML data is to find mappings from docu-
ments of a source XML (DTD) schema to documents of a
target schema. Of course, one can define XML mappings in
a query language such as XQuery or XSLT, but such queries
may be large and complex, and in practice it is desirable
that XML mappings (1) guarantee type-safety and (2) pre-
serve information.

It is clearly desirable that the document produced by an
XML mapping conforms to a target schema, guaranteeing
type safety. But this may be difficult to check for mappings
defined in XQuery or XSLT [5]. Further, since in many ap-
plications one does not want to lose the original informa-
tion of the source data, a mapping should also preserve in-
formation. Criteria for information preservation include:
(1) invertibility [16]: can one recover the source document
from the target? and (2) query preservation: for a particular
XML query language, can all queries on source documents
in that language be answered on target documents? We now
illustrate these concepts with an example.

Example 1.1: Consider two source DTDs �������	� and a tar-
get DTD � represented as graphs in Fig. 1 (we omit the
���
 child under cno, credit, title, year, term, instructor, gpa
in Fig. 1(c)). A document of � � contains information of
classes currently being taught at a school, and a document
of � � consists of student data of the school. The user wants
to map the document of � � and the document of � � to a
single instance of � , which is to collect data about courses
and students of the school in the last five years. Here we
use edges of different types to represent different constructs
of a DTD, namely, solid edges for a concatenation type (a
unique occurrence of each children), dashed edges for dis-
junction (one and only one children), and star edges (edge
labeled ‘ � ’) for Kleene star (zero or more children). �

In this example, invertibility asks for the ability to re-
construct the original class and student documents from an
integrated school document, while query preservation re-
quires the ability to answer XML queries posed on class and
student documents using the school document. Two natu-
ral questions are: (a) can one determine whether an XML
mapping is information preserving? (b) is there an efficient
method to find information-preserving XML mappings?

While type safety and information preservation are
clearly desirable, an additional feature is the ability to map
documents of DTDs that have different structures. A given
source DTD may differ in structure from a desired target
DTD. This is typical in data integration, where the target
DTD needs to accommodate data from multiple sources and
thus cannot be similar to any of the sources; see, e.g., the
class, student DTDs and the school DTD in Fig. 1.

Background. While information preservation has been
studied for traditional database transformations [3, 16, 28,
29], to our knowledge, no previous work has considered it
for XML mappings. In fact, a variety of tools and models
have been proposed for finding XML mappings at schema-
or instance-level [13, 23, 25, 26, 27, 30]; however, none
has addressed invertibility and query preservation for XML.
Most tools either focus on highly similar structures, or
adopt a strict graph similarity model like bisimulation (see,,
e.g., [1]) to match structures, which is incapable of map-
ping DTDs with different structures such as those shown in
Fig. 1, and can ensure neither invertibility nor query preser-
vation w.r.t. XML query languages. Another issue is that it
is unclear that mappings found by some of these tools guar-
antee type safety when it comes to complex XML DTDs.

Contribution. To this end we study information preserving
XML mappings, and make the following contributions.
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Figure 1: Example: source and target schemas

First, as criteria for information preservation we revisit
the notions of invertibility and query preservation [3, 16,
28, 29] for XML mappings (Section 2). While the two no-
tions coincide for relational mappings w.r.t. relational cal-
culus [16], we show that they are in general different for
XML mappings w.r.t. XML query languages. Furthermore,
we show that it is undecidable to determine whether or not
an XML mapping defined in a simple fragment of XQuery
(or XSLT) is information preserving (Section 3).

Second, to cope with the undecidability result, we intro-
duce an XML mapping framework based on a novel notion
of schema embeddings. A schema embedding is a natural
extension of graph similarity in which an edge in a source
DTD schema may be mapped to a path, rather than a single
edge, in a target DTD. For example, the source DTDs ���
and �	� of Fig 1 can both be embedded in � , while there is
no sensible mapping from them to � based on graph sim-
ilarity. From a schema embedding, an instance-level XML
mapping can be directly produced that has all the prop-
erties mentioned above. In particular, such mappings are
invertible, query preserving w.r.t. regular XPath (an exten-
sion of XPath introduced in [24]), and ensure type safety.
As with schema-mapping techniques for other data models,
by automatically producing this mapping the user is saved
from writing and type-checking a complex mapping query.
Moreover, we show that the inverse and query rewriting
functions for the mapping are efficient (Section 4).

Third, we provide algorithms to compute schema em-
beddings. We show that it is NP-complete to find an em-
bedding between two DTDs, even when the DTDs are nonre-
cursive. Thus algorithms for finding embeddings are nec-

essarily heuristic. A building block of our algorithms is
an efficient algorithm to find a local embedding for indi-
vidual productions in the source schema. Based on this,
we develop three heuristic algorithms to compute embed-
dings. The first two algorithms repeatedly attempt to as-
semble local embeddings into a schema embedding (using
a random or quality-specific order of the local embeddings,
respectively), and when conflicts arise, attempt to gener-
ate new, non-conflicting local embeddings. The third algo-
rithm generates a candidate pool of local embeddings, and
then uses a heuristic solution to Maximum-Independent-
Set to assemble a valid schema embedding (Section 5).

Finally, we have implemented our algorithms and con-
ducted an experimental study based on mapping schemas
taken from real-life and benchmark sources to copies of
these schemas with varying amounts of introduced noise.
These experiments verify the accuracy and efficiency of our
heuristics on schemas up to a few hundred nodes in size
(Section 6), and support the idea that automatically com-
puted schema embeddings are a promising tool for com-
puting information preserving XML mappings. We discuss
related work in Section 7. Proofs of theorems are in [7].

To the best of our knowledge, this work is the first to
study information preservation in the XML context, and it
yields a systematic and effective approach to defining and
finding information preserving XML mappings.

2 DTDs, XPath, Information Preservation
In this section we review DTDs and (regular) XPath, and
revisit information preservation [16, 29] for XML.

2.1 XPath and Regular XPath

We consider a class of regular XPath queries proposed and
studied in [24], denoted by ��� and defined as follows:
� ����� �! �"# 	�%$'&�(*)+&-,/.0 	�%$1�2 3�545�2 	�768 	�	9 :*; �: ����� �2 	�%$'&�(*)+&-,/.<� ‘ = ’  3�?>A@CBD&EBD>'F<,/.<�HG �IJ:K �:�LM:K N:POQ:SR

where � is the empty path (self), " is a label (element type),
‘ 4 ’ is the union operator, ‘ $ ’ is the child-axis, and � is the
Kleene star; � is an � � expressions, G is a natural number,
= is a string constant, and I � L � O are the Boolean negation,
conjunction and disjunction operators, respectively.

An XPath fragment of � � , denoted by � , is defined by
replacing � 6 with �%$�$�� in the definition above, where $�$ is
the descendant-or-self axis.

A (regular) XPath query � is evaluated at a context nodeT in an XML tree U , and its result is the set of nodes (ids)
of U reachable via � from T , denoted by T79 9 ��; ; .
2.2 DTDs

We consider DTDs of the form ,WVYXZ( �+[���\ . , where V5XZ( is a
finite set of element types; \ is a distinguished type in V5XZ( ,
called the root type; [ defines the element types: for each" in VYXZ( , [ ,Z"]. is a regular expression of the form:
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^ �_�`� 
a��
  b�c bd � � ReRCR � d]fg bd �ih RCReR h d]fg ]dj6
where 
���
 denotes PCDATA, � is the empty word, d is a
type in VYXZ( (referred to as a child of " ), and ‘ h ’, ‘ � ’ and
‘ � ’ denote disjunction (with Flknm ), concatenation and
the Kleene star, respectively. We refer to "po [ ,W"q. as
the production of " . Note that this form of DTDs does not
lose generality since any DTDs � can be converted to �sr
of this form (in linear time) by introducing new element
types, and (regular) XPath queries on � can be rewritten
into equivalent (regular) XPath queries on �sr in PTIME [6].

Schema Graphs. We represent a DTD � as a labeled graphtYu
, referred to as the graph of � . For each element type" in � , there is a unique node labeled " in

t5u
, referred to

as the " node. From the " -node there are edges to nodes
representing child types in [ ,W"q. , determined by the pro-
duction "vo [ ,W"q. of " . There are three different types of
edges indicating different constructs. Specifically, if [ ,W"q.
is d � � RCReR � d]f then there is a solid edge from the " node to
each d]w node; it is labeled with a position G if dbw is the G -th
occurrence of a type d in [ ,W"q. (the label can be omitted ifd]w ’s are distinct). If [ ,Z"q. is d �3h RCReR h d]f then there is a
dashed edge from the " node to each dxw node (w.l.o.g. as-
sume that d w ’s are distinct in disjunction). If [ ,W"q. is d 6 ,
then there is a solid edge with a ‘ � ’ label from the " node
to the d node. Note that a DTD is recursive if its graph is
cyclic. When it is clear from the context, we shall use the
DTD and its graph interchangeably, both referred to as � ;
similarly for " element type and " node.

For example, Fig. 1 shows graphs representing three
DTDs, where Figs. 1(a) and 1(c) depict recursive DTDs.

An XML instance of a DTD � is a node-labeled tree that
conforms to � . We use y , � . to denote the set of all in-
stances of � . A DTD � is consistent if it has no useless
element types, i.e., each type of � has an instance. In the
sequel we consider consistent DTDs only.

2.3 Invertibility and Query Preservation

For XML DTDs ���z���%{ , a mapping |~} � y , �	� .�o y , �%{ . is
invertible if there exists an inverse |i� �} of |~} such that for
any XML instance U���y , �	� . , |3� �} , |~} , U .�.<� U , where the
notation � , U . denotes the result of applying a function (or
mapping, query) � to U . In other words, the composition
|3� �}�� |?} is equivalent to the identity mapping BE� , which
maps an XML document to itself.

For an XML query language � , a mapping |7} is query
preserving w.r.t. � if there exists a computable function � �
� o � such that for any XML query ���0� and any U��
y , ��� . , � , U .i� � , � .-, |?} , U .a. , i.e., � � � , � . � |~} .

In a nutshell, invertibility is the ability that the origi-
nal source XML document can be recovered from the target
document; query preservation w.r.t. � indicates whether or
not all queries of � on any source U of �3� can be effec-
tively answered over | } , U . , i.e., the mapping | } does not
lose information of U when � queries are concerned.

The notions of invertibility and query preservation are
inspired by (calculus) dominance and query dominance

that were proposed in [16] for relational mappings and later
studied in [3, 28, 29]. In contrast to query dominance,
query preservation is defined w.r.t. a given XML query lan-
guage that does not necessarily support query composition.
Invertibility is defined for XML mappings and it only re-
quires | � �} to be a partial function defined on |7} , y , ��� .�. .

We say that a mapping |~} � y , �	� .�o y , �%{ . is infor-
mation preserving w.r.t. � if it is both invertible and query
preserving w.r.t. � .

3 Information Preservation
In this section we establish basic results for separation
and equivalence of the invertibility and query preservation
of XML mappings, as well as complexity of determining
whether a given XML mapping is information preserving.
Invertibility and Query Preservation. It was shown [16]
that calculus dominance and query dominance are equiva-
lent for relational mappings. In contrast, invertibility and
query preservation do not necessarily coincide for XML
mappings and query languages. Recall the class � of
XPath queries defined in the last section.

Theorem 3.1: There exists an invertible XML mapping
that is not query preserving w.r.t. � ; and there exists an
XML mapping that is not invertible but is query-preserving
w.r.t. the class of � queries without position() qualifier. �

We identify sufficient conditions for the two to coincide:

Theorem 3.2: Let � be any XML query language and |%}
be a mapping from y , �	� .so y , �%{ . .� If the identity mapping BE� is definable in � and |7} is

query preserving w.r.t. � , then |7} is invertible.
� Suppose � is composable, i.e., for any � � �1� { in � ,
� { � � � is in � ; if | } is invertible and |J� �} is express-
ible in � , then | } is query preserving w.r.t. � . �

Recall the class � � of regular XPath queries defined
in Section 2. Although the identity mapping BE� is not
definable in �N� , we show below that query preservation
w.r.t. ��� is a stronger property than invertibility.

Theorem 3.3: If an XML mapping |7} is query preserving
w.r.t. � � , then |~} is invertible. Conversely, there exists a
mapping | } that is invertible but is not query preserving
w.r.t. �N� . �
Complexity. It is common to find XML mappings defined
in XQuery or XSLT. A natural yet important question is
to decide whether or not an XML mapping is invertible or
query preserving w.r.t. a query language � . Unfortunately,
this is impossible for XML mappings defined in any lan-
guage that subsumes first-order logic ( �Y� , or relational al-
gebra), e.g., XQuery, XSLT, even when � consists of projec-
tion queries only. Thus it is beyond reach to answer these
questions for XQuery or XSLT mappings.

Theorem 3.4: It is undecidable to determine, given an
XML mapping | } defined in any language subsuming �Y� ,

1. whether or not |7} is invertible;
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2. whether or not | } is query preserving w.r.t. projection
queries. �

4 Schema Embeddings for XML
The negative results in Section 3 tell us that it is already
hard to determine whether or not an XML mapping is infor-
mation preserving, not to mention finding one. This moti-
vates us to look for a class of XML mappings that are guar-
anteed to be information preserving.

We approach this problem by specifying XML mappings
at the schema level embeddings, and providing an auto-
mated derivation of instance-level mappings from these
embeddings. Our notion of schema embeddings is novel,
and extends the conventional notion of graph similarity by
allowing edges in a source DTD schema to be mapped to a
path in a target DTD with a “larger information capacity”.
For example, a STAR edge can only be mapped to a path
with at least one STAR edge.

In this section we define XML schema embeddings,
present an algorithm for deriving an instance-level map-
ping from a schema embedding, and verify that the result-
ing mappings ensure information preservation.

4.1 Schema Level Embeddings

Consider a source XML DTD schema � � ��,ZV � ��[ � ��\ � .
and a target DTD � { ��,ZV { ��[ { ��\ { . . In a nutshell, a schema
embedding | is a pair of functions ,/� �e�'� ��� . that maps each" type in V � to a �	,Z"q. type in V { , and each edge ,Z" � d�.
in � � to a unique �z� ��� ,W" � d�. from ��,W"q. to �	,Zdj. in � { ,
such that the � { paths mapped from sibling edges in � � are
sufficiently distinct to allow information to be preserved.
To define � and �z� ��� we first introduce a few notations.

�N� Paths. An �N� path over a DTD � ��,WV ��[���\ . is an
� � query of the form � ��� � $NRCReR�$z��� , where G���m , � w is
of the form "59 :*; , and : is either true or a position() qual-
ifier, such that � is a path in � and it carries all the posi-
tion labels on the path. An � � path is called an AND path
(resp. OR path, and STAR path) if it is nonempty and con-
sists of only solid or star edges (resp. of solid edges and
at least one dashed edge, and of solid edges and at least
one edge labeled � ). Referring to Fig. 1(c), for example,
basic/class/semester/title is an AND path as well as a STAR
path, and mandatory/regular is an OR path.
Name Similarity. A similarity matrix for � � and � { is an V �  ?�  V {  matrix � �E� of numbers in the range 9 ¡ � m-; . For
any " � V � and d � V { , � �E� ,Z" � dj. indicates the suitabil-
ity of mapping " to d , as determined by human domain
experts or computed by an existing algorithm, e.g., [13, 22].
Type Mapping. A type mapping � from �3� to �%{ is a (total)
function from V � to V { ; in particular, it maps the root of
��� to the root of ��{ , i.e., �	, \z� .Y� \*{ . A type mapping �
is valid w.r.t. a similarity matrix � �E� if for any " � V � ,
� �E� ,Z" � �	,Z"].a.Pk8¡ .
Path Mapping. A path mapping from �3� to �%{ , denoted by
| � ��� o ��{ , is a pair ,/� �e�'� ��� . , where � is a type mapping

A
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Figure 2: Path mappings for DTDs

and �z� ��� is a function that maps each edge ,W" � dj. in � � to
an �N� path �z� ��� ,W" � d�. that is from �	,Z"q. to �	,Zdj. in � { .

For a particular element type " in V � , we say that | is
valid for " if the following conditions hold, based on the
production "�o [i� ,W"q. in ��� :� if [ � ,Z"q. = d � � RCReR � dq¢ , then for each B , �z� ��� ,W" � d]wD.

is an AND path from �	,Z"]. to ��,Wd]wD. that is not a prefix
of �z� ��� ,W" � d¤£*. for any ¥§¦�HB ;� if [i� ,W"q. = d � h ReRCR h d ¢ , then for each B , �z� ��� ,W" � d w .
is an OR path from �	,Z"q. to �	,Zd w . that is not a prefix
of �z� ��� ,W" � d¤£*. for any ¥§¦�HB ;

� if [J� ,Z"q. = d 6 , then �z� ��� ,W" � d w . is a STAR path;
� if [ � ,Z"]. = 
���
 , then �z� ��� ,W" � 
a��
 . is an AND path end-

ing with text().

The validity requires a path type condition and a prefix-free
condition, which, as will be seen shortly, are important for
deriving the instance-level mapping from | .
Example 4.1: Consider pairs of source (on the left) and tar-
get (on the right) DTDs depicted in Fig. 2, for which a type
mapping � is defined as �	,©¨�.]�ª¨ r for ¨ in « " � d ��¬�­ ,
except in Fig. 2(c) where both ��, ¬ .®�cd r and �	,Zdj.s�vd r .
Observe the following. For Fig. 2(a), there is no valid
path embedding from the source DTD to the target; intu-
itively, d and ¬ must coexist in a source document while
only one of d r and ¬ r exists in the target. Similarly for
Fig. 2(b), where the source cannot be mapped to the target
since there are possibly multiple d elements in the source,
which cannot be accommodated by the target. For Fig. 2(c),
a valid embedding is �z� ��� ,W" � d�.¯�°d r 9 �~>A@CB/&EBE>'F<,/.<�±m-;
and �z� ��� ,Z" �1¬ .���d r 9 �~>A@CB/&EBE>'F<,/.<�H²'; . For Fig. 2(d),
there is no valid embedding since �z� ��� ,Z" � dj. is a pre-
fix of �z� ��� ,W" �1¬ . , violating the prefix-free condition. For
Fig. 2(e), a valid embedding is �z� ��� ,W" � d�.��g" r $zd r (by
unfolding the cycle once) and �'� ��� ,Z" ��¬ .s�vd r $ ¬br . �

Finally, we define XML schema embeddings as follows.
Schema Embedding. A schema embedding from �3� to ��{
valid w.r.t. a similarity matrix � �E� is a path mapping | �,W� �-�z� ��� . from � � to � { such that � is valid w.r.t. � �E� , and
| is valid for every element " in V � .
Example 4.2: Assume a similarity matrix � �E� such that
� �E� ,Z" � " r .³�´m for all " in the DTD �%� of Fig. 1(a) and" r in � of Fig. 1(c). The source DTD �%� can be embedded
in the target � via |7� ��,W� �A�-�z� ��� � . defined as follows:µ � (db) = school,

µ � (class) = course,
µ � (type) = category,µ � ( ¶ ) = ¶ /* ¶ : cno, title, regular, project, prereq, ·W¸�¹ */ºe» ¸�¼ � (db, class) = courses/current/courseºe» ¸�¼ � (class, cno) = basic/cnoºe» ¸�¼ � (class, title) = basic/class/semester/title
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ºe» ¸�¼ � (class, type) = categoryºe» ¸�¼ � (type, regular) = mandatory/regularºe» ¸�¼ � (type, project) = advanced/projectºe» ¸�¼ � (regular, prereq) = required/prereqºe» ¸�¼ � (prereq, class) = courseºe» ¸�¼ � ( ¶ , ·/¸�¹ ) = text() /* ¶ for cno, title */

Note that �z� ��� � ,W" � d�. is a path in � denoting how to
reach � � ,Zdj. from � � ,W"q. , i.e., the path is relative to � � ,W"q. .
For example, �'� ��� � (type, project) indicates how to reach
project from a category context node in � , where category
is mapped from type in � � by � � . Also observe that the
similarity matrix � �E� imposes no restrictions: any name in
the source can be mapped to any name in the target; thus
the embedding here is decided solely on the DTD structures.

In contrast, one cannot map � � to � by graph similarity,
which requires that node " in the source is mapped (simi-
lar) to d in the target only if all children of " are mapped
(similar) to children of d . In other words, graph similarity
maps an edge in the source to an edge in the target. �
Embedding Quality. There are many possible metrics. In
this paper we consider only a simple one: the quality of a
schema embedding | �½,/� �e�'� ��� . w.r.t. � �E� is the sum of
� �E� ,Z" � �	,Z"].a. for " � V � , and we say that | is invalid if �
is invalid w.r.t. � �E� . We refer to this metric as ¾�¿z�ÁÀ , |7��� �E� . .
4.2 Instance Level Mapping

For a valid schema embedding | �Â,/� �e�'� ��� . from � �
to � { , we give its semantics by defining an instance-level
mapping |~} � y , ��� .�o y , �%{ . , referred to as the XML
mapping of | .

We define | } by presenting an algorithm that, given an
instance U � of � � , computes an instance U { � | } , U � . of
� { . In a nutshell, | } constructs U { top down starting from
the root \C{ of U%{ , mapped from the root \A� of U�� (recall�	, \'� .�� \C{ ). Inductively, for each �	,Z"]. element Ã in U�{
that is mapped from an " element T in U , |7} generates a
distinct �	,Zdj. node Ã7r in U7{ for each distinct d child T r ofT in U�� , such that Ã7r is reached from Ã via �'� ��� ,Z" � d�. in
U { , i.e., Ã7r is uniquely identified by the ��� path from Ã .
More specifically, the construction is based on the produc-
tion "vo [ � ,W"q. in � � as follows.
(1) [3Ä ,Z"]. is d � � RCReR � dqf . For each child TAw of T , | } creates
a node Ã w bearing the same id as T�w . These nodes are added
to U { as follows. For each B � 9Åm � F7; , Ã w is added to U { by
creating �z� ��� ,W" � d]wD. emanating from Ã to Ã w , such that the
path shares any prefix already in U { which were created for,
e.g., �'� ��� ,Z" � d¤£*. for ¥³Æ B .
(2) [ � ,W"q. is d �qh ReReR h dqf . Here T in U � must have a
unique child T�w . For TAw , | } creates a node Ã w bearing the
same id as T w , and adds Ã w to U%{ via �'� ��� ,Z" � d w . as above.
(3) [i� ,W"q. is d 6 . By the definition of valid �z� ��� function,
�z� ��� ,W" � dj. is of the form �z� ��� ,Z" � " � .�$Ad � $ �z� ��� ,Zd �A� d�. ,
where " � is the first type defined in terms of Kleene star in
[3{ , i.e., [3{ ,W" � .b�2d 6� . Let T �A� ReRCR � T�� be all the children
of T . Then |~} creates Ã��z� ReRCR �aÃ � bearing the same id’s asT �'� ReRCR � T�� , and adds these nodes to U�{ as follows. It first

generates a single �'� ��� ,Z" � " � . from Ã to an " r node Ã r
if it does not already exist in U { , and for each B � 9_m � GS; ,
it creates a distinct B -th d � child if it is not already in U { .
From the B -th d]w node it generates �z� ��� ,Zd � � dj. leading to
Ã w , in the same way as in (1) above. Note that the order of
the children of T is preserved by |7} .
(4) [i� ,Z"]. is 
���
 . Same as (1) except the last node of
�z� ��� ,W" � 
a��
 . in U%{ is a text node holding the same value
as the text node in U	� .

We repeat the process until all nodes in U3� are mapped
to nodes in U�{ . We finally complete |~} , U . by adding nec-
essary default elements such that |7} , U . conforms to �%{ .
Recall from Section 2 that we can assume w.l.o.g. consis-
tent DTDs. Thus for each element type " in � { , we can pick
a fixed instance ÇeÄ of " and use it as " ’s default element.
Example 4.3: Consider the XML mapping | } of the em-
bedding defined in Example 4.2. Given an instance U � of
� � of Fig. 1(a), | } generates a tree U { of � of Fig. 1(c)
as follows: | } first creates the root school of U { , bearing
the node id of the root db of U	� . Then, |~} creates a sin-
gle courses child ) of school, a single current child È of ) ,
and for each class child = of db, |7} creates a distinct course
child É of È bearing the id of = , such that the course children
of È are in the same order as the class children of db. It then
maps the cno, title, type children of = to cno, title, category
descendants of É in U { , based on �z� ��� � . In particular, to
map title in � � , it creates a single class child )%Ê of the ba-
sic element, a single semester child )%Ë under )7Ê (although
class is defined with a Kleene star), and then a title child
under )~Ë . For the category element Ì mapped from the
type child & of = , | } creates a distinct path advanced/project
under Ì if & has a project child, or a mandatory/regular
path otherwise, but not both. The process proceeds until
all nodes in U�� are mapped to U�{ . Finally, default elements
of history, credit, year, term, instructor and gpa are added
to U%{ such that U�{ conforms to � . At the last stage, no chil-
dren of disjunctive types category, mandatory or advanced
are added, and no children are created under history. That
is, default elements are added only when necessary. �

Note that | } , U � . does not have to be a new document of
� constructed starting from scratch. Under certain condi-
tions a mild variation of | } allows us to expand an existing
instance U { of � to accommodate nodes of U � , by modify-
ing default elements in U { and introducing new elements.

We next show that | } is well defined. That is, given any
U � in y , � � . , | } , U � . is an XML tree that conforms to � { .
This is nontrivial due to the interaction between different
paths defined for disjunction types in the schema mapping
| , among other things. Consider, for example, �z� ��� (type,
project) in Example 4.2. The path requires the existence of
a regular child under a mandatory element Í , which is in
turn a child under a category element = in an instance of
� . Thus it rules out the possibility of adding an advanced
child under = or a lab child under Í , perhaps requested by a
conflicting path in | . However, Theorem 4.1 below shows
that the prefix-free condition in the definition of valid �z� ���
functions ensures that conflicting paths do not exist, and
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thus prevents violation caused by conflicting paths.
Theorem 4.1 also shows that | } is injective: it maps

distinct nodes in U � to distinct nodes in | } , U � . , a prop-
erty necessary for information preservation. Indeed, | de-
termines an injective path-mapping function Î such that,
for each �N� path � �g" � 9 : � ;Z$NRCReR�$-" � 9 : � ; in � � from \ � ,
Î , � . is �'� ��� , \ � � " � .-9 : � ;Z$NRCReR�$ �'� ��� ,Z" � � � � " � .-9 : � ; , an �N�
path in ��{ from \*{ , by substituting �z� ��� ,W" w � " w�Ï � . for each" w�Ï � in � . Since each node in U	� is uniquely determined
by an � � path from the root, it follows that |7} is injective.

Theorem 4.1: The XML mapping | } of a valid schema
embedding | � � � o � { is well defined and injective. �

4.3 Properties of Schema Embeddings

We have shown that the XML mapping | } of a valid schema
embedding | is guaranteed to type check. We next show
that | } and | also have all the other desired properties.

Information Preservation. In contrast to Theorem 3.4,
information preservation is guaranteed by schema embed-
dings. Recall regular XPath ��� from Section 2.

Theorem 4.2: The XML mapping |7} of a valid schema em-
bedding | � �	� o ��{ is invertible and is query preserving
w.r.t. � � . More precisely, (a) there exists an inverse | � �} of
| } that, given any | } , U . , recovers U in � ,� | } , U .e { . time;
and (b) there is a query translation function � that given
any �N� query � over � � , computes an ��� query � , � .
equivalent w.r.t. | } over � { in � ,� �  S |  S � �  . time. �
Example 4.4: The ��� query � below, over � � of Fig. 1(a),
is to find all the classes that are (direct or indirect) prereq-
uisites of CS331. It is translated to an ��� query �Yr over �
of Fig. 1(c), which is equivalent w.r.t. the mapping | } given
in Example 4.3, i.e. � , U . = �Yr , | } , U .�. for any U���y , � � . ,
when evaluated on U with the root as the context node.Ð

: class[cno/text()=‘CS331’]/(type/regular/prereq/class) Ñ .Ð¤Ò
: courses/current/course[cno/text()=‘CS331’]/

(category/mandatory/regular/required/prereq/course) Ñ . �
In contrast, the notion of graph similarity ensures nei-

ther invertibility nor query preservation w.r.t. � � . As a
simple example, the source and target schemas in Fig. 2(a)
are bisimilar (if the conventional definition of graph simi-
larity is not extended to accommodate the cardinality con-
straints of different DTD constructs). However, there exists
no instance-level mapping from the source to the target, not
to mention inverse mappings and query translation.

Multiple sources. In contrast to graph similarity, it is pos-
sible to embed multiple source DTD schemas to a single
target DTD, as illustrated by the example below. This prop-
erty is particularly useful in data integration.
Example 4.5: The embedding | { �Ó,/� { �-�z� ��� { . below
maps ��� of Fig. 1(b) to the target DTD � of Fig. 1(c).µÕÔ

(db) = schoolµÕÔ
( ¶ ) = ¶ /* ¶ : student, ssn, name, taking, cno */ºe» ¸�¼ Ô (db, student) = students/student

ºe» ¸�¼ Ô (student, Ö ) = Ö /* Ö : ssn, name, taking */ºe» ¸�¼ Ô (taking, cno) = cnoºe» ¸�¼ Ô ( × , ·W¸�¹ ) = text() /* × : ssn, name, cno */

Taken together with |7� of Example 4.2, this allows us to
integrate a course document of ��� and a student document
of ��� into a single school instance of the target DTD � . �

In general, given multiple source DTDs � � � ReRCR ��� f and
a single target DTD � , one can define schema embeddings
| w5� � w]o � to simultaneously map � w to � . Their XML
mappings | �} � RCReR ��|

f
} are invertible and query preserving

w.r.t. �N� as long as Î w ��Î £ are pairwise disjoint, where Î w
is the path mapping function derived from | w to map �N�
paths from root in � w to �®� paths from root in � . The
instance-level XML mapping | } is a composition of indi-
vidual | �} � ReReR ��|

f
} , such that | w} increments the document

constructed by |
£
} ’s for ¥�Æ B by modifying default ele-

ments or introducing new elements, as described earlier.

Small model property. The result below gives us an upper
bound on the length  �z� ��� ,W" � d�.e , and allows us to reduce
the search space when defining or finding an embedding.

Theorem 4.3: If there exists a valid schema embedding
| � ��� o �%{ , then there exists one such that for any edge,Z" � dj. in ��� ,  �z� ��� ,Z" � dj.e ®Øl,WG h m'.q V {  , where ��{ �,ZV {���[	{��a\C{ . , and G is the size of the production [J{ ,Z"]. . �

5 Computing Schema Embeddings
In this section we address the computation of XML schema
embeddings as defined by the following problem, stated in
terms of two XML DTD schemas �3� �Ù,WV �z��[J�A�a\z� . and
�%{ ��,ZV {���[3{A��\C{ . , and a similarity matrix � �E� :

PROBLEM: Schema-Embedding
INPUT: Two DTDs � � and � { and matrix � �E� .
OUTPUT: A schema embedding | � � � o � { valid

w.r.t. � �E� if one exists.

In practice, a reasonable goal is to find an embedding | �
� � o � { with as high a value for ¾�¿z�ÁÀ , |7��� �E� . as possible.
The ability to efficiently find good solutions to this problem
will lead to an automated tool that, given two DTD schemas,
compute candidate embeddings to recommend to users.

However desirable, this problem is NP-complete. Its in-
tractability is rather robust: it remains NP-hard for nonre-
cursive DTDs even when they are defined in terms of con-
catenation types only.

Theorem 5.1: The Schema-Embedding problem is NP-
complete. It remains NP-hard for nonrecursive DTDs. �

In light of the intractable results we develop two ef-
ficient yet accurate heuristic algorithms for computing
schema embedding candidates in the rest of the section.

Notations. Recall that a schema embedding is a path map-
ping | that is valid for each element type " in �3� . Since the
validity conditions for " involve only " ’s immediate chil-
dren, it is useful to talk about mappings local to " . A local
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Algorithm Ú�ÛeÜSÝ » ¸�¼-·1Þ~ß�à ( áqâ�ã'âEä�å�æèç )
Input: Directed Acyclic Graph á , source node ã ,

a bag of target nodes ä å�æéç�ê �/ë ì � â1í�í1í+â ì�î�ë � .
Output: Paths ï � â1í1í�í?âEï î satisfying the prefix-free condition.
1. path ï := ð empty ñ ;
2. ò êôó ;
3. õ » ¹©ö�÷1Ü ( ø ) := ù »Aú ·E÷ for all ø ;
4. ¸�¹ »-û ÷C¹Å·E÷ ( áqâaã*âDïÕâ�ä å�æèç âDò );
5. ü ù7ä%å�æèç is nonempty
6. ¹_÷�¸�ýz¹ZÛ ó ;
7. ÷ ú ·E÷s¹_÷�¸�ýz¹©ÛJò ;

Figure 3: Algorithm þ%ÿ����+� ���*
����	�
mapping for " is simply a partial path mapping ,W� �Á�-�z� ��� � .
such that (a) � � and �z� ��� � are defined exactly on all the el-
ement types appearing in " ’s production "�o [s� ,Z"]. , in-
cluding " itself; and (b) it is valid, i.e., it satisfies the path
type and prefix-free conditions given in the last section.

Consider two partial mappings, | � � ,/� � �-�z� ��� � . and
| � � ,/� � �-�z� ��� � . . We say that � � and � � conflict on " if
both � � ,W"q. and � � ,W"q. are defined, but � � ,W"q. ¦�p� � ,W"q. ,
and similarly for �z� ��� � and �'� ��� � . We say | � and | � are
consistent if they do not conflict, either on � or �z� ��� . The
union of consistent partial mappings, denoted by | ��
 | � , is
a partial embedding defined to be ,W� � 
 � {��3�'� ��� � 
 �'� ��� { . ,
where

� � ,Z"]. 
 � { ,Z"]. =

�
 � � � ,W"q. if � { ,Z"q. is � (undefined)� { ,W"q. if � � ,Z"q. is �� � ,W"q. otherwise

similarly for �z� ��� � ,W" � dj. 
 �'� ��� { ,W" � d�. .
Outline. In the rest of the section we first present a tech-
nique for finding local embeddings, already a nontrivial
yet interesting problem. Making use of this algorithm, we
then provide three heuristics for finding embedding can-
didates. The first two are based on randomized program-
ming and the last is by reduction from our problem to the
Max-Weight-Independent-Set problem for which a well-
developed heuristic tool [9] is available.

5.1 Finding Valid Local Mappings

We start by giving an algorithm to find a local embed-
ding |�� �½,W� ���e�'� ��� � . when the partial type mapping � �
is fixed, as this is a key building block of our schema-
embedding algorithms. We then extend the algorithm to
handle the general case when � � is not given. To simplify
the presentation we focus on nonrecursive DTDs, i.e., DTDs
with a directed acyclic graph (DAG) structure, but we show
that our technique also works on recursive (cyclic) DTDs.
Finding Valid Paths. Let " � V � be a source element type
with production "�o [ � ,W"q. , in which the element types
appearing in [ � ,W"q. are d � � ReRCR � d � . Assume that the type
mapping � � is already given as a partial function from V � toV { that is defined on d �'� ReReR � db� and " . The Valid-Paths
problem is to find paths �'� ��� � ,W" � d � . � ReReR �-�z� ��� � ,W" � d]��.
such that ,/� ���e�'� ��� � . is a valid local mapping for " .

The validity conditions stated for embeddings in Sec-
tion 4.1 require that (a) target paths for each edge are of the

Algorithm ¸�¹ »�û ÷C¹Å·E÷ ( áqâEø%âDïÕâEä�å�æèç©âEò )
Input: Directed Acyclic Graph á , node ø ,

a bag of target nodes ä å�æéç�ê �/ë ì � â1í�í1í+â ì�î�ë � ,ï , the current path to the root
and ò the output set of prefix-free paths

Global variables: õ » ¹Zö�÷1Ü : maps nodes to
� ¸�¹©ýe÷ , ù »zú ·E÷i�

Output: a list of paths
1. ü ù ( õ » ¹©ö�÷1Ü (n)) ¹_÷�¸�ýz¹©ÛJù »zú ·E÷ ;
2. ü ù ( ø���ä%å�æèç )
3. remove ø from ä�å�æèç ;
4. add ï to ò
5. ¹_÷�¸�ýz¹ZÛ	¸�¹©ýe÷ ;
6. ÷ ú ·E÷ ret = ù »Aú ·D÷ ;
7. ù��z¹ each edge � ê�� ø%â���� outgoing from ø
8. append � to ï ;
9. ret := ret �z¹A¸�¹ »�û ÷C¹Å·E÷ � áqâ�� âDïÕâEä å�æèç âDò�� ;
10. remove � from ï ;
11. ü ù ( Û��C¸ ret) õ » ¹©ö�÷1Ü ( ø ):= ¸�¹©ýe÷ ;
12. ¹_÷�¸�ýz¹©Û ret;

Figure 4: Algorithm ��
 ����� 
é
 �
appropriate type (AND, OR, or STAR path), and (b) that the
target path for an edge is not a prefix of a sibling’s target
path. We abstract the second condition as a directed-graph
problem: Given a directed graph

t ��,! � V�. , a source
vertex @ and a bag of target vertices "$#�%'& � «  & � RCReR�&a�� ­ ,
find paths � � � RCReR ��� � such that no path is equal to or is
the prefix of another. That is, for all B ¦� ¥ , � £ ¦� � w/$ � w`£
for any � w�£ including the empty path. In contrast to most
sub-problems of Schema-Embedding, this can be solved in
polynomial time. We introduce our solution by giving an
algorithm that works only on a DAG and discuss extending
it to handle cycles below.

We present our algorithm, þ%ÿ��(�?� ���*
����	� , in Fig. 3, for
finding prefix-free paths in a DAG. The algorithm depends
on the recursive procedure ��
 ����� 
�
 � , shown in Fig. 4. The
intuition of this algorithm is to modify a simple (but expo-
nential) algorithm to recursively enumerate all paths in a
DAG in such a way that prefix-free paths are found, but ex-
cessive running time is avoided. In a nutshell, ��
 ����� 
é
 � con-
ducts a depth-first-search on the input graph

t
, enumerat-

ing paths from the source node @ to target nodes in " #�%'& , and
identifies prefix-free ones. It uses a (global) boolean array) � 
!* ��� ( F ) to keep track of whether the subgraph rooted
at a node F has been searched and yielded no matches for
nodes in "	#�%'& , and if so, it does not re-enter the subgraph.
A (local) variable ret is used to indicate whether the search
of a subgraph finds any matches to nodes in "+#,%�& .

To see that ��
 ����� 
é
 � is correct, consider removing line 5
in which the algorithm returns early, and line 11 in which
nodes are marked to avoid revisiting them. It is clear that
the resulting algorithm considers every possible path lead-
ing to nodes in " #�%'& , and assigns one path to each F �-" #,%�& ,
but it does not avoid assigning one node the prefix of an-
other path. However, the prefix-free condition is assured
by the return at line 5 without affecting correctness, since a
suffix of the path assigned to F could only be generated by
continuing the recursion from this node. Thus it remains to
argue that the algorithm is still correct if line 11 is in place.
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The intuition of line 11 is simple: if no new target nodes
were found in the subtree of a node when it was explored
by the recursive calls of lines 7-10, then the current node
will not be on any path to any F r remaining in " #�%'& .
Example 5.1: Consider the schema embedding problem
shown in Figure 1. Say that � �E� (regular, seminar), and � �E�
(project, advanced) in � � are 0.75. This means that the
bag of possible target matchings for source tags « regular,
project ­ in � � can be «  seminar, advanced  ­ from � . We
then invoke ��
 ����� 
�
 � with � , category, � (which is empty),
and " #,%�& as «  seminar, advanced  ­ . The first call to ��
 ����� 
�
 �
would result in all edges from category to be recursed. Say,
our algorithm first picks the edge to advanced. Line 2 of��
 ����� 
�
 � would check advanced to be in " #�%'& and add the
path to advanced into . . It would then return back from
the recursion and try the other edges from category in lines
7 though 10. This would result in a prefix-free path manda-
tory/seminar which would then be added to . . �

To analyze the performance of þ%ÿ����+� ���*
����	� , consider��
 ����� 
�
 � as a sequence of forward and backward traversals
of edges in the graph. A forward traversal occurs at line 9
and a backward traversal at lines 1, 5 and 12. Clearly, the
number of forward traversals and backward traversals in a
run are the same. Further, observe that one returns from an
un-marked node at line 5 only on the path back from some
node newly removed from "$#,%�& . Thus, there can be at most "/#,%�&  �  Q such backward steps, and at most  V  other back-
ward steps (which mark the child of the edge traversed).
Since

t
is a DAG, the algorithm is in � ,� "	#�%'&  Á   . time.

To use þ%ÿ����+� ���'
0�1�/� in our algorithms for schema em-
bedding, we must further ensure that the paths returned
match the types needed for F �2"$#,%�& . That is easy to ac-
complish, as the type of a path can be maintained incremen-
tally as it is lengthened and shortended (by storing counts
of nodes of each type), and be checked at line 2.
Schema Embeddings with a Given � . This algorithm can
be used to directly find a schema embedding | � ,W� �-�z� ��� .
from � � to � { when the type mapping � is a given total
function from V � to V { . As remarked earlier, the validity
conditions for any " in V � involve only " ’s children; thus
to find �z� ��� we only need to find valid paths for each " inV � and take the union of these valid local embeddings. This
yields an � ,� � �  � � {  . algorithm to find embeddings in this
special setting, which is not so uncommon since one may
know in advance which target type a source type should
map to, based on, e.g., machine-learning techniques [13].

Handling Multiple Targets. However, to find valid local
mappings when � is not given, we must consider that there
are multiple possible target nodes for each source node.
The general Local-Embedding problem is to find a local
embedding ,/� �Á�-�z� ��� � . when � � may not be fixed. This
problem is no longer tractable as shown below.

Theorem 5.2: The Local-Embedding problem is NP-hard
for nonrecursive DTDs. �

One heuristic approach to finding local embeddings is
to extend þ%ÿ��(�+� ���'
0�1�	� as follows. We compute the set

of all pairings of source nodes " and possible matches for" from � �E� and pass it as " #�%'& . We also modify line 3 of��
 ����� 
�
 � to (a) pick an arbitrary pair with the current node
as the target from " #,%�& at line 2 and (b) remove all pairs as-
sociated with source node " from "$#,%�& at line 3. While this
may work, it is essentially a greedy algorithm and may not
find a solution if one exists. To compensate for this, we ac-
tually use a randomized variant þ%ÿ����+� ���'
03 �Áÿ�� (not shown)
which (a) picks a random source node associated with F at
line 2 of ��
 ����� 
é
 � , and (b) tries outgoing edges from F at
line 7 in random order. The ability of þ%ÿ��(�?� ���*
�3 �Áÿ�� to
find embeddings varies with the size of " #�%'& , and will be
investigated in Section 6.

Handling Cycles. Of course, schemas are frequently cyclic
(recursive), and the algorithms as presented so far only
handle DAGs. In fact, handling cycles generally is some-
what more complicated, but not hard – it is easy to see that
an arbitrary number of paths can be generated by repeated
loops around some cycle on the path to a target, and care-
ful use of these paths can guarantee the prefix-free prop-
erty (Figure 2(e) gives such an example, in which the cycle
is unfolded once to get a prefix-free path, in contrast to
Fig. 2(d)). While we present this full algorithm in [7], the
complication is not warranted here since long cyclic paths
are almost certainly semantically uninteresting. In prac-
tice, we have extended þ%ÿ����+� ���*
����	� once again to allow
limited exploration of cycles limited by (a) no more thanG trips through visited nodes and (b) no more than X total
path length. A bound on G and X is given in Theorem 4.3
and usually G and X are set to small numbers.

5.2 Three Methods for Finding Schema Embeddings

We next introduce our three heuristic embedding-search al-
gorithms, namely, 4q¿z�ÁÀ 5 �!687q
 �8� 
 ��� , 3 �Áÿ��89 ) 7q
 �8� 
 ��� and3 �Áÿ��:9 )<; �0=?>Åÿ�� .
Finding Solutions with Ordered Algorithms. Our first
two heuristics are based on a common subroutine 7q
 �8� 
 ��� ,
shown in Fig. 5. A key data structure is a table, ¬ , where
¬ ,Z"]. is a set of known local embeddings for a source node" . The initialization of this table is discussed later. Given
¬ and an ordered set � of source schema element types,7q
 �8� 
 ��� tries to assemble a consistent solution | by con-
sidering each " in � order (line 2), and trying to find a
local embedding |?Ä in ¬ ,W"q. which can be merged with
the existing | without a conflict (lines 3-8).

Our first algorithm based on 7]
 �:� 
 �0� , 4q¿z�ÁÀ 5 �!687q
 �8� 
 ��� ,
is shown in Figure 6. In this algorithm, ¬ ,Z"q. is initialized
with a single randomly chosen local embedding for each
source node " . The ordering � is sorted by the quality of
the local embedding.

In our second algorithm 3 �Áÿ��89 ) 7q
 �8� 
 ��� (not shown),
¬ is the complete set of local embeddings discovered so far
for each source node (lines 4 and 5 in Figure 6), while � is
a random ordering of source nodes (line 6 in Figure 6).

A Reduction Approach. We now discuss our third heuris-
tic, 3 �Áÿ��89 )@; �0=A>_ÿ�� . To understand this heuristic, consider
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Algorithm B�¹�Üz÷e¹�÷�Ü ( C � âDC Ô âFE]â�× )
Input: Schemas C � and C Ô , an ordered set of source tags E ,

and × , a set of local embeddings for each source tag.
Output: a schema embedding from C � to C Ô if one is found.
1. G := empty solution �©ó â ó � ;
2. ù��z¹Á¶ in E
3. ù��z¹8G?H in × � ¶I�
4. J := conflict between G and G H
5. ü ùKJ is null
6. G ê GMLNGAH ; break;
7. ü ù(J is not null
8. Ú+ÛeÜSÝ » ¸�¼-·PO » ÛeÜ ( á , ¶ , ä%å�æèç � ¶Q�SRTJ );
9. ü ù�J is not null ¹_÷�¸�ýz¹©Û ó ;
10. ¹_÷�¸�ýz¹©ÛUG ;

Figure 5: Algorithm 7q
 �8� 
 ���
the following problem defined on the table ¬ of local map-
pings defined above:

PROBLEM: Assemble-Embedding
INPUT: Two DTDs �	� and ��{ , a similarity matrix

� �E� , and a table ¬ .
OUTPUT: A schema embedding | � � � o � { , valid

w.r.t. � �E� , formed as the union of a subset
of embeddings in ¬ if one exists.

Composing a schema embedding from local embeddings in
¬ is nontrivial:

Theorem 5.3: The Assemble-Embedding problem is NP-
hard for nonrecursive DTDs. �
To cope with this, the 3 �Áÿ��89 )@; �0=A>_ÿ�� heuristic takes the
approach of reducing the Assemble-Embeddings problem
to the problem of finding high-weight independent sets in a
graph. It uses an existing heuristic solution [9] to produce
partial or complete solutions to this problem, which can be
used to create partial or complete embeddings.

Before describing our reduction, we review the defini-
tion of Max-Weight-Independent-Set. That problem is de-
fined on an undirected graph

t � ,! � V�. (not to be con-
fused with a schema graph) with node weights Ì 9 T�; � T �  .
The goal is to find a subset  r of  such that for T�w andT*£ in  r , there is no edge from T�w to T*£ . In other words,,©T w � T £ . ¦� V and the weight of  r , defined as V2W�X�Y1Z'Ì 9 T�; ,
is maximized.

Given an instance of the Assemble-Embedding prob-
lem, it is straightforward to construct an instance of Max-
Weight-Independent-Set. First, for each local mapping
|�[ � ¬ ,Z"q. for any " � V � , we construct a vertex T8\�]
in  . Second, for each pair |K[S��|�^ of such mappings, we
construct an edge between T:\�] and T_\�` if |�[ and |�^ con-
flict. The weight of T \ ] is given as ¾�¿z�ÁÀ , | [ ��� �E� . .

To complete the algorithm on the resulting graph, we use
an existing heuristic tool for Max-Weight-Independent-Set,
which returns a subset  r of  . Finally, we construct an
embedding | by adding local embedding | [ to | for eachT \ ] �  r . The quality of | is warranted by the heuristic
tool used, and its correctness is verified below.

Theorem 5.4: If   r  +�� V �  , | constructed as above is a

Algorithm a�ý »Aú ü ¸cb0B�¹_Üz÷C¹_÷1Ü ( C � âFC Ô )
Input: Schemas C � and C Ô .
Output: a schema embedding from C � to C Ô if one is found.
1. count := 0;
2. d®¼*ü ú ÷ (count ð MAX TRIES) Ü��
3. count++;
4. ù,�A¹ each source node ¶
5. × � ¶I� :=

�
a local embedding, G H for ¶

as found by Ú�ÛeÜSÝ » ¸�¼-·PO » ÛeÜN� ;
6. E := All source nodes, ordered by eÁý »Aú � GfH3â » ¸W¸D� ;
7. G := BP¹_Üz÷C¹_÷1Ü ( C � âDC Ô â�E]â�× );
8. ü ù�Ghgêôó
9. ¹_÷�¸�ýz¹©ÛiG ;
10. ¹�÷a¸�ýz¹©Û ó ;

Figure 6: Algorithm 4q¿z�ÁÀ 5 �!687q
 �8� 
 ���
schema embedding from � � to � { . �

If | is not a full embedding, we use þ%ÿ��(�?� ���*
�3 �Áÿ�� to
generate new local mappings, if any are available, for tags" not mapped by | , and repeating the process until either
it finds a valid embedding or it reaches a threshold of tries.

6 Experimental Study
In this section, we present an experimental evaluation of
our schema embedding algorithms. Our approach is to vary
the difficulty of the matching task by introducing artificial
noise into a target schema, and measuring the ability of our
algorithms to find an embedding.

Our experiments are based on real-world DTDs taken
from a publicly available repository [31], plus the DTD
of the XMark benchmark [34]. Each DTD was normal-
ized into our graph representation. The XMark schema is
the largest, with 57 productions after normalization. The
XMark schema is apparently the most involved schema
as the others scale better (see Fig. 10), and accordingly,
we evaluate our algorithms for all the schemas but use the
XMark schema for more detailed experiments.

Generating Target Schemas. Target schemas are gen-
erated from source schemas with added complexity and
noise. Obviously, a target schema that is a simple copy
of the source will match trivially. As we introduce noise,
we take care to preserve this matching, but make it harder
to find in a number of ways. This approach allows us to at-
tribute any failure to find a matching to the algorithm rather
than the data. Particular target schemas are generated ac-
cording to a probability ÿ�9?5 
 � in two steps: First, for each
edge in the schema, with probability ÿ�9A5 
 � , the edge in the
target is replaced with a path of between 1 and 5 nodes.
When new nodes are added, with probability .5, the name
of the node is formed as a small mutation of an existing
name. Also, the type of the deleted edge (AND, OR, STAR)
is used as the type of the first introduced edge to ensure that
the original mapping is still possible.

In the second step, each node in the target (including
newly-added nodes) are visited again, and with probability
ÿ�9A5 
 � , a new subtree is added under it. The new subtree
adds between 1 and 10 nodes. After each subtree addition,
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Figure 7: Varying accuracy
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Figure 8: Noise vs. success rate
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Figure 9: Noise vs. time

each leaf in the new subtree is visited, and with probability
.5, an edge is added to an existing leaf outside the newly-
added subtree. (This leaf may later have a subtree added
under it.) The intuition for this last step is that confusion
between different parts of the tree is more likely to arise if
the same “attributes” (leaf nodes) appear in multiple places.

Generating the � �E� . The similarity array, � �E� , is initial-
ized by computing pairwise string-edit distances between
source and target tags (string edit distance with unit cost
is also known as Damerau-Levenshtein distance). Further-
more, if a minimum threshold, 
 �AÀ , of similarity is not met
by a pair, the similarity of that pair is set to 0, and as a
result the tags cannot be matched. Note that the “simi-
lar names” introduced above range in similarity from .5
for short strings to over .8 for longer strings, and will be
counted as potential matches in many experiments. There
are also similar names in the schemas themselves, caused
by the conversion of the schema to our graph format.

Clearly, 
 �AÀ , referred to as the selectivity of � �E� , is an
important parameter, as it directly determines the size of
the candidate pool of target tags matching each source
tag. Larger selectivities make the problem easier, and for
our experimental data if 
 ��À is 1.0 (exact matches only),
then finding a schema embedding reduces to finding valid
prefix-free paths for each local embedding in the source
schema.

A second important parameter is the accuracy of � �E� .
This matters greatly for heuristic algorithms, since the valid
embedding in our generated data always has the highest
average quality. Accuracy is implemented with a parameter
= , which varies between 0 and 1. Each entry Í in � �E� is
replaced by =�Í h ,amfj = . 
 ÿ�� , where 
 ÿ�� is a random number
from 0 to 1. A low accuracy tends to mislead heuristics that
rely heavily on � �E� . Combining a low accuracy with a very
low selectivity makes the problem very difficult to solve.

Experimental Setting. Experiments are conducted by
copying the source schema, adding some amount of
noise based on the parameter ÿ�9?5 
 � , and adjusting the
� �E� according to 
 �AÀ and = . Then the three algorithms
given in Section 5 ( 3 �Áÿ��89 ) 7q
 �8� 
 ��� , 4q¿'�ÁÀ 5 �k687q
 �:� 
 �0� and3 �Áÿ��:9 )<; �0=?>Åÿ�� ) are used to try to find embeddings. For
the ordered algorihms, the set ¬ is initialized by finding l
random mappings for each " , and discarding the two with
the lowest ¾+¿'�ÁÀ ratings. When not otherwise stated, exper-
iments are run with 
 ��À ��¡�R m , = ��¡+Ron8p (accuracy) and
ÿ�9A5 
 � �c¡+R ²:p . Since all algorithms (and the noise introduc-
tion) have a random component, they are repeated with 40
different random seeds, and an average is used.

The software is written in Java, except for the external
heuristic for maximum independent sets [8], which is an
optimized C program. Experiments are run on a variety
of machines with Pentium III processors running at either
933MHZ or 1.0GHZ, with 256MB of RAM.

Accuracy Results. Figure 7 shows how the three algo-
rithms perform while varying accuracy, with ÿ�9?5 
 � �K¡+R ²:p .
The y axis shows the percentages of runs for which a suc-
cessful embedding is found. For this noise amount, the
target schema is approximately three times as large as the
source schema. This graph shows that 4q¿z�ÁÀ 5 �!687q
 �8� 
 ��� is
extremely sensitive to the quality of the � �E� values. It uses
� �E� extensively in its search pattern, and thus cannot find
solutions unless � �E� is accurate.

Figure 7 also shows that 3 �Áÿ��:9 ) 7q
 �:� 
 �0� finds correct
solutions more frequently than 3 �Áÿ��89 )@; �0=?>_ÿ�� . While3 �Áÿ��:9 ) 7q
 �:� 
 �0� takes into account � �E� when it is seeking
its solution set, it tries to find alternative solutions based
on the conflicts it detects, independent of the � �E� values.3 �Áÿ��:9 )<; �0=?>Åÿ�� seeks alternative solutions for nodes based
solely on their weights, as defined by � �E� . It does not use
conflicts to guide its search.

Varying Target Schema Size. We also consider tar-
get schemas with different numbers of erroneous nodes
and edges introduced. These results are shown in
Fig. 8. Because this graph shows results when accuracy
is 0.75, 4q¿z�ÁÀ 5 �!687q
 �8� 
 ��� does not do well, as expected.3 �Áÿ��:9 ) 7q
 �:� 
 �0� and 3 �Áÿ��:9 )<; �0=?>Åÿ�� both find the correct
solution the majority of the time, decreasing somewhat as
ÿ�9A5 
 � increases. The running times are shown in Fig. 9.

Different Source Schemas. We also run tests with dif-
ferent source schemas. We vary ÿ�9?5 
 � over five differ-
ent source schemas, using 3 �Áÿ��:9 ) 7q
 �:� 
 �0� and accuracy �¡�Rqn_p . Figure 10 shows the running times for the various
source schemas. For all runs across the different schemas, a
solution was found more than 90% of the time (not shown).

Varying Selectivity. We also run experiments with dif-
ferent values of selectivity. Both 3 �Áÿ��:9 ) 7]
 �:� 
 �0� and3 �Áÿ��:9 )<; �0=?>Åÿ�� find solutions less frequently as selectiv-
ity decreases (not shown). 4]¿'�ÁÀ 5 �k6_7]
 �:� 
 �0� is relatively in-
different to the selectivity level, finding approximately the
same number of solutions at 
 �AÀ ��¡+R l as at 
 �AÀ ��¡+Ron . The
running time increases dramatically, however, once 
 ��À falls
below ¡�R r . The results are shown in Figure 11.

Discussion. Our experimental results show that, when a
feasible matching exists, it is likely to be almost com-
pletely found for schema sizes of up to a few hundred
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Figure 10: Time required for different source schemas

nodes. While this does not demonstrate that similar results
can be obtained with differing target schemas and the use
of real-world tools to produce � �E� , it is certainly promis-
ing. Further, we found that the randomized algorithm3 �Áÿ��:9 ) 7q
 �:� 
 �0� performs better than 3 �Áÿ��:9 )@; �0=A>_ÿ�� ,
and that 4q¿z�ÁÀ 5 �!687q
 �8� 
 ��� only does well with a highly ac-
curate � �E� . Based on these results, we plan to integrate3 �Áÿ��:9 ) 7q
 �:� 
 �0� and 3 �Áÿ��89 )@; �0=?>_ÿ�� , since the external
independent set heuristic is very fast in practice. Finally,
we note that 4q¿z�ÁÀ 5 �!687q
 �8� 
 ��� may be important in practice,
where the � �E� values may in fact be reliable.

7 Related Work
A wide variety of techniques have been developed to solve
different forms of schema matching for relational, ER and
object-oriented models (e.g., [18, 22, 32, 12, 20]; see [33]
for a recent survey). While these are not focused on XML
DTD schema matching, some techniques, such as linguis-
tic analyses and machine learning, are useful for finding
name/label similarity, which our algorithms take as input.

Closer to XML schema matching are [13, 23, 25, 26, 27,
30]. LSD [13] proposes powerful machine-learning tech-
niques that make use of instance-level information to de-
termine XML DTD tag mapping. Systems of [23, 25, 26]
target a wide class of schemas and can be tailored to a
variety of data models. The similarity flooding algorithm
of [25] provides a novel schema matching tool based on
graph-similarity. Cupid [23] is a generic schema match-
ing tool that encompasses a variety of techniques such as
linguistic analyses, referential constraints and context de-
pendencies. Rondo [26] proposes a powerful set of model
mapping operators. For structure-level schema matching,
these systems adopt graph similarity to map a single source
schema to a target. TransScm [30] considers instance-level
mappings based on schema matching, and uses a semi-
automatic mechanism to match highly similar schemas.
Clio [27] also focuses on deriving instance translation from
schema mappings. Both TransScm and Clio adopt a simi-
larity heuristic, and decouple the process of getting an in-
stance mapping from schema matching. To our knowledge,
no previous work has addressed information preservation
for XML DTD schemas. Our notion of schema embedding
extends graph similarity by allowing a source DTD schema
to be mapped to a structurally different target DTD. It is
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capable of mapping multiple source DTDs to a single target
schema, which is typical in data integration. Furthermore,
an instance mapping can be automatically derived from a
schema embedding and it guarantees both invertibility and
query preserving w.r.t. regular XPath queries.

Information preservation has been studied for nested re-
lational and complex data models (e.g., [3, 16, 28, 29]).
[16] proposed several notions of dominance and studied
their relationships, which were revisited in [28]. The fo-
cus of [3, 29] has mainly been on the information capacity
of type constructs and structural transformation rules. Our
study of information preservation is inspired by the prior
work: our notions of invertibility and query preservation
are mild extensions of calculus dominance and query dom-
inance [16]. We revise these notions and study their basic
properties for XML DTD schemas and XML queries, and our
focus is to develop the notion of DTD schema embedding
that preserves information by ensuring both effective in-
vertible mapping and efficient XML query translation.

Query preservation is related to query rewriting using
views, which has been extensively studied for conjunctive
and datalog queries for relational databases and regular
path queries on semistructured data (e.g., [2, 10, 11, 21];
see [15, 19] for surveys). View-based query rewriting
mainly studies whether a given query on the source can
be answered using materialized data from a set of views
(lossless), by translating the query to an equivalent query
in a particular language on the views. In contrast, query
preservation deals with the issue whether all queries in an
(infinite) query language on an XML source can be rewrit-
ten to equivalent queries over XML target (view). More-
over, the focus of this work is to generate XML mappings
(views) that automatically preserves all the queries in an
XML query language, rather than to determine the lossless-
ness of views. It is worth remarking that Theorem 3.2
establishes a connection between invertibility and query
rewriting. For example, if the query language � includes
the identity query BE� , then a view | } is invertible and |J� �}
is in � iff BE� has a rewriting in � using | } .

Also related to schema matching is the problem of type
checking one schema against another. For XML schemas,
the problem of determining the existence of a subsumption
map has been studied (e.g., [17]), but data restructuring and
query translation are not addressed in that context.
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8 Conclusions
We have studied information-preservation criteria for XML
mappings by revising the notions of invertibility and query
preservation [3, 16, 28, 29], and by establishing separation,
equivalence and complexity results. In light of the diffi-
culties of determining information preservation, we have
introduced a novel notion of schema embedding for XML
DTD schemas, from which an instance-level mapping is
automatically derived and is guaranteed to be information
preserving, type checking, and able to accommodate multi-
ple source schemas. While we show that finding a schema
embedding is NP-complete, we have provided heuristic al-
gorithms to compute embedding candidates, which are ef-
ficient and accurate as shown by our experimental results.
These provide a practical approach to specifying and com-
puting information-preserving XML mappings.

This is a first step toward developing a useful tool for
lossless XML data migration and integration. For future
work, we plan to extend the notion of schema embedding
to (a) accommodate more general XML schemas with con-
straints and inheritance, (b) allow one source type to map to
different target types in different contexts, (c) allow certain
queries in XQuery in the �z� ��� function, and (d) preserve
XQuery fragments as query languages.
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Appendix

Proof of Theorem 3.1
(1) We first show that invertibility does not entail query
preservation w.r.t. � . Consider a source DTD � � and a tar-
get DTD � { :
C � = � �ts â�¶¤â�Öxâa×¤�zâDu � â s � , where u � is:swv ¶ , ¶ v Öxâa× , Ö v ¶yxNz , × v z ,C Ô = � �ts â�¶��zâDu Ô â s � , where u Ô is:swv ¶ , ¶ v ¶NxNz .
The mapping | } � y , � � .¤o y , � { . is defined such that

for any U �My , ��� . , the root \z� of U is mapped to the root
\ { of | } , U . , the " child of \ � is mapped to the " child of
\ { ; and inductively, if an " element T in U is mapped to
an " element T r in | } , U . , then the d ��¬ children of T are
mapped to the child and the grandchild of T r , respectively,
and the " child of the d node is mapped to the great grand-
child of T r . Formally, this can be expressed by the function
�z� ��� from the edges of U to (relative) paths of | } , U . as
follows:

ºe» ¸�¼ � s â�¶Q� ê ¶ ºe» ¸�¼ � ¶�âDÖ{� ê ¶ºe» ¸�¼ � ¶�âa×|� ê ¶I}�¶ ºe» ¸�¼ � Öxâ�×|� ê ¶Q}�¶
Obviously | } is invertible: one can restore the original

U from | } , U . inductively top-down from the root \ � of U .
Now consider an � query � �´$�$zd . An equivalent

translation of � over | } , U . is to find all the elements in
the " -chain of | } , U . that are reachable from \ { via "�~ � Ï � .
It is easy to prove that "�~ � Ï � is not expressible in � by
contradiction. Thus | } is not query preserving w.r.t. � .

(2) We next show that query preservation w.r.t. � does not
entail invertibility. Consider a source DTD �3� :
C � = � �ts â�¶��zâSu � â s � , where u � is:swv ¶ Ñ , ¶ v ·/¸�¹ .

and the target DTD � { is identical to � � .
The mapping | } � y , � � .¤o y , � { . is defined such that

for any U �My , � � . , the root \ � of U is mapped to the root
\ { of | } , U . , the " children of \ � are mapped to " children
of \ { such that there is a bijection from the " children of \ �
to the " children of \ { ; however, the " -children of \ { are
ordered based on their string values ( 
���
 ).

One can pose the following forms of � queries over
Ul� y , � � . : � � " � "�9 :*; , where : is a boolean formula de-
fined in terms of atomic formulas of the form text() = ‘ = ’.
Since the identity mapping from � to � yields equivalent
queries over |~} , U . for these queries, the mapping |7} is
query preserving w.r.t. � . However, |7} is not invertible:
one cannot recover the original order of the " elements of
\'� . �

Proof of Theorem 3.2
(1) Suppose that |~} is query preserving w.r.t. � . Then there
exists a computable function � � � o � such that for any
� � � and any U±�³y , �	� . , � , U .s� � , � .-, |?} , U .a. . SinceBE� is in � , we have U � BE�~, U .�� � ,ZBD�S.-, |~} , U .�. for any
U � y , ��� . . That is, | � �} � � ,©BE�S. � |~} , and thus |~} is
invertible.

(2) Suppose that � is composable, | } is invertible and |J� �}
is in � . Then define � � � o � to be � , � .<� � � | � �} for
any �2� � . Obviously � is computable. Furthermore, for
any ���H� and Up� y , � � . , � , U .�� � , | � �} , | } , U .�.��
� , � .-, | } , U .�. . Thus � is an effective query translation
function for � . �

Proof of Theorem 3.3
Suppose that | } � � � o � { is query preserving w.r.t. ��� .
We show that | } is invertible by providing an algorithm for
computing | � �} . Given | } , U . , the algorithm recovers U . It
first creates the root \ � of U , which is identical to the root
\ { of | } , U . . It then recursively expands U top-down, until
U cannot be expanded further. More specifically, for each
node T created for U , it recovers the children of T based on
its type " , the production "vo ^ of " in �3� , and the query
translation function � � � � o � � , as follows. Note that
there is a unique � � path � from \z� to T .
(1) ^ � " � � RCReR � "�f . For each "qw , define an �N� query
� wi� � , � $�"qw�9 �?>A@CBD&EBE>'F<,W.i�vGS; and evaluate � w�, | } , U .a. at
the context node T in | } , U . , where G is the G -th "qw ele-
ment in ^ if it has multiple "qw elements. Since | } , U . is
mapped from an XML tree U , �5r always returns a single
node T w . Treat T �z� RCReR � T f as the children of T , and for eachB � 9_m � F7; , proceed to expand the subtree at T w in the same
way.
(2) ^0�c" �Sh ReRCR h "�f . For each "qw , let � w�� � , � $�"qwW. and
evaluate � w�, | } , U .a. at the context node T in | } , U . . Since
| } , U . is mapped from an XML tree U , there exists one and
only one � w such that � w�, | } , U .�. returns a single note T�w
(and the others return empty). Treat T w as the only child ofT and proceed to expand the subtree at T w in the same way.
(3) ^ � d 6 . For each natural number G , evaluate
� � , | } , U .a. at the context node T in | } , U . , where � � �
� , � $zdQ9 �~>A@CB/&EBE>'F<,/.<�HGÁ; , until it reaches a G � such that
� �P� , | } , U .a.l� � . Since | } , U . is mapped from an
XML tree U , there exists one and only one T � returned
by � � , | } , U .�. for each G Æ G � , and for any G �nG � ,
� � , | } , U .0��� . Treat T � as the G -th child of T for allG Æ G � , and proceed to expand the subtree at each TÁ� in the
same way.
(4) ^0� 
a��
 . Find the string value via � $z&�(C)?&-,W. .
(5) ^0�H� . Nothing needs be done here.

This process terminates since | } , U . is generated from
a finite U . One can verify that U � | � �} , | } , U .a. , i.e., the
algorithm above indeed computes | � �} . Thus | � �} is com-
putable and |~} is invertible.

14



To show that invertibility does not necessarily lead to
query preservation w.r.t. ��� , recall the DTDs � � and � {
defined in the proof of Theorem 3.1. Consider a mapping
| } � y , � � . o y , � { . such that for any U��Hy , � � . , the
root \'� of U is mapped to the root \'{ of |~} , U . , the " child
of \z� is mapped to the " child of \'{ ; and inductively, if an" element T in U is mapped to an " element T r in |?} , U . ,
then the d ��¬ children of T are also mapped to T r , and the "
child of the d node is mapped to the " child of T r , such that
the number of " nodes in U is the same as that in | } , U . .
Obviously, | } is invertible: given any | } , U . one can re-
cover U such that the number of " nodes in U is the same
as that in | } , U . , and each " node in U has a d child fol-
lowed by a ¬ child. However, one cannot translate a query"]$Ad over � � to an equivalent one over � { . �
Proof of Theorem 3.4
(1) We prove the undecidability by reduction from the
equivalence problem for relational-algebra (RA) queries;
that is the problem to decide, given two RA queries
� � ��� { ��� � o�� { , whether or not � �|� � { , i.e., whether
or not for any relational database Ç � of � � , � � , Ç .��
� { , Ç . . The equivalence problem is undecidable (cf. [4]).

It suffices to show that the invertibility problem is un-
decidable for relational mappings defined in RA. Since re-
lational data can be coded in XML and RA queries can be
expressed in �Y� over XML trees, the undecidability carries
over to XML mappings defined in �Y� .

Given two RA queries ���*�1�x{ �:� � o�� { , we define a
RA mapping  ��� � �T� { o�� � �T� { , as follows:�

= �f�(�|� � �f�?�U�<� � Ð � â Ð�Ô ���� � Ð � â Ð Ô � =
Ð �S� Ð Ô � Ð Ô � Ð Ô

Observe that � �M� � { iff � , � � �1� { .]��� , i.e., the query
always returns an empty set.

We show that  is invertible iff � �h� � { . If � ���
� { , then � , � � ��� { .Q��� . Then  is the identity query
and is certainly invertible. Conversely, if � � ¦� � { , then
there exists an instance Ç of � � such that � , � � ��� { .-, Ç .
is nonempty. Consider two distinct instances of � � ��� { :
ÇC� � , Ç?��� , ���z�1�x{ .-, Ç .�. and Çe{ � , Ç+� ��. . Since  ³, Ç*� .q� ³, Ç-{ .N� , Ç+�P� , �5�'�1�x{ .e, Ç .a. ,  is not injective and thus is
not invertible (there exists no inverse function for  ).

(2) The proof is similar to (1), by reduction from the equiv-
alence problem for RA queries.

Given two RA queries � � �1� { ��� � o�� { , we use
the same RA mapping  given above to show that  is
query preserving w.r.t. a fixed query iff � �-� � { . Con-
sider a fixed query � �2� � � . First, suppose that � �|� � { .
Then one can define � such that � , � .�� � . This
shows that  is query preserving w.r.t. � . Conversely,
suppose that ���c¦� �x{ . Suppose, by contradiction, that
there is a computable query translation function � such
that �xr � � , � . . Recall ÇC�A��Çe{ given above. Obviously,
� , ÇC� . ¦� � , Çe{ . , while �xr ,! , ÇC� .a.¤� �xr ,! , Ç-{ .a. . Thus ei-
ther � , ÇC� . ¦� � r ,k ³, ÇC� .�. or � , Çe{ . ¦� � r ,! , Ç-{ .a. ; that is,

� does not translate � to an equivalent query over the tar-
get, which contradicts the assumption above. Thus  is not
query preserving w.r.t. � . �

Proof of Theorem 4.1
The proof consists of three parts. We first show that Î maps
distinct �N� paths in � � from \ � to distinct ��� paths in � {
from \ { . Then, using this we show that | } is injective.
Based on this we finally show that | } is well defined.

(1) We first define a function Î that maps � � paths from the
root \z� in ��� to � � paths from the root \*{ in ��{ . Given an
� � path � �c" � 9 : � ;Z$NReRCR�$�"]�Õ9 :*�*; in ��� from \z� , Î , � . is de-
fined to be �'� ��� , \z�A� " � .-9 : � ;©$�ReReR1$ �z� ��� ,Z"]� � ��� "q�A.e9 :*�*; , an
�N� path in � { from \ { , by substituting �z� ��� ,W"qw � "�w�Ï � . for
each "qw�Ï � in � .

We show that Î maps distinct ��� paths in � � from \ �
to distinct �N� paths in � { from \ { . Let � � �a� { be dis-
tinct � � paths from \z� in ��� . Consider the following two
cases. First, ��� is a prefix of �S{ . That is, �S{ � ��� $ �
where � is nonempty since �+� and �S{ are distinct. Then
� is mapped to a nonempty � � path in ��{ by the definition
of | , and thus Î , ��� . ¦� Î , �Á{ . ; similarly if �S{ is a prefix of
� � . Second, neither � � is a prefix of � { nor � { is a prefix
of � � . Then there exist �~�a�Õr� � "59 :*; � d � 9 : � ; and d { 9 : { ; such
that � � � � $-"59 :*;©$Ad � 9 : � ;Z$ �Sr� , � { � � $�"�9 :*;Z$zd { 9 : { ;©$ �Ár{ ,
and d � 9 : � ; � d { 9 : { ; are the first labels that differ in � � and
� { . Then d � � d { are child types of " , " is either a con-
catenation type or a disjunction type, and moreover, eitherd � � d { are distinct labels, or : � � : { indicate different posi-
tions of the same label. By the definition of schema embed-
ding, neither �'� ��� ,Z" � d � . is a prefix of �'� ��� ,Z" � d { . nor the
other way around. That is, �'� ��� ,Z" � d � . ����$'� � $�� � and
�z� ��� ,W" � d { .����A$z� { $A� { such that � � and � { are distinct.
Thus Î , �Õ� . ¦� Î , �Á{ . .
(2) From (1) and the definition of | } it follows that | } is
injective. Indeed, any node in an XML tree is uniquely de-
termined by an �N� path from the root. Thus by the defini-
tion of | } , any node T in U���y , � � . is mapped to a distinct
node in | } , U . . More specifically, this obviously holds if
the parent of T is of a concatenation or disjunction type or
���
 ; and moreover, if the type parent T r of T is defined with a
Kleene star, the children of T r are mapped to distinct nodes
preserving the original order, by the definition of |%} .
(3) We next show that | } is well defined, i.e., for any
U���y , � � . , | } , U . conforms to � { . One possible violation
of � { may occur when there exists an " -node Ã in | } , U .
such that " is a disjunction type "Ko�d �<h RCReR h d � , and
| } , U . forces the presences of both dbw and dP£ children of Ã .
Then there must be two nodes T � � T { in U identified by �N�
paths ���'���Á{ from root over �	� such that ��� � � $�"59 :*;Z$ �Sr�
and �S{ � � $�"�9 :*;Z$ �Sr{ such that T �'� T { have the lowest com-
mon ancestor T that is identified by � and mapped to either
Ã by |?} or an ancestor Ã%r of Ã . If T is mapped to Ã thenT must have a disjunction type by the definition of schema
embedding, and thus T �A� T { cannot coexist, which contra-
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dicts the assumption. If T is mapped to Ã r , since T � � T { both
exist and T is the lowest common ancestor of T � and T { ,T must have a concatenation type " r o#d r� � ReRCR � d rf such
that T � � T { are descendants of the d rw � d r£ children of T ; in-
deed, " r cannot be a Kleene star type since otherwise by
the definition of |~} , T �'� T { cannot be mapped to nodes that
have a common ancestor Ã ; and " r cannot be a disjunction
type since T is the lowest common ancestor of T � � T { . Since
both �'� ��� ,Z" rW� d rw . and �'� ��� ,Z" rW� dP£*. end up to be suffixes
of � $�"�9 :*; , it contradicts the definition of schema embed-
ding since either �'� ��� ,Z" r/� d rw . is a prefix of �z� ��� ,W" r/� d¤£*.
or the other way around.

Similarly, it can be verified that violations cannot be
caused by AND and STAR paths either. �
Proof of Theorem 4.2
(1) We first show that | } is invertible and query preserving
w.r.t. �N� . It suffices to define a query translation function
� � �N� o �N� . For if it holds, then | } is query preserving
w.r.t. �N� and in addition, by Theorem 3.3 it is also invert-
ible. The translation function � extends the mapping Î on
�N� paths given earlier, by substituting �z� ��� ,Z" � dj. for each
edge ,W" � d�. in a given ��� query. More specifically, given
an � � query � over �	� , � , � . is computed by using func-
tions � and 
 �*��� � defined below. For each element type "
in V � and each sub-query ��� of � ,� the local translation � , �j�'� "]. of �5� at " is an � �

query over ��{ such that for any instance U of �3� and
any " element � in U , the result of evaluating � � at �
in U is the same as the result of evaluating � , � � � "].
at �Sr on | } , U . , where �Õr is mapped from � by | } ;

� 
 �C��� � , �5�'� "q. is the set of element types in �	� that are
reached via ��� when evaluated at an " element in an
instance U of �	� .

More specifically, � , � � � "q. and 
 �*��� � , � � � "]. are defined
based on the structure of query �j� as follows.
(a) If �5� is � , then

 �C��� � , ���'� "].<� « " ­ ,
� , � � .s�c� .

(b) If � � is d , then

 �C��� � , � � � "].<� « d ­ ,
� , ���*� "].s� �z� ��� ,W" � d�. .

(c) If � � is �7$z&�(C)?&-,W. , then

 �C��� � , � � � "].<��� ,
� , � � � "].s� � ,Å� � "q.�$�, �� X &  !%'¡�¢�£o¤�¥ Ä§¦ �z� ��� ,Wd � 
���
 .a. .

(d) If � � is � � $�� { , then

 �C��� � , � � � "].<� �� X &  k%'¡'¢�£q¤ � ¥ Ä§¦ 
 �C��� � ,`� { � d�. ,
� , ���*� "].s� � ,Å� �*� "q.�$Õ, �� X &  k%'¡'¢t£o¤ � ¥ Ä§¦ � ,Å� {A� d�.�. .

(e) If � � is � � 4�� { , then

 �C��� � , ���'� "].<� 
 �C��� � ,Å� �z� "q.�4 
 �C��� � ,Å� {�� "q. ,
� , ���*� "].s� � ,Å� �*� "q.�4 � ,Å� {A� "q. .

(f) If � � is � 6 , then

 �C��� � , ���'� "].<� « " ­ 4 
 �C��� � ,`� � "q. ,
� , ���*� "].s� � ,Å� �*� "q. 6 .

(g) If �5� is �	9 :*; , then

 �C��� � , � � � "].<� 
 �C��� � ,Å� � "q. ,
� , � � � "].s� � ,Å� � � "q.e9 �� X &  !%'¡�¢P£q¤�¥ Ä§¦ � ,Z: � dj.D; .

(h) If � � is 9 �+; , then

 �C��� � , ���'� "].<� 
 �C��� � ,Å� � "q. ,
� , ���*� "].s� � ,Å� � "q. .

(i) If �5� is 9 �7$'&�(*)?&-,W.<� = ; , then

 �C��� � , � � � "].<��� ,
� , � � � "].s� � ,Å� � "q.�$�, �� X &  !%'¡�¢�£o¤�¥ Ä§¦ �z� ��� ,W" � 
���
 .a. .

(j) If � � is 9 �?>A@CBD&EBD>'F<,/.<�HGÁ; , then

 �C��� � , ���'� "].<��� ,
� , ���*� "].s� 9 �?>A@CBD&EBE>'F<,W.i�KGÁ; .

(k) If � � is IJ: , then

 �C��� � , � � � "].<��� ,
� , � � � "].s� 9 I � ,Z: � "q.E; .

(l) If �5� is : � L : { , then

 �C��� � , � � � "].<��� ,
� , � � � "].s� 9 � ,Z: � � "q.�L � ,Z: { � "q.D; .

(m) If ��� is : � OM: { , then

 �C��� � , � � � "].<��� ,
� , � � � "].s� 9 � ,Z: � � "q.�O � ,Z: { � "q.D; .
Given these, we define � , � . to be � , ����\z� . . One can

easily verify that � is indeed a query translation function
such that for any instance U of �3� , � , U .i� � , � .e, |~} , U .a. ,
again by induction on the structure of � .

(2) For the complexity of the query translation func-
tion � , note that  
 �C��� � , ��� "].e is bounded by  �3�  and
thus � , ��� "q. is bounded by � ,� �  Y �z� ���  x �	�  . . The
computation of � , ��� "q. and 
 �C��� � , ��� "]. can be con-
ducted by dynamic programming, and it takes at most
� ,� �  S �'� ���  S � �  . time to compute � , � . .

The inverse function | � �} is defined along the same lines
as the function in the proof of Theorem 3.3. Given any
|?} , U . in y , �%{ . , it takes at most � ,� |~} , U .C { . time to com-
pute the source instance U . �
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Proof of Theorem 4.3
Suppose that there exists a valid embedding | � � � o � { ,
where � � � ,WV � ��[ � �a\ � . and � { ��,WV { ��[ { �a\ { . , and | �,W� �-�z� ��� . . Consider an arbitrary edge ,Z" � d�. in � � .
(1) " is a concatenation type. Then �z� ��� ,Z" � dj. is an AND
� � path that can be simplified to one that contains at mostG cycles, where G cycles may be necessary to ensure that
�z� ��� ,W" � dj. is not a prefix of any �z� ��� ,Z" � d r . for distinct
subelement types d � d r of " . Any other cycles can be re-
moved, and all of the G cycles can be made simple cycles
(i.e., a cycle that does not contain repeated labels), while
the modified | remains well defined. Thus  �z� ��� ,Z" � dj.e is
bounded by GQ V {  .
(2) " is a disjunction type. Then �'� ��� ,Z" � d�. is a dis-
junction � � path that can be simplified to one that con-
tains at most G h m simple cycles: G cycles to ensure that
�z� ��� ,W" � dj. is not a prefix of any �'� ��� ,Z" � d r . , where d r is
another subelement type of " , and an additional cycle to in-
clude a dashed edge. After the simplification the modified
| remains well defined. Thus  �'� ��� ,Z" � d�.C ÕØ±,WG h m'.i V {  .
(3) " is defined to be a Kleene closure " o d 6 . Then
�z� ��� ,W" � dj. is a STAR �N� path, which can be simplified
such that �z� ��� ,W" � dj. contains at most one simple cycle (to
include a star edge). Thus �z� ��� ,W" � dj.�Ø ²j V {  .
(4) " is defined to be "vo 
���
 . As in (1), �'� ��� ,Z" � d�. is no
longer than  V {  . �
Proof of Theorem 5.1
We show that the schema embedding problem is NP-
complete. A NP algorithm is as follows: guess a mapping,
and then check whether it is an embedding; the latter can be
done in PTIME. The NP-hardness is verified by reduction
from 3SAT, which is NP-complete (cf. [14]). It suffices to
show that the problem is NP-hard for nonrecursive DTDs,
by reduction from 3SAT. An instance of 3SAT is a well-
formed Boolean formula ¨ � ¬ � Lª©«©«©zL ¬ f of which we
want to decide satisfiability.

Given an instance ¨ of 3SAT, we define two nonrecur-
sive DTDs � � ��� { such that ¨ is satisfiable iff there is a valid
schema embedding from � � to � { . We define a similarity
matrix � �E� such that for all element types " in � � and d in
�%{ , � �E� ,Z" � d�.¤�2m , i.e., there is no restriction on the map-
ping. Assume that all the propositional variables in ¨ are) � � RCReR � )�¬ . We define � � �1� { as follows.

C � = �®­ � âSu � â s � � , where­ � = �ts � âF¯<âD°c�$� � ×U± ëP² �-³o´*â�ø?µé�y� ��¶f·së ã|�T³o´*âD�@µé� ;u � is defined as:swv × � â�í1í1í+â�×U¸�â ¶ � â1í1í1í+â ¶f¹ ,
×U± v ¯iâ1í�í1í+âF¯ ; /* øMx ² occurrences of ¯ */¶ · v °Mâ�í1í�í�âº° /* »-øMx�ã occurrences of ° */
¶ v z /* for ¶ ranging over °MâD¯ */

C Ô = �®­ Ô âSu Ô â s Ô � , where­ Ô =
�ts Ô âF°MâF¯®�$� � × ± ëy² �T³o´*â�ø?µé�� ��¼ · â'½ · âD¾ · ë ã|��³q´Câ��@µé� ;u Ô is defined as:

r1

C1 Cn Y1 Ym

ZZ Z Z W W WW

(a) Source ���

W W W W W W W W

X1 Xm

r2

T1 F1

Ci Cj

Tm Fm

Ck
Cn

Z
Z Z Z ZZZ

Z

W W

(b) Target � Ô

Figure 12: DTD schemas in the proof of Theorem 5.1swv¿¼ � â1í1í1í+â ¼ ¹ ,¼ ± v ½ ± â�¾ ± , /* for
² ��³o´*âD�Àµ */½(± v ×U± � â1í1í1í+âa×U±ÂÁSâD°§â�í1í1í+âF°

/* all ×U±qÃ in which Ä?± appears, and»eøÅx ² occurrences of ° */¾S± v × Ò± � â1í1í1í+âa× Ò±ÂÁ âF°Mâ�í�í1í+âF°
/* all × Ò±qÃ in which Ä?± appears,
and »eøÅx ² occurrences of ° */

× ± v ¯iâ1í�í1í+âF¯ ; /* øÅx ² occurrences of ¯ */
¶ v z /* for ¶ ranging over °§â�¯ .

The DTDs are depicted in Fig. 12(a) and 12(b), respec-
tively. Note that both �	�z�1�%{ are nonrecursive and are de-
fined in terms of concatenation types only. Intuitively, � {
encodes ¨ , and � � is to assert the existence of a truth as-
signment to ) � � ReRCR � )K¬ that satisfies all the clauses in ¨ .
In both � � and � { , ¬ w is to code clause ¬ w , which has a
“signature” consisting of F h B occurrences of Æ that is to
ensure that ¬ w in � � is mapped to ¬ w in � { . In � { , ¨�£
codes the variable )�£ in ¨ , which may have either a true
value or false, indicated by U w and � w , respectively. In DTD
� � , Ç � � ReRCR �ºÇ ¬ are to code the “negation” of a truth as-
signment È to variables in ¨ : Ç Ë is mapped to � Ë if È ,Z) Ë .
is true for some ¥�� 9_m ��Í ; , and Ç Ë is mapped to U Ë if È ,Z) Ë .
is false. This is asserted by the number of É children be-
low Ç Ë and U Ë ��� Ë .

We next show that � � ��� { are indeed a reduction from
3SAT, i.e., there is a valid embedding from � � to � { iff ¨ is
satisfiable. First, suppose that ¨ is satisfiable. Then there
exists a truth assignment È to ) � � ReRCR � )K¬ that satisfies ¨ .
We define an embedding | � ,/� �e�'� ��� . such that �	, ¬ wE.®�
¬ w , ��, Æ .b� Æ , ��, É .b� É , ��, Ç w .b� � w if È ,©) w . is true,�	, Ç w .®� U w if È ,©) w . is false; furthermore, �z� ��� , \z�A��¬ w . is a
path � w from \*{ to ¬ w in �%{ such that there exists ¥³� 9Åm �aÍ ;
and ¨ £ $ U £ is on � w if clause ¬ w is satisfied by È ,©) £ . =
true, and ¨ £ $ � £ is on � w if clause ¬ w is satisfied by È ,©) £ .
= false; since ¨ is satisfied by È , there must exist such a
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variable )�£ for every ¬ w . It is easy to verify that | is indeed
an embedding from � � to � { .

Conversely, suppose that there exists a valid embedding
| � ,/� �e�'� ��� . from � � to � { . Observe that | must have the
following properties. (1) ��, ¬ w . is either ¬ w or  w , where  w
is either U w or � w ; and (2) ��, Ç £ . is mapped to  £ , where  £
is either U £ or � £ , such that ��, Ç £ . ¦�2�	, Ç ��. and �	, Ç £ . ¦��	, ¬ w . for G ¦� ¥ , B ¦� ¥ ; and furthermore, for each ) £
there exists Ç £ such that �	, Ç £ .0�� £ . This is because,
by the definitions of � � ��� { , (1) �	, ¬ wE. must have F h B
descendants of type Æ , like ¬ w in � � ; and (2) ��, Ç £'. must
have ²AF h ¥ descendants of type É , and may not be an
ancestor of �	, Ç ËC. or ��, ¬ w/. , and vice versa. We define a
truth assignment È such that È ,©)%Ëe. is true if �	, Ç Ëe.5� � Ë
and È ,©)7Ëe. is false if �	, Ç Ëe.N� U Ë . It is easy to verify that È
satisfies ¨ . �
Proof of Theorem 5.2
We show that the Local-Embedding problem is NP-hard
for nonrecursive DTDs, by reduction from 3SAT. Given an
instance ¨ � ¬ � LÊ©0©«©zL ¬ f of 3SAT, we define two non-
recursive DTDs � � ��� { , where � � consists of a single pro-
duction, and a similarity matrix � �E� such that ¨ is satisfi-
able iff there is a valid schema embedding from � � to � {
w.r.t. � �E� . Assume that all the propositional variables in ¨
are ) � � ReRCR � )�¬ . We define � � ��� { as follows.C � = �®­ � âSu � â s � � , where­ � = �ts � �$� � ×U± ëP² �-³o´*â�ø?µé�y� ��¶f·së ã|��³q´Câ��@µé� ;u � is defined as:swv × � â�í1í1í+â�× ¸ â ¶ � â1í1í1í+â ¶ ¹
C Ô = �®­ Ô âSu Ô â s Ô � , where­ Ô =

�ts Ô �$� � ×U± ë(² �-³o´*â�ø?µé�	� ��¼Ë· â�½ · âD¾ ·�ë ãw�T³q´CâD�@µé� ;u Ô is defined as:swv¿¼ � â1í1í1í+â ¼Ë¹ ,¼ ± v ½(±Eâ�¾S± , /* for
² ��³o´*âD�Àµ */½(± v ×U± � â1í1í1í+âa×U±ÂÁ /* all ×U±ÌÃ in which Ä?± appears*/¾ ± v × Ò± � â1í1í1í+âa× Ò± Á /* all × Ò± Ã in which Ä ± appears */

¶ v z /* for ¶ ranging over ×U± .
Similar to the proof of Theorem 5.1, we use Ç � � RCReR ��Ç ¬

in � � to code the “negation” of a truth assignment È to vari-
ables in ¨ . In both � � and � { , ¬ w is to code clause ¬ w . Note
that both � � ��� { are nonrecursive and are defined in terms
of concatenation types only. Furthermore, � � consists of a
single production.

The similarity matrix � �E� is defined such that
» ¸W¸ � ×U±Dâa×U±c� ê ´ , and » ¸/¸ � ×/±Dâ ¼ � êªÍ for any

¼ gê ×U± ,» ¸W¸ � ¶8Î âF¯ Î � ê ´ if ¯ Î ê ½(± or ¯ Î ê ¾K± , and» ¸W¸ � ¶ Î âF¯+� êÏÍ if ¯2gê ½ Î and ¯2gê ¾ Î
That is, ¬ w in � � can only map to ¬ w in � { , and Ç £ in � �
can only map to either U £ or � £ .

Along the same lines as in the proof of Theorem 5.1, one
can verify that Ç £ in �	� can only be mapped to the negation
of the truth value of ¨ £ , and as a result, ¨ is satisfiable iff
there is a valid schema embedding from �3� to �%{ w.r.t. � �E� .

�

Algorithm Ú�ÛeÜ ºe» ¸�¼-· ( áqâaã*â�ä å�æéç )
Input: Directed graph á , source node ã ,

a bag of target nodes ä å æèç�ê �/ë ì � â1í�í1í+â ì�î�ë � .
Output: Paths ï � â1í�í1í?âEï î satisfying the prefix-free condition,

or “no” if such paths do not exist.

1. Let áIÐ be the subgraph of á reachable from ã
2. if any

ì ± is not in áIÐ return “no”;
3. Let áQÑ be the component graph of á Ð ; /* see text */
4. Let × be the subset of the components JP± in á Ñ

with a nonempty target shadow; /* see text */
5. Let ä Òå�æèç be the subset of ä�å�æèç not in the shadow of any J ± ;
6. Add each J ± with a nonempty target shadow to ä Òå�æèç ;
7. Let á Ò be á Ñ with the shadow of each Jt± removed;
8. Let ò ê Ú�ÛeÜSÝ » ¸�¼-·�Þ7ß�à ( á Ò âaã*â�ä Ò Òå æèç );
9. For each u ± �jò that ends at a new target for some J ±
10. remove u ± from ò ;
11. add Ú�ÛeÜ ºe» ¸�¼�Òfb«Ó ú ÷ ( áqâaá Ñ âDuS±Eâ�JP±Eâ�ä å�æèç ) to ò ;
12. return ò ;

Figure 13: Algorithm þ%ÿ��+�z� ���*

Prefix-free Paths in Cyclic Graphs
In Section 5.1, an algorithm was given for finding paths
in an acyclic graph. In this section, we describe how this
algorithm can be generalized to handle cycles.

The overall algorithm has three parts: 1) break up
the original graphs into a DAG of connected components,
2) solve this problem for the DAG case, 3) add back in
the connected components and 4) use the cycles found in
these components to create prefix-free paths to nodes in the
component or reachable therefrom. We now describe these
steps in more detail.

In Figure 13 the overall algorithm for finding a set of
prefix-free paths from a single root @ to a bag of target
nodes in a possibly cyclic graph is given. In step 3 the algo-
rithm computes a “component graph” of a graph

t
which

we define as the graph produced from
t

by replacing each
cyclic connected component in

t
with a new node, = w , and

creating edges to and from = w for each edge which entered
or left component B in the original graph. Note that the
resulting graph is a directed graph containing component
nodes = w as well as any node in

t
that did not participate in

a cycle.
We now introduce some notations: a node F �  is said

to be in the shadow of = w if F can be reached in
t

by a node
in = w . The target shadow of = w is the subset of "	#,%�& in the
shadow of = w . Note that a target node may be in the shadow
of more than one component node.

To continue with the discussion of þ%ÿ����z� ���*
 , the algo-
rithm at line 4-5 removes cyclic components and all nodes
reachable from them from the component graph. For each
cyclic node that contains a target node or from which a tar-
get node is reachable, a node for that component is added
back to the graph as a new target node. The idea is that
the computed path to this node will be used as the pre-
fix for all paths in that component or reachable therefrom.
A bag " r r#,%�& is computed from "	#�%'& by removing any target
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Algorithm Ú�ÛeÜ ºe» ¸�¼�Òfb«Ó ú ÷ ( áqâaá Ñ âEïÕâ'JP±Eâ�ä å�æèç )
Input: Directed graph á , component graph áIÑ ,

connected component Jt± , path to JP± in á Ñ
target nodes ½ ê ì � â�í�í1í ì�î in shadow of JP±

Output: Paths ï � â�í1í1í+âDï î for
ì � í1í1í ì î .

1. while ä å�æèç not empty
2. let

¶
be a cycle in ä å�æèç containing at least
one node from ä%å�æèç_ÔÀJ ± and the last node in ï ;

3. count := 0;
4. for each node ø in ä å�æéç in reverse topological order

s.t. ø is reachable from
¶

5. output ï ¸ = ï + count trips around
¶

+ path from last node in
¶

to ø ;
6. remove ø from ä å æèç ;
7. count++;

Figure 14: Algorithm þ%ÿ��+�'� ���8ÕS6 �zÀ �
nodes no longer in the graph and adding any of the just-
mentioned component nodes. Finally, for each component
node = w with a non-empthy target cycle, þ%ÿ��+�'� ���8ÕS6 �zÀ � is
called to construct paths to target nodes reachable from = w .

Procedure þ%ÿ��+�'� ���8Õ§6 �AÀ � is shown in Figure 14. The in-
tuition for this algorithm is as follows: consider a path con-
sisting of the nodes in a cycle, say ÈÕ�z� ReRCR �aÈ f ��ÈÁ� , followed
by three nodes, � , Ö , = . How can we construct prefix free
paths to � , Ö and = ? Clearly we can create an arbitrary num-
ber of paths to each node by going around È � � ReReR ��È f �aÈ �
some number of times. If we form paths to Ö and = , say [ ^
and [ Ê , it is easy to see that the prefix-free property will
only hold if there are more instances of the È cycle in the
path to [ ^ than that to [ Ê . �
Proof of Theorem 5.3
We show that the Assemble-Embedding problem is NP-
hard for nonrecursive DTDs, by reduction from 3SAT.
Given an instance ¨ � ¬¤� L×©«©«©�L ¬ f of 3SAT, we de-
fine two nonrecursive DTDs �3�'����{ and a table À 9?�C�ÁÀ such
that ¨ is satisfiable iff there exists a valid schema embed-
ding from � � to � { that is formed by composing a subset
of the assignments found in À 9?�e�ÁÀ . The similarity matrix � �E�
is defined such that for all element types " in � � and d in
� { , � �E� ,Z" � d�.¤�2m , i.e., there is no restriction on the map-
ping. Assume that all the propositional variables in ¨ are) �A� RCReR � ) ¬ . We define �	�'�1�%{ as follows.C � = �®­ � â§u � â s � � , where­ � = ��s � �	� � ×U±�â � ± ëP² �-³o´Câ�øfµé�y� ��¼IÎ�ëDØ �-³o´CâD�@µé� ;u � is defined as:s|v × � â1í1í1í+âa×U¸
× ± v � ±� ± vÙ¼ �± â ¼ Ô± â ¼ÛÚ± /*

¼ �± â ¼ Ô± â ¼�Ú± are the variables in ×/± */

C Ô = �®­ Ô â§u Ô â s Ô � , where­ Ô =
��s Ô �	� � × ± â ��Ü ±ÞÝ Îºß ë?² �T³q´Câ�ø?µZâ Ø �T³q´Câºà�µé�� � ½ Î âD¾ Î ë8Ø ��³q´CâD�@µé� ;u Ô is defined as:s|v × � â1í1í1í+âa× ¸ ,
× ± v ��Ü ±ÞÝ � ß â1í�í�í?â ��Ü ±®Ý á ß , /* for

² �-³o´*â�ø?µ */� Ü ±ÞÝ Î�ß vÙ¶f· � â ¶f· Ô â ¶f· Ú /* see below */

¶ v z /* for ¶ ranging over × ± .
The production for  £ w ¥ £ ¦ is to code a possible truth assign-
ment È w to variables in ¬ w such that È w satisfies ¬ w . More
specifically, assume that ¨ Ë � � ¨³Ë { � ¨³Ë ~ are the variables in
¬ w . Then Ç Ë � ��Ç Ë { �ºÇ Ë ~ are the truth values of a possible
truth assignment È w to these variables, i.e., Ç ËD¢ is either U ËD¢
or � ËD¢ , X � 9_m �ºl ; , such that there exists Ç ËW£ for ¥ � 9Åm �ºl ;
that is U Ë/£ if ¨³ËW£ is positive in ¬ w , and it is � Ë/£ if ¨�Ë/£ is
negative in ¬ w . That is, not all Ç Ë �z��Ç Ë {���Ç Ë ~ are the “nega-
tions” of the truth values that satisfy ¬ w . For example, if
¬ w �H) � Oãâ) { OY) ~ , then  £ w ¥ £ ¦ is to specify all the truth val-
ues of ) �A� ) {�� ) ~ except �i�z��U7{A��� ~ . Intuitively, ��{ codes ¨
and ��� is to select a truth assignment for the variables.

The table À 9?�e�ÁÀ is given as follows.sQv × � â�í1í1í+âa×U¸ : ú �_Ó »zú � s � consists of a single local
embedding such that

sIävås
, ×U± äv ×U± , with

corresponding edge mapping.

×U± v � ± : ú �_Ó »zú � ×U±c� consists of seven local embeddings,
namely, × ± äv × ± , � ± äv ��Ü ±ÞÝ Î�ß for

Ø �-³o´*âºàtµ , with
corresponding edge mapping.� ± v¿¼ �± â ¼ Ô± â ¼ÛÚ± : ú �_Ó »Aú � � ±!� consists of seven local
embeddings, namely,

� ± äv ��Ü ±ÞÝ Î�ß and
¼ Î± äv¿¶f·�Î

,
for
Ø �-³o´CâFà�µ , with corresponding edge mapping.

That is, each of the local embeddings in À 9?�e�ÁÀ ,! w . is a truth
assignment È w to those variable involved in the clause ¬ w
such that È w satisfies ¬ w . In other words, any local em-
bedding in À 9?�e�ÁÀ ,k ?w/. satisfies ¬ w . Note that a schema em-
bedding formed composing a subset of À 9?�e�ÁÀ has to take
one and only one local embedding from À 9?�e�ÁÀ ,©¨0. for each¨ in � � such that these local embeddings do not conflict
with each other. That is, each variable in the embeddings
has a unique truth value; in other words, there cannot be
local embeddings | wH� ,/�+w �-�z� ��� w . from À 9?�e�ÁÀ ,! ?wD. and
| £ � ,/�S£ �e�'� ��� £ . from À 9A�C�ÁÀ ,! Õ£'. such that | w�,©¨³Ë�.³� U Ë
and | £ ,©¨ Ë .<� � Ë for any ¨ Ë .

One can verify that ¨ is satisfiable iff there exists a valid
schema embedding | � � � o � { formed by composing a
subset of À 9?�C�ÁÀ , one from the set of local embeddings for
each production in � � . �
Proof of Theorem 5.4
Suppose that the algorithm for Max-Weight-Independent-
Set returns a subset  r of  such that   r  ®�  V �  . We
show that | constructed from  r and À 9?�e�ÁÀ is a valid em-
bedding. To do so, it suffices to show the following: (1) for
any element type " in V � , there exists a unique T8\�æ in  r
such that | Ä is a local embedding for " ; and (2) for anyT_\�æ � T_\�ç in  r , | Ä and | � do not conflict with each other.
For if these hold, then the union of all the local embeddings
corresponding to nodes in  r is a valid embedding from � �
to � { .

To see (1), observe that in the construction of
t

, for any
pair local embeddings | Ä , |%rÄ for the same element type" , there is a conflict edge between T:\�æ and T \ Zæ . Since
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 r is an independent set, it cannot possibly contain more
than one local embedding for " . Then from   r  S�ª V �  it
follows that for each type " in V � , there exists exactly one
local embedding T \ æ for " such that T \ æ is in  r .

To see (2), note that  r is an independent set, and thus
for any nodes T8\�æ � T_\�ç in  r , there exists no conflict edge
between the two in

t
. That is, | Ä and | � are consistent

with each other. �
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