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Abstract

XML specifications often consist of a type definition
(typically, a DTD) and a set of integrity constraints.
It has been shown previously that such specifications
can be inconsistent, and thus it is often desirable to
check consistency at compile-time. It is known that
for general keys and foreign keys, and DTDs, the con-
sistency problem is undecidable; however, it becomes
NP-complete when all keys are one-attribute (unary),
and tractable, if no foreign keys are used.

In this paper, we consider a variety of constraints for
XML data, and study the complexity of the consis-
tency problem. Our main conclusion is that in the
presence of foreign keys, compile-time verification of
consistency is usually infeasible. We look at two types
of constraints: absolute (that hold in the entire doc-
ument), and relative (that only hold in a part of the
document). For absolute constraints, we extend ear-
lier decidability results to the case of multi-attribute
keys and unary foreign keys, and to the case of con-
straints involving regular expressions, providing lower
and upper bounds in both cases. For relative con-
straints, we show that even for unary constraints, the
consistency problem is undecidable. We also estab-
lish a number of restricted decidable cases.

1 Introduction

XML data, just like relational and object-oriented
data, can be specified in a certain data definition lan-
guage. While the exact details of XML data defini-
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tion languages are still being worked out, it is clear
that all of them would contain a form of document de-
scription, as well as integrity constraints. Constraints
are naturally introduced when one considers trans-
formations between XML and relational databases
[16, 27, 26, 17, 20, 11], as well as integrating several
XML documents [3, 4, 13].

Document descriptions usually come in the form of
DTDs (Document Type Definition), and constraints
are typically natural analogs of the most common
relational integrity constraints: keys and foreign
keys. Indeed, a large number of proposals (e.g.,
[29, 33, 30, 5]) support specifications for keys and
foreign keys.

We investigate XML specifications with DTDs and
keys and foreign keys. We study the consistency,
or satisfiability, of such specifications: given a DTD
and a set of constraints, whether there are XML doc-
uments conforming to the DTD and satisfying the
constraints.

In other words, we want to validate XML specifica-
tions statically, at compile-time. Invalid XML spec-
ifications are likely to be more common than in-
valid specifications of other kinds of data, due to the
rather complex interaction of DTDs and constraints.
Furthermore, many specifications are not written at
once, but rather in stages: as new requirements are
discovered, they are added to the constraints, and
thus it is quite possible that at some point they may
be contradictory.

An alternative to the static validation would be a dy-
namic approach: simply attempt to validate a docu-
ment with respect to a DTD and a set of constraints.
This, however, would not tell us whether repeated
failures are due to a bad specification, or problems
with the documents.

The consistency analysis for XML specifications is
not nearly as easy as for relational data (any set of
keys and foreign keys can be declared on a set of
relational attributes). Indeed, [14] showed that for
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Figure 1: Examples of XML documents

DTDs and arbitrary keys and foreign keys, the con-
sistency problem is undecidable. Furthermore, under
the restriction that all keys and foreign keys are unary
(single-attribute), the problem is NP-complete.

These results only revealed the tip of the iceberg,
as many other flavors of XML constraints exist, and
are likely to be added to future standards for XML
such as XML Schema [33]. One of our goals is to
study such constraints. In particular, we concen-
trate on constraints with regular expressions, and
relative constraints that only hold in a part of the
document. Furthermore, for classes of constraints
with high lower bounds, we are interested in their
tractable, or at least decidable restrictions. We now
give examples of new kinds of constraints considered
here, and explain the consistency problem for them.

Constraints with reqular expressions. As XML data
is hierarchically structured, one is often interested in
constraints specified by regular expressions. For ex-
ample, consider an XML document (represented as a
node-labeled tree) in Fig. 1 (a), which conforms to
the following DTD for schools:

<!ELEMENT r (students, courses, faculty, labs)>
<!ELEMENT students (student®)>
<!ELEMENT courses (cs340, c¢s108, cs434)>
<IELEMENT faculty (prof*)>
<!ELEMENT 1labs (dbLab, pcLab)>
<!ELEMENT student (record)>

/* similarly for prof
<IELEMENT cs434 (takenBy™)

/* similarly for cs340, cs108
<!ELEMENT dbLab (acc™)

/* similarly for pcLab

Here we omit the descriptions of elements whose type
is string (PCDATA). Assume that each record ele-

ment has an attribute id, each tekenBy has an at-
tribute sid (for student id), and each acc has an at-
tribute num.

One may impose the following constraints over the
DTD of that document:

r._*.(student U prof).record.id —
r._*.(student U prof).record,

r._*.cs434.takenBy.sid C r._*.student.record.id,
r._*.dbLab.accnum C r._*.cs434.takenBy.sid,
r._*.cs434.takenBy.std — r._*.cs434.takenBy.

Here _ is a wildcard that matches any label (tag) and
* is its Kleene closure that matches any path. The
first constraint says that id is a key for all records of
students and professors. Furthermore, sid is a key for
students taking cs434. The other constraints spec-
ify foreign keys, which assert that c¢s434 can only be
taken by students, and only students who are taking
cs434 can have an account in the database lab.

Clearly, there is an XML tree satisfying both the
DTD and the constraints. As was mentioned ear-
lier, specifications are rarely written at once. Now
suppose a new requirement is discovered: all faculty
members must have a dbLab account. Consequently,
one adds a new foreign key:

r.faculty.prof.record.id C r._*.dbLab.acc.num,
r._*.dbLab.acc.num — r._*.dbLab.acc.

However, this addition makes the whole specification
inconsistent. This is because previous constraints
postulate that dbLab users are students taking cs434,
and no professor can be a student since id is a key for
both students and professors, while the new foreign
key insists upon professors also being dbLab users and
the DTD enforces at least one professor to be present



in the document. Thus no XML document both con-
forms to the DTD and satisfies all the constraints.

The consistency problem for regular expression con-
straints is at least as hard as for constraints specified
for element types with simple attributes: NP-hard in
the unary case and undecidable in general [14]. We
use results from [2, 14, 24] to show that in the unary
case, the problem remains decidable, but the lower
bound becomes PSPACE.

Relative integrity constraints. Many types of con-
straints are specified for an entire document. A differ-
ent kind of constraints, called relative, was proposed
recently [5] — those constraints only hold in a part of
a document. As an example, consider an XML doc-
ument that for each country lists its administrative
subdivisions (e.g., into provinces or states), as well
as capitals of provinces. A DTD is given below and
an XML document conforming to it is depicted in
Figure 1 (b).

<!ELEMENT db (country™)>
<!ELEMENT country (province®, capitalt)>
<!ELEMENT province (capital, city™)>

Each country has a nonempty sequence of provinces
and a nonempty sequence of province capitals, and for
each province we specify its capital and perhaps other
cities. Each country and province has an attribute
name, and each capital has an attribute InProvince.

Now suppose we want to define keys for countries and
provinces. One can state that country name is a key
for country elements. It is also tempting to say that
name is a key for province, but this may not be the
case. The example in Figure 1 (b) clearly shows that;
which Limburg one is interested in probably depends
on whether one’s interests are in database theory, or
in the history of the European Union. To overcome
this problem, we define name to be a key for province
relative to a country; indeed, it is extremely unlikely
that two provinces of the same country would have
the same name. Thus, our constraints are:

country.name — country,
country(province.name — province),
country(capital.inProvince — capital),
country(capital.inProvince C province.name).

The first constraint is like those we have encoun-
tered before: it is an absolute key, which applies
to the entire document. The rest are relative con-
straints which are specified for sub-documents rooted
at country elements. They assert that for each coun-
try, name is a key of province elements, inProvince is
a key of all capital descendants of the country element
and it is a foreign key referring to name of province el-
ements in the same sub-document. In contrast to reg-
ular expression constraints given earlier, these con-

straints are defined for element types, e.g., the first
constraint is a key for all country elements in the en-
tire document, and the third constraint is a (relative)
key for all capital elements in a sub-document rooted
at a country node.

To illustrate the interaction between constraints and
DTDs, observe that the above specification — which
might look reasonable at first — is actually inconsis-
tent!

To see this, let T be a tree that satisfies the specifica-
tion. The constraints say that for any sub-document
rooted at a country c¢, the number of its capital el-
ements is at most the number of province elements
among c’s descendants. The DTD says that each
province has a capital element as a child and that
each country element has at least one capital child.
Thus, the number of capital descendants of ¢ is larger
than the number of province descendants of ¢, which
contradicts the previous bound. Hence, the specifi-
cation is inconsistent.

Relative constraints appear to be quite useful for cap-
turing information about XML documents that can-
not possibly be specified by absolute constraints. It
turns out, however, that the consistency problem is
much harder for them: it is undecidable even for
single-attribute keys and foreign keys.

Given this negative result, we look at restrictions that
would give us decidability. They come in the form of
extra conditions on the “geometry” of foreign keys
that relate the two sides of the inclusion in the DTD
tree representing a non-recursive DTD. We show that
the problem is decidable if relative constraints are
“hierarchical”; furthermore, if foreign keys do not
talk about attributes that are “too far” from each
other, the problem is PSPACE-complete.

Tractable and decidable restrictions. Since expensive
lower bounds, and even undecidability, were estab-
lished for most versions of the consistency problem,
we would like to see some interesting tractable, or de-
cidable, restrictions. In case of absolute constraints,
the results of [14] consider either single attributes or
multi-attribute sets for both keys and foreign keys,
and thus say nothing about the intermediate case in
which only keys are allowed to be multi-attribute.
This class of constraints is rather common and arises
when relational data is translated into XML. While
often identifiers are used as single-attribute keys,
other sets of attributes can form a key as well (e.g.,
via SQL unique declaration) and those typically con-
tain more than one attribute. We show that the con-
sistency problem for this class of constraints, when
every key is primary (i.e., at most one key is defined
for each element type), remains decidable.

A number of trivial restrictions for tractability of ab-
solute constraints are known (e.g., a fixed DTD, no



foreign keys). Restrictions on DTDs are unlikely to
help: [14] showed that the consistency problem for
unary absolute constraints is NP-hard for very simple
DTDs (no Kleene star, no recursion). There are two
further ways to restrict the problem: one can impose
a bound on the number of constraints, or a bound on
the depth of the DTDs. We show that neither one
in isolation gives us tractability, but when the two
restrictions are combined, the consistency problem is
in NLOGSPACE.

The main conclusion of this paper is that while
many proposals such as XML Schema [33] and XML
Data [30] support the facilities provided by the DTDs
as well as integrity constraints, and while it is possible
to write inconsistent specifications, checking consis-
tency at compile-time appears to be infeasible, even
for fairly small specifications.

Related work. Consistency was studied for other
data models, such as object-oriented and extended
relational (e.g., with support for cardinality con-
straints), see [9, 10, 19].

A number of specifications for XML keys and for-
eign keys have been proposed, e.g., XML Schema [33],
XML-Data [30]. A recent proposal [5] introduced rel-
ative constraints, which were further studied in [6].
To the best of our knowledge, consistency of XML
constraints in the presence of schema specifications
was only investigated in [14]. However, [14] did not
consider relative constraints, constraints defined with
regular expressions and the class of multi-attribute
keys and unary foreign keys. Other constraints for
semi-structured data, different from those considered
here, were studied in, e.g. [2, 7, 15]. The latter also
studies the consistency problem; the special form of
constraints used there makes it possible to encode
consistency as an instance of conjunctive query con-
tainment.

Organization. Section 2 defines DTDs, and abso-
lute keys and foreign keys for XML. Section 3 studies
the class of absolute multi-attribute keys and unary
foreign keys, and the class of regular expression con-
straints which is an extension of absolute constraints
with regular path expressions. Section 4 defines and
investigates relative keys and foreign keys. We also
provide several complexity results for implication of
XML constraints. Section 5 summarizes the main re-
sults of the paper.

2 Notations

DTDs, XML trees, paths We formalize the notion
of DTDs as follows (cf. [29, 8, 23, 14]).

Definition 2.1 A DTD (Document Type Definition)
is defined to be D = (E, A, P, R, 1), where:

e E is a finite set of element types;
e A is a finite set of attributes, disjoint from E;

e for each T € E, P(7) is a regular expression «,
called the element type definition of 7:

a == S| |€e]| aa]| aqal a*
where S denotes the string type, 7' € E, € is the
empty word, and 1”7, “” and “«” denote union,

concatenation, and the Kleene closure;
e for each 7 € E, R(7) is a set of attributes in A;

o r € E and is called the element type of the root.

We normally denote element types by 7 and at-
tributes by [, and assume that r does not appear in
P(7) for any 7 € E. We also assume that each 7 in
E\{r} is connected to r, i.e., either T appears in P(r),
or it appears in P(7') for some 7' that is connected
to r.

An XML document is typically modeled as a node-
labeled tree. Below we describe valid XML doc-
uments w.r.t. a DTD, along the same lines as
XQuery [34], XML Schema [33] and DOM [28].

Definition 2.2 Let D = (E, A, P, R, r) be a DTD.
An XML tree T conforming to D, written T |= D, is
defined to be (V, lab, ele, att, val, root), where

e V is a finite set of nodes;

e lab is a function that maps each node in V to
a label in EU AU {S}; a node v € V is called
an element of type 7 if lab(v) = 7 and 7 € E,
an attribute if lab(v) € A, and a text node if
lab(v) =S;

e cle is a function that for any T € E, maps each
element v of type T to a (possibly empty) list
[v1, ..., U] of elements and text nodes in V such
that lab(vy) ... lab(vy,) is in the regular language
defined by P(1);

e att is a partial function fromV x A to V such
that for anyv € V andl € A, att(v, ) is defined
iff lab(v) =71, T € E and l € R(1);

e val is a partial function from V to string values
such that for any node v € V, val(v) is defined
iff lab(v) =S or lab(v) € A;

e oot is the root of T: root € V and lab(root) =
T



For any node v € V, if ele(v) is defined, then the
nodes v' in ele(v) are called the subelements of v.
For any 1l € A, if att(v, 1) = v, then v' is called an
attribute of v. In either case we say that there is
a parent-child edge from v to v'. The subelements
and attributes of v are called its children. The graph
defined by the parent-child relation is required to be a
rooted tree.

In an XML tree T, for each v € V, there is a unique
path of parent-child edges from the root to v, and
each node has at most one incoming edge. The root
is a unique node labeled with r. If a node z is la-
beled 7 in E, then the functions ele and att define
the children of x, which are partitioned into subele-
ments and attributes. The subelements of = are or-
dered and their labels observe the regular expression
P(r). In contrast, its attributes are unordered and
are identified by their labels (names). The function
val assigns string values to attributes and to nodes
labeled S.

Our model is simpler than the models of XQuery and
XML Schema as DTDs support only one basic type
(PCDATA or string) and do not have complex type
constructs. Unlike the data model of XQuery, we do
not consider nodes representing namespaces, process-
ing instructions and references. These simplifications
do not affect the lower bounds, however.

We also use the following notations. Referring to an
XML tree T, if z is a 7 element in 7" and [ is an at-
tribute in R(7), then z.I denotes the I attribute value
of z, i.e., x.l = val(att(z,l)). If X is alist [l1,... ,1,]
of attributes in R(7), then z[X] = [z.0y,...,z.0,)]
For any element type 7 € E, ext(r) denotes the set
of all the 7 elements in T'. For any | € R(7), ext(r.l)
denotes {x.l | z € ext(r)}, the set of all the [-attribute
values of 7 nodes.

Givena DTD D = (E, A, P, R, r) and element types
7,7 € E, a string 1.7.--- .7, over E is a path
in D from T to 7 f m = 7, 7, = 7 and for
each i € [2,n], 7; is a symbol in the alphabet of
P(7;_1). Moreover, Paths(D) = {p | thereis 7 €
E such that p is a path in D from r to 7}.

We say that a DTD is non-recursive if Paths(D) is
finite, and recursive otherwise. We also say that D
is a mo-star DTD if the Kleene star does not occur
in any regular expression P(7) (note that this is a
stronger restriction than being x-free: a regular ex-
pression without the Kleene star yields a finite lan-
guage, while the language of a *-free regular expres-
sion may still be infinite as it allows boolean operators
including complement).

Keys and foreign keys We consider two forms of
constraints for XML: absolute constraints that hold

on the entire document, denoted by AC; and relative
constraints that hold on certain sub-documents, de-
noted by RC. Below we define absolute keys and for-
eign keys; their variations using regular expressions
will be defined in Section 3.2, and relative constraints
will be formally defined in Section 4. The constraints
given in Section 1 are instances of regular constraints
and relative constraints, which are slightly different
from what we present in this section.

A class of absolute keys and foreign keys, denoted
by ACy'pr (we shall explain the notation shortly),

is defined for element types as follows. An AC}‘(’T‘FK

constraint ¢ over a DTD D = (E, A, P, R, r) has
one of the following forms:

o Key. 7[X] — 7, where 7 € E and X is a
nonempty set of attributes in R(r). An XML
tree T satisfies ¢, denoted by T' |= ¢, if

Va,y € ext(r) (/\ (zl=yl) = z=y).
lex

e Foreign key. It is a combination of two con-
straints: an inclusion constraint 71[X] C m[Y]
and a key constraint 72[Y] — 72, where 7,7 €
E, X,Y are nonempty lists of attributes in
R(71), R(2) of the same length. This constraint
is satisfied by a tree T if T' |= m[Y] — 7, and
in addition

Va € ext(r) Jy € ext(r) (z[X] = y[Y])-

That is, 7[X] — 7 says that the X -attribute values of
a 7 element uniquely identify the element in ext(r),
and 7 [X] C m[Y] says that the list of X-attribute
values of every 7 node in T must match the list of
Y-attribute values of some 7 node in T'. We use two
notions of equality to define keys: value equality is
assumed when comparing attributes, and node iden-
tity is used when comparing elements. We shall use
the same symbol ‘=’ for both, as it will never lead to
ambiguity.

Constraints of ACk g are generally referred to as
multi-attribute constraints as they may be defined
with multiple attributes. An ACy’px constraint is
said to be unary if it is defined in terms of a single
attribute; that is, | X |=|Y |=1 in the above defini-
tion. In that case, we write 7.l — 7 for unary keys,
and 71.l1 C T2.l2, 7.l = T for unary foreign keys.
As in relational databases, we also consider primary
keys: for each element type, at most one key can be
defined.

We shall use the following notations for subclasses
of ACy g subscripts K and FK denote keys and
foreign keys, respectively. When the primary key re-
striction is imposed, we use subscript PK instead of



K. The superscript ‘*’ denotes multi-attribute, and
‘1’ means unary. When both superscripts are left out,
we mean that both keys and foreign keys are unary.

We shall be dealing with the following subclasses
of AC}}’TFK: AC;{”lFK denotes the class of multi-
attribute keys and unary foreign keys; ACk rk is the
class of unary keys and unary foreign keys; AC;’}{’ FK
is the class of primary multi-attribute keys and unary
foreign keys; and ACpg rr is the class of primary
unary keys and unary foreign keys.

Consistency, or satisfiability problem We are in-
terested in the consistency, or satisfiability problem
for XML constraints considered together with DTDs:
that is, whether a given set of constraints and a DTD
are satisfiable by an XML tree. Formally, for a class
C of integrity constraints we define the XML specifi-
cation consistency problem SAT(C) as follows:

PROBLEM: SAT(C)

INPUT: A DTD D, a set ¥ of C-constraints.

QUESTION: Is there an XML tree T such that
TEDandTEZX?

It is known [14] that SAT(ACK'pg) is undecid-

able, but SAT(ACk rr) and SAT(ACpk rk) are NP-
complete.

Constraint implication Another classical problem is
the implication problem for a class of constraints C,
denoted by Impl(C). Here, we consider it in the pres-
ence of DTDs. We write (D, X) F ¢ if for every XML
tree T, T E D and T = ¥ imply T E ¢. The
implication problem Impl(C) is to determine, given
any DTD D and any set ¥ U {¢} of C constraints,
whether or not (D, X) F ¢. It was shown in [14] that
Impl(AC¥ ) is undecidable and Impl(ACk rx) is
coNP-complete.

3 Absolute integrity constraints

In this section, we establish the decidability and
lower bounds for SAT(ACEy ) and SAT(AC ),
the consistency problems for absolute primary multi-
attribute keys and unary foreign keys, and for abso-
lute regular unary keys and unary foreign keys. The
class ACj %y is an extension of ACk rx with regular
path expressions, which will be defined shortly. We
also study tractable restrictions of SAT(ACk ri ).

3.1 Multi-attribute keys

We know that SAT(ACk rk), the consistency prob-
lem for unary absolute keys and foreign keys, is
NP-complete. In contrast, SAT(ACg ) is unde-
cidable. This leaves a rather large gap: namely,
SAT(AC}}’}FK), where only keys are allowed to be
multi-attribute (note that since a key is part of a
foreign key, the other restriction, to AC}(’TFK, does
not make sense).

The reason for the undecidability of SAT(ACE ;) is
that the implication problem for functional and inclu-
sion dependencies can be reduced to it [14]. However,
this implication problem is known to be decidable —in
fact, in cubic time — for single-attribute inclusion de-
pendencies [12], thus giving us hope to get decidabil-
ity for multi-attribute keys and unary foreign keys.

While the decidability of the consistency problem for
AC;(’?FK is still an open problem, we resolve a closely-

related problem, SAT(AC;’}{’FK). That is, the consis-
tency problem for multi-attribute primary keys and
unary foreign keys. Recall that a set ¥ of AC}}’}FK
constraints is said to be primary if for each element
type 7, there is at most one key in ¥ defined for 7
elements. We prove the decidability by showing that
complexity-wise, the problem is equivalent to a cer-
tain extension of integer linear programming studied
in [22]:

PROBLEM: PDE (Prequadratic Diophantine
Equations)
An integer n x m matrix A, a vector
beZ" and aset EC {1,...,m}>.
QUESTION: Is there_a vector # € N™ such that
AZ < b and z; < zj - xy for all
(1,4, k) € E.

INPUT:

Note that for E = (), this is exactly the integer lin-
ear programming problem [24]. Thus, PDE can be
thought of as integer linear programming extended
with inequalities of the form x < y - z among vari-
ables. It is therefore NP-hard, and [22] proved an
NEXPTIME upper bound for PDE. The exact com-
plexity of the problem remains unknown.

Recall that two problems P, and P, are polynomially
equivalent if there are PTIME reductions from P; to
P, and from P, to P;. We now show the following.

Theorem 3.1 SAT(AC;’}(,,FK) and PDE are polyno-
mially equivalent.

Proof sketch. The proof is by a careful extension of
the coding used in [14] for unary keys and foreign
keys; we show that conditions of the form z < y - z
suffice to encode arbitrary keys. |



It is known that the linear integer programming prob-
lem is NP-hard and PDE is in NEXPTIME. Thus
from Theorem 3.1 follows immediately:

Corollary 3.2 SAT(AC;’}(’FK) is NP-hard, and can
be solved in NEXPTIME. i

Obviously we cannot obtain the exact complexity of
SAT(AC;’}(’ ri) without resolving the corresponding

question for PDE, which appears to be quite hard
[22].

The result of Theorem 3.1 can be generalized to dis-
joint AC}}’}FK constraints: that is, a set ¥ of AC;(’?FK
constraints in which for any two keys 7[X]| — 7
and 7[Y] — 7 (on the same element type 7) in X,
X NY = (. The proof of Theorem 3.1 applies almost

verbatim to show the following.

Corollary 3.3 The restriction of SAT(AC}’}FK) to

disjoint constraints is polynomially equivalent to
PDE.

3.2 Regular expression constraints

Just as in XML-Data and XML Schema, specifica-
tions of ACy i constraints are associated with el-
ement types. To capture the hierarchical nature of
XML data, constraints can also be defined on a col-
lection of elements identified by a regular path expres-
sion. It is common to find path expressions in query
languages for XML (e.g., XQuery [34], XSL [32]).

We define a regular (path) expression over a DTD
D= (E, A, P, R, r) as follows:

B ou= el T | [ BB ] AUB]| B,

where e denotes the empty word, 7 is an element type
in F, and ‘.’ stands for wildcard that matches any
symbol in E.  We assume that 3 does not include
the type r for the root element unless 3 = r.3' where
B’ does not include r; thus, ¢’ is just a shorthand for
E\ {r}. A regular expression defines a language over
the alphabet E, which will be denoted by (3 as well.

Recall that a path in a DTD is a list of E sym-
bols, that is, a string in E*. Any pair of nodes
z,y in an XML tree T with y a descendant of x
uniquely determines the path, denoted by p(z,y),
from = to y. We say that y is reachable from z
by following a regular expression 3 over D, denoted
by T E B(z, y), iff p(z,y) € B. For any fixed
T, let nodes(8) stand for the set of nodes reachable
from the root by following the regular expression f3:
nodes(B) = {y | T = B(root, y)}. Note that for any
element type 7 € E, nodes(r._*.T) = ext(r).

We now define XML keys and foreign keys with reg-
ular expressions. Let D = (E, A, P, R,r) be a
DTD. Given a regular expression 3 over D, a key
over D is an expression ¢ of the form g.7.l — f.7,
where 7 € E,l € R(7). For any XML tree T that
conforms to D, T satisfies ¢ (T | ¢) if for any
x,y € nodes(f.7), xz.l = y.l implies z = y. Given
two regular expressions (1,32 over D, a foreign key
over D is a combination of the inclusion constraint
61-7_1-11 - ﬁ2.7’2.l2 and a key ﬁ2.7’2.l2 — /82.7_2, where
T, € E, l; € R(ry),i = 1,2. Here T | ¢ if
T | Ba.12.lo = B2.72, and for every x € nodes(3;.71)
there exists y € nodes(f2.72) such that z.l; = y.ls.

We use ACj/rk to denote the set of all unary con-
straints defined with regular expressions. For exam-
ple, the constraints over the school DTD that we have
seen in Section 1 are instances of ACj ;. We do not
consider multi-attribute constraints here, since they
subsume ACg"pi (by using r.*.7 for 7), and thus

consistency is undecidable for them.

For SAT(ACK’z), we are able to establish both an
upper and a lower bound. The lower bound already
indicates that the problem is perhaps infeasible in
practice, even for very simple DTDs. Finding the
precise complexity of the problem remains open, and
does not appear to be easy.

Theorem 3.4

a) SAT(ACK p) can be solved in NEXPTIME.

b) For non-recursive no-star DTDs, SAT (AC )
is PSPACE-hard.

Proof sketch. a) Following [14], we code both the
DTD and the constraints with linear inequalities over
integers. However, compared to the proof of [14], the
current, proof is considerably harder due to the fol-
lowing. First, regular expressions in DTDs (“hori-
zontal” regular expressions) interact in a certain way
with regular path expressions in constraints (those
correspond to “vertical” paths through the trees). To
eliminate this interaction, we first reduce the problem
to that over certain simple DTDs. The next problem
is that regular path expressions in constraints can in-
teract with each other. To model them with linear
inequalities, we must introduce exponentially many
variables that account for all possible Boolean combi-
nations of those regular languages. The last problem
is coding the DTDs in such a way that variables cor-
responding to each node have the information about
the path leading to the node, and its relationship with
the regular path expressions used in constraints. For
that, we adopt the technique of [2], and tag all the
variables in the coding of DTDs with states of the
product automaton for all the automata correspond-
ing to the regular expressions in constraints. Putting



everything together, we reduce SAT(ACy p) to the
existence of a solution of an (almost) instance of lin-

ear integer programming, which happens to be of ex-
ponential size; hence the NEXPTIME bound.

b) We encode the quantified boolean formula problem
(QBF) as an instance of SAT(ACy ). O

3.3 Restrictions for tractability

Since most flavors of the consistency problem for
XML constraints are intractable, one is interested in
finding suitable restrictions that admit polynomial-
time algorithms. Some — rather severe — restric-
tions of this kind were given in [14]: for example,
SAT(ACk) (no foreign keys) is solvable in PTIME, as
is SAT(ACk ri) for any fixed DTD. A more natural
way of putting restrictions appears to be by speci-
fying what kinds of regular expressions are allowed
in the DTDs. However, the hardness result can be
proved even for DTDs with neither recursion nor the
Kleene star [14].

We show that the hardness result for SAT(ACk, rk)
is very robust, and withstands severe restrictions on
constraints and DTDs: namely, a bound on the total
number of constraints, and a bound on the depth of
the DTD. However, imposing both of these bounds
simultaneously makes SAT(ACk rk) tractable.

For a non-recursive DTD D, the set Paths(D) is fi-
nite. We define the depth of a non-recursive DTD
D as Depth(D) = maxX,e pains(p) length(p). By a
depth-d SAT(ACk rrx) we mean the restriction of
SAT(ACk,ri) to pairs (D, X) with Depth(D) < d.

By a k-constraint SAT(ACk k) we mean the restric-
tion of the consistency problem to pairs (D, X) where
| ¥ | < k (considering each foreign key as one con-
straint). A k-constraint depth-d SAT(ACk rk) is a
restriction to (D, ¥) with |¥|< k and Depth(D) < d.

Theorem 3.5 For non-recursive no-star DTDs:

a) both k-constraint SAT(ACk rr) and depth-d
SAT(ACk rx) are NP-hard, for k > 2 and
d> 2.

b) for any fixed k,d > 0, the k-constraint depth-d
SAT(ACk ,rK) is solvable in NLOGSPACE. O

3.4 Lower bounds for implication

We now state a simple result that gives us lower
bounds for the complexity of implication, if we know
the complexity of the satisfiability problem. Re-
call that for a complexity class K, coK stands for
{P| P eK}.

Proposition 3.6 For any class C of XML con-
straints that contains ACk rr, if SAT(C) is K-
hard for some complexity class K that contains
DLOGSPACE, then Impl(C) is coK-hard. O

It was shown in [14] that Impl(ACy k) is undecid-

able and Impl(ACk rk) is coNP-hard (in fact, coNP-
complete). Now we derive:

Corollary 3.7 ImpI(AC};’Il(’FK) is coNP-hard, and
Impl(ACrc) is PSPACE-hard. O

4 Relative integrity constraints

Since XML documents are hierarchically structured,
one may be interested in the entire document as well
as in its sub-documents. The latter gives rise to rela-
tive integrity constraints [5, 6], that only hold on cer-
tain sub-documents. Below we define relative keys
and foreign keys. Recall that we use RC to denote
various classes of such constraints. We use the nota-
tion £ < y when z and y are two nodes in an XML
tree and y is a descendant of z.

Let D = (E, A, P, R, r) be a DTD. A relative key
is an expression ¢ of the form 7(m.l — 71), where
I € R(m). It says that relative to each node z of
element type 7, [ is a key for all the 7, nodes that are
descendants of x. That is, if a tree T conforms to D,
then T' = @ if

Va € ext(t)Vy,z € ext(m)
(z<y)A(@=<2)A(yl=21)—>y=2).

A relative foreign key is an expression ¢ of the form
T(m.ly C m2.l2) and 7(7r2.ls — T»), where [; €
R(7;),i =1,2. This constraint indicates that for each
x in ext(r), l1 is a foreign key of descendants of  of
type 71 that references a key I of »-descendants of z.
That is, T = @ iff T |= 7(72.ly — 72) and T satisfies

Vaeext(r)Vy €ext(n) (& <y1) —
Jys € ext(ma) ((x <y2) Ayr.li = y2.lg)).

Here 7 is called the context type of ¢. Note that
absolute constraints are a special case of the rela-
tive constraints when 7 = r: ie., r(r.l — 7) is the
usual absolute key. Thus, the consistency problem
for multi-attribute relative constraints is undecidable
[14], and hence we only consider unary relative con-
straints here.

Following the notations for AC, we use RCk rx to
denote the class of all unary relative keys and foreign
keys; RCpk,rx means the primary key restriction.



For example, the constraints given in Section 1 over
the country/province/capital DTD are instances of
RCk FK -

Recall that SAT(ACk rk ), the consistency problems
for absolute unary constraints, is NP-complete. One
would be tempted to think that SAT(RCk rk), the
consistency problems for relative unary constraints,
is decidable as well. We show, however, in Sec-
tion 4.1, that this is not the case. In light of this neg-
ative result, we identify several decidable subclasses
of RCx rk, which we call hierarchical constraints, in
Section 4.2.

4.1 Undecidability of consistency

We now show that there is an enormous differ-
ence between unary absolute constraints, where
SAT(ACk, rk) is decidable in NP, and unary relative
constraints. We consider the consistency problem for
those, that is, SAT(RCk rk ). Clearly, the problem is
r.e.; it turns out that one cannot lower this bound.

Theorem 4.1 SAT(RCk rk) is undecidable.
Proof sketch. By reduction from Hilbert’s 10th prob-
lem [21]. O

In the proof of Theorem 4.1, all relative keys are pri-
mary. Thus, we obtain:

Corollary 4.2 SAT(RCpk rr), the restriction of
SAT(RCxk ri) to primary keys, is undecidable. O

4.2 Decidable hierarchical constraints

Often, relative constraints for XML documents have a
hierarchical structure. For example, to store informa-
tion about books we can use the structure presented
in Figure 2 (a), with four relative constraints:

library (book.isbn — book), (1)
book (author.name — author), (2)
book (chapter.number — chapter), (3)
chapter(section.title — section). (4)

(1) says that isbn is a key for books, (2) says that
two distinct authors of the same book cannot have
the same name and (3) says that two distinct chap-
ters of the same book cannot have the same number.
Constraint (4) asserts that two distinct sections of
the same chapter cannot have the same title.

This specification has a hierarchical structure: there
are three context types (library, book, and chapter),
and if a constraint restricts one of them, it does not

impose a restriction on the others. For instance, (1)
imposes a restriction on the children of library, but
it does not restrict the children of book. To ver-
ify if there is an XML document conforming to this
schema, we can separately solve three consistency
problems for absolute constraints: one for the sub-
schema containing the element types library, book and
isbn; another for book, author, name, chapter and
number; and the last one for chapter, section, and
title.

On the other hand, the example in figure 2 (b) does
not have a hierarchical structure. In this case, au-
thor_info stores information about the authors of
books, and, therefore, the following relative foreign
key is included:

library (author _info.name — author_info),
library (author.name C author_info.name).

In this case, nodes of type author are restricted from
context types library and book. Thus, we cannot sep-
arate the consistency problems for nodes of types li-
brary and book.

Below we formalize the notion of hierarchical relative
constraints via the notion of hierarchical DTDs and
sets of relative constraints. We prove that the con-
sistency problem for this kind of DTDs and sets of
constraints is decidable and show that under some
additional restrictions, it is PSPACE-complete.

Let D = (E, A, P, R, r) be a non-recursive DTD and
Y be a set of RCk ri-constraints over D. We say
that 7 € F is a restricted type if 7 = r or 7 is the
context type of some ¥-constraint. A restricted node
in an XML tree is a node whose type is a restricted
type. The scope of a restricted node z is the sub-
tree rooted at x consisting of: (1) all element nodes
y that are reachable from z by following some path
T1.T2. - Ty (n > 2) such that for every i € [2,n —1],
7; is not a restricted type, and (2) all the attributes
of the nodes mentioned in (1). For instance, a node
of type book in the example shown in figure 2 (a) is a
restricted node and its scope includes a node of type
book and some nodes of types author, name, chapter
and number.

Given two restricted types 71 and 72, we say that 7,
T» is a conflicting pair in (D, X) if the scopes of the
nodes of types 7 and 7y are related by a foreign key.
Formally, 71,72 € E is a conflicting pair in (D,X) iff
71 # 72 and (1) there is a path in D from 71 to 7
and 7 is the context type of some constraint in X;
and (2) there is 73 € E such that 7 # 73 and there
exists a path in D from 75 to 73 and for some 74 € F,
either 7 (73.l3 C 74.l4) or 7y (74.ly C 713.03) is in X.
As an example, library and book in figure 2 (b) are a
conflicting pair, whereas they are not in figure 2 (a).

If a specification (D, X) does not contain conflicting
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(b) A non-hierarchical structure

Figure 2: Two schemas for storing data in a library.

pairs, then we say that (D, X) is hierarchical. If this
specification is consistent, then we can construct a
tree conforming to D and satisfying 3 hierarchically,
never looking at more than the scope of a single re-
stricted node. We prove this property in theorem 4.3.

We define the language HRCk rx as {(D,X) | D is a
non-recursive DTD, ¥ is a set of RCk, px-constraints
and (D,Y) is hierarchical}. In this case, the input
of SAT(/H'RCK,FK) is (D,E) € /H’RCK’FK, and the
problem is to determine whether there is an XML
tree conforming to D and satisfying X.

Theorem 4.3 SAT(HRCxk rx) is decidable.

Proof sketch. To prove this theorem, first we prove a
lemma stating the following. Suppose that f : N — N
is a function such that for any consistent (D,X) €
HRCk ri, there is a tree T |= D, T = ¥ in which
the size of the scope of each restricted node is at
most the value of f on the size of the DTD naturally
associated with that scope. Then SAT(HRCk, rk) is
in NSPACE(log(f)).

Second, by using the techniques of [14] we prove that

ok

f(x) can be taken to be 22° | where k > 1 is a fixed
constant. We conclude that SAT(HRCk rk) is in
EXPSPACE. O

The algorithm in the proof gives an exponential space
upper bound. We can lower it by imposing some
further conditions on the “geometry” of constraints
involved: namely, that for any inclusion constraint
7(11.ly C 72.l2), 71.l; and 7».l> are not too far from
each other.

Formally, let D be a non-recursive DTD and ¥ a set
of RCk rk-constraints over D such that (D, X) is hi-
erarchical. Given d > 1, (D, X) is d-local if, whenever
T1, To are restricted types, 7 is a descendant of 7 and
no other node on the path from 7, to 7» is a context

type of a Y-constraint, then the length of that path
is at most d.

Let d-HRCk rr be the language {(D,%) | (D,X) €
HRCk rr and is d-local}.

Theorem 4.4 For any d > 1, SAT(d-HRCk rk) is
PSPACE-complete.

Proof sketch. The membership follows from the
lemma used in the proof of Theorem 4.3. For hard-
ness, we use reduction from QBF. |

4.3 Implication problem

Note that RCk,rx and HRCk rk include ACk rik.
Thus from Proposition 3.6 we derive:

Corollary 4.5 Impl(RCk rk) is undecidable, and
Impl(HRCk rr) is PSPACE-hard. O

5 Conclusion

We studied the problem of statically checking XML
specifications, which may include various schema def-
initions as well as integrity constraints. As observed
earlier, static validation is quite desirable as an alter-
native to dynamic checking. Our main conclusion is
that, however desirable, the static checking is hard:
even with very simple document definitions given by
DTDs, and (foreign) keys as constraints, the com-
plexity ranges from NP-hard to undecidable.

The main results are summarized in Figures 3, 4 (we
also included the main results from [14] in those fig-
ures). When one deals with absolute constraints,
which hold in an entire document, the general consis-
tency problem is undecidable. It is solvable in NEXP-



Class ACR ok 141 | ACk pxc ACK ACk rc [14]
description multi-attribute | multi-attribute unary regular unary keys,

keys and primary keys, path constraints foreign keys
foreign keys unary foreign keys | (keys, foreign keys)

Upper bound | undecidable NEXPTIME NEXPTIME NP

Lower bound | undecidable NP PSPACE NP

Figure 3: Complexity of the consistency problem for absolute constraints

Class RC;(;TFK [14] RC}QFK /HRC}QFK d—/HRC}QFK, d>1

description multi-attribute unary keys | unary hierarchical | unary hierarchical
keys, foreign keys | foreign keys | constraints constraints, d-local

Upper bound | undecidable undecidable | EXPSPACE PSPACE

Lower bound | undecidable undecidable | PSPACE PSPACE

Figure 4: Complexity of the consistency problem for relative constraints

TIME if foreign keys are single-attribute, and is NP-
complete if so are all the keys as well. However, if reg-
ular expressions are allowed in single-attribute con-
straints, the lower bounds becomes at least PSPACE.

For relative constraints, which are only required to
hold in a part of a document, the situation is quite
bleak, as even the very simple case of single-attribute
constraints is undecidable. By imposing certain re-
strictions on the “geometry” of those constraints, we
can show that the problem is decidable, although
PSPACE-hard; further restrictions make it PSPACE-
complete. We also saw that these results are quite ro-
bust, as hardness is often achieved on relatively sim-
ple constraints and DTDs.

Although most of the results of the paper are neg-
ative, the techniques developed in the paper help
study consistency of individual XML specification
with type and constraints. These techniques in-
clude, e.g., the connection between regular expres-
sion constraints and integer linear programming and
automata.

One open problem is to close the complexity gaps.
However, these are by no means trivial: for exam-
ple, SAT(AC;’}(,’ i) was proved to be equivalent to
a problem related to Diophantine equations whose
exact complexity remains unknown. In the cases of
SAT(AC;(E?FK) and SAT(HRCk rk), we think that it
is more likely that our lower bounds correspond to the
exact complexity of those problems. However, the al-
gorithms are quite involved, and we do not yet see
a way to simplify them to prove the matching upper
bounds.

Another topic for future work is to study the inter-
action between more complex XML constraints, e.g.,
those defined in terms of XPath [31], and more com-

plex schema specifications such as XML Schema [33]
and the type system of XQuery [34]. Our lower
bounds apply to those settings, but it is open whether
upper bounds remain intact.
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APPENDIX

Proofs

Proof of Theorem 3.1

We start by showing a reduction from SAT(ACPK i) to PDE. As the first step, we encode AC}Z’}(’FK constraints
by a prequadratic Diophantine system.

Let D be a DTD (E, A, P, R, r) and ¥ be a set of AC;’}(,’FK constraints, i.e., primary AC}}’}FK constraints. We
encode ¥ with a set Cy of integer constraints, referred to as the cardinality constraints determined by 3. For
any p € %,

o if p is a key constraint 7[ly,...,lx] = 7, then Cx contains |ext(7)| < |ext(r.l1)] - ... - |ext(T.ly)];

e if p is a unary foreign key 71.ly C 7.l and 7».ls — 72, then Cy contains |ext(r1.l1)| < |ext(rs.l2)| and
lext(2)| < |ext(a.l2)|.

In addition, for any 7 € E and | € R(r), |ext(r.l)] < |ext(r)| and 0 < |ext(r.l)| are in Cx. Observe that
for a unary key 7.l — 7 we have both |ext(7.l)| < |ext(r)| and |ext(r)| < |ext(r.l)| in Cx. Thus Cx assures
lext(T)| = |ext(T.1)].

We write T |= Cx, if T satisfies all the constraints of Cx.. Note that Cy, is equivalent (in fact, can be converted
in linear time) to a prequadratic Diophantine system since < z; - ...z can be written as constraints of the
form x < y-z by introducing k — 2 fresh variables, e.g., x < 1 - x5 -3 - x4 is equivalent to z < x1-21, 21 < X229
and z> < w3 - x4 (in the sense that the former is satisfiable iff the latter is). Thus, without loss of generality,
assume that Cy consists of linear and prequadratic integer constraints only.

It should be noted that Cyx, can be computed in time linear in the size of ¥ and D.

The lemma below shows that Cx. characterizes the consistency of ¥ if keys in ¥ are primary.

Lemma 1 Let D be a DTD, ¥ be a set of AC;’}(,’FK constraints over D, and Csx, be the set of cardinality
constraints determined by ¥. Then there exists an XML tree Ty such that Ty = D and Ty |= X iff there exists
an XML tree Ty such that Ty = D and Ty |= Cyx. In addition, any XML tree valid w.r.t. D and satisfying E
also satisfies Cy.

Proof. Tt is easy to see that for any XML tree T} that satisfies ¥, it must be the case that T} = Cx. Conversely,
we show that if there exists an XML tree T» = (V, lab, ele, att, val, root) such that To = D and Ty = Cs;, then
we can construct an XML tree 77 such that 77 = D and T = X.

We construct T} from Ty by modifying the function val while leaving V, lab, ele, att and root unchanged. More
specifically, we modify val(v) if lab(v) € A, i.e., if v is an attribute, and leave val(v) unchanged otherwise.
Let S = {rl|7 € E,l € R(r)}. To define the new function, denoted by val’, we first associate a set of
string values with each 7.l in S. Let N be the maximum cardinality of ext(r.l) in T, i.e., N > |ext(r.l)]
in Ty for all 7.l € S. Let Vo = {a; | i € [1,N]} be a set of distinct string values. For each 7.1 € S, let
Vir = {a; | i € [1,|ext(r.0)]]}, and for each = € ext(r), let val'(att(x,l)) be a string value in V;; such that
in Ty, ext(r.l) = V;;. In addition, for each key 7[l1,...,lx] = 7 in X, let z[l4,...,l;] be a distinct list of
string values from V;;, x ... x V, ;.. This is possible because by the definition of T3, (1) ext(r) in T} equals
ext(r) in Ts; (2) |ext(r.l)| in Ty equals |ext(7.l)| in Ta; (3) To = Cx and |ext(7)| < |ext(r.ly)| - ... - |ext(r.l1)]
is in Cy; and (4) since ¢ is the only key defined for 7 elements, the population of the attributes ly,...,l; of
z is independent of the population of any other attributes of z. It should be noted that it may be the case
that V., ;, C Vi1, even if ¥ does not imply 71.ly C m».lo. This does not lose generality as we do not intend
to capture negation of foreign keys. We next show that 7T; is indeed what we want. It is easy to verify that
T, = D given the construction of T} from T, and the assumption that 7> = D. To show that T} = X, we



consider ¢ € ¥ in the following cases. (1) If ¢ is a key 7[ly,...,l;] — 7, it is immediate from the definition of
Ty that Ty | ¢ since for any x € ext(r), [l1,...,lx] is a distinct list of string values from V;;, x ... x V.
(2) If ¢ is 71.ly C T2.la, then Ty = |ext(r1.l1)| < |ext(1a.l2)| by To = Cx. Recall that by the definition of val’,
for i € [1,2], Vi1, = {a; | i € [1,|ext(r:.1;)|]} and in T, ext(r;.l;) = Vi, 4;. Thus ext(m.ly) C ext(rz.lz) in Ti.
That is, T1 }= ¢. Therefore, T1 = D and T} |= . O

The above lemma takes care of coding the constraints; the next step is to code DTDs. For that, we use the
technique developed in [14]: for each DTD D, one can compute in linear time in the size of D a set ¥ of linear
inequalities on nonnegative integers, referred to as the set of cardinality constraints determined by D, which
includes |ext(7)| as a variable for each element type 7 in D, but it does not have |ext(7.l)| as a variable for any
attribute [ of 7. Moreover, it has the following properties [14]:

e if Up has a nonnegative integer solution, then there exists an XML tree 7" valid w.r.t. D such that the
cardinality of ext(7) in T equals the value of the variable |ext(7)| in the solution for each element type 7
in D;

o if there exists an XML tree T valid w.r.t. D then ¥p has a nonnegative integer solution such that the
value of the variable |ext(7)| in the solution equals the cardinality of ext(r) in T.

We now combine this coding with the coding for AC}Z’}(’FK constraints. Given a DTD D and a finite set ¥ of
AC}’}(,FK constraints over D, we define the set of cardinality constraints determined by D and ¥ to be

U(D,Y) = ¥p UCxy U{(ext(r)| >0) = (Jext(r.l)] >0) | 7 € E, l € R(7)},

where Cf, is the set of cardinality constraints determined by X, Wp is the set of cardinality constraints determined
by D, and constraints (|ext(r)| > 0) — (Jext(r.l)] > 0) are to ensure that every 7 element has an [ attribute.
Note that |ext(r.l)| < |ext(r)| is already in Cs. Constraints in ¥(D, X) are either linear integer constraints or
inequalities of the form x <y - z, which come from Cy, or constraints of the form z > 0 — y > 0. Note that if
we leave out constraints of the form z >0 — y > 0, ¥(D, ¥) is a prequadratic Diophantine system.

We say that ¥(D, X) is consistent if and only if ¥(D, ) admits a nonnegative integer solution. That is, there
is a nonnegative integer assignment to the variables in ¥(D, X) such that all the constraints in ¥(D, ) are
satisfied. The system is computable in linear time in the size of D and X.

Lemma 2 Let D be a DTD, ¥ be a finite set of AC}Z’}(’FK constraints over D, and ¥(D, X) be the set of

cardinality constraints determined by D and X. Then U(D, X) is consistent if and only if there is an XML tree
T such thatT =D and T |= X. O

Proof. Suppose that there exists an XML tree T such that T |= D and T |= ¥. Then there is a nonnegative
integer solution to ¥p such that for each element type 7 in D, the value of the variable |ext(7)| equals the
number of 7 elements in 7. By Lemma 1 and 7' = ¥, we have T' | Cx. We extend the solution of ¥'p to be one
to ¥(D, X) by letting the variable |ext(7.l)| equal the number of distinct ! attribute values of all 7 elements in
T, for each element type 7 and attribute [ of 7 in D. Since T | Cy;, this extended assignment satisfies all the
constraints in Cx. In addition, if |ext(7)| > 0 then |ext(7.l)| > 0 since every 7 element in T has an [ attribute.
Hence the assignment is indeed a nonnegative solution to ¥(D, X). This is, ¥(D, X) is consistent.

Conversely, suppose that ¥(D, ¥) admits a nonnegative integer solution. Then there exists an XML tree T such
that T = D and moreover, for each element type 7 in D, the cardinality of ext(r) in T equals the value of the
variable |ezt(7)| in the solution. We construct a new tree T' from T' by modifying the definition of the function
val such that in T”, for each element type 7 and attribute [ of 7, the number of distinct [ attribute values of all
7 elements equals the value of the variable |ext(7.l)| in the solution. This is possible since |ext(7.l)| < |ext(T)]
is in Cy, and the assignment is also a solution to Cy,. Thus 77 | D and T' | Cx. Observe that since it is
a solution of ¥(D, X), we have |ext(r.l)| > 0 if |ext(r)| > 0, and thus every 7 element in T can have an |
attribute. Hence by Lemma 1, there exists an XML tree T” such that 7" |= D and T" |= . O

We now conclude the proof of reduction from SAT(AC};’}(’FK) to PDE. By Lemma 2, given any DTD D and

any finite set ¥ of AC;’}{’FK constraints, there exists an XML tree T  such that 7' |= D and T | X iff ¥(D, X)
has a nonnegative integer solution. Such a solution requires |ext(7.l)| > 0 if |ext(7)| > 0. To ensure this, let ®



be a system that includes all linear integer constraints and prequadratic constraints in ¥ (D, ¥) and moreover,
lext(T)| < |ext(r.l)| - |ext(r)| for each constraint (|ext(r)| > 0) — (Jext(r.l)| > 0) in ¥(D,X). Observe that
® is a prequadratic Diophantine system. In addition, ¥(D, ¥) has a nonnegative integer solution iff ® has a
nonnegative integer solution. To see this, observe that for any nonnegative integer assignment to |ext(r)| and
lext(r.l)], (lext(T)| > 0) = (lext(r.l)| > 0) iff |ext(r)| < |ext(r.l)| - |ext(r)|. Indeed, if a nonnegative solution
satisfies |ext(7)| < |ext(r.l)|-|ext(r)| then it cannot assign 0 to the variable |ext(7.l)| if |ext(r)| > 0. Conversely,
if a solution satisfies (lext(r)| > 0) — (|ext(r.l)| > 0) then it is obvious that |ext(7)| < |ext(r.l)| - |ext(r)| holds
as long as the solution consists of nonnegative integers. Thus D and X are consistent iff the prequadratic
Diophantine system ® has a nonnegative integer solution. Observe that ® can be computed in linear time in
the size of ¥(D, ¥), and ¥(D, ¥) can be computed in linear time in the size of D and ¥ (denoted by n). Hence

it takes O(n) time to compute ®. Therefore, there is a PTIME reduction from SAT(AC}Z’}(’FK) to PDE.
We now move to the other direction, a reduction from PDE to SAT(AC}Z’}(’ ri ). Without loss of generality, we

show it for the case of PDE instances with a nonnegative matrix A and a nonnegative vector b, since we can
code any linear inequality in the same way and thus the proof extends straightforwardly to arbitrary instance
of PDE.

Given an instance of PDE; i.e., a system S consisting of a set S; of linear equations/inequalities on nonnegative
integers and a set S, of prequadratic constraints of the form z; < z; - x4, we define a DTD D and a set ¥

of AC;’}(’ i constraints such that S has a nonnegative solution iff there is an XML tree T' satisfying ¥ and

conforming to D. We use X = {z; | ¢ € [1,n]} to denote the set of all the variables in S. Assume that
St ={e;j | j € [1,m]} and e; has one of the following forms:

p .
aj ©1 + ... +al, x, op by,

where op is either “<” or “>”, and b; and aZ are nonnegative integers.
We define the DTD D = (E, A, P, R, r) as follows:

(1) For each variable z;, we define a distinct element type X; and moreover, distinct element types CX; ;, DX; ;

for each j € [1,m]. In addition, for each p = z; < x5 - 2 in S, we define distinct element types X7, NX7, and

distinct element types CX?. DX ip7 ; for each j € [1,m]. That is, for each prequadratic equation z; < x4 - xp

4,57
in Sy, we create a distinct copy of X;. For each linear constraint e;, we define distinct element types E;, U;, B;
and a distinct element type U; ; for each ¢ € [1,n]. We use r to denote the root element type. That is,

E = {r}
U{E;,Uj,Bj | j € [L,m]}
U{X;|ielln]}
U{CX,;,DX;; U ;|i€[ln],jel,m]}
U{X?,NX? |p=a; <wj- -z € Sp}
U{CX};,DX};1j€l,m],p=w; <xs a1 € Sp}

2,37

(2) A = {I} U{li;,lix | (m; < mj-z1) € Sp}. That is, A has an attribute [ and moreover, for each prequadratic
constraint x; < x; - o3 in Sp, A includes two extra attributes [; ; and I; .

(3) We define production rules as follows:

P(r) = FEi, ..., En, (X0)* ..., (X)) (XP)*, .., (XPn)x, /¥ foreach p; =2; < zj -z in S,
P(E;) = Bj,..., By, (Ui;)* ..., (Uny )" /* b; many occurrences of Bj; for each ej € S;
PU;;) =1U; /¥ for all i € [1,n] and j € [1,m)]
PU;) =c¢ /* for all j € [1,m]
P(Xl) = CXZ'J, e, CXt,m /* for all 7 € [l,n]
P(CX,;)= DX;;, ..., DX, /* a’ many occurrences of DX j;
/*for all i € [1,n] and j € [1,m)]
P(DX; ;)= ¢ /¥ for all i € [1,n] and j € [1,m)]
P(X}) = 0X},...,CX},, NX} [Fforallp=2; < zj-x,in S,
P(CX};) = DX}, ..., DX}, /* a’ many occurrences of DX ;,
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Figure 5: A tree used in the proof of Theorem 3.1

J¥forallp=x; < z5-z,in Sy and j € [1,m];
P(DX};) =€ [¥forallp=x; < z5-xin S, and j € [1,m)]

Intuitively, referring to an XML tree conforming to D, we use |ezt(X;)| to code the value of the variable z; in

S. We encode the coefficient a] with DX ; and the term a] z; with CX; ;. The value of a] ; is encoded with
lext(DX; ;)| under X;. Moreover for each prequadratic equatlon p=2z; < zj -z in Sp, we give the same

treatment to the copy X7 of X;. We encode lext(X?)| with |ext(NX?)|. Indeed, by P(X?), in any XML tree
valid w.r.t. D, |ext(X?)| = |ext(NX')|. The reason to use X” and NX? is to ensure that the set ¥ of ACK K
constraints defined below is primary. We use E; to code the linear constraint e; in S;. More specifically, we
encode the value of aj x; with |ext(U; ;)|, b; with |ext(B;)| and the value of al z +...+al x, with lext(U;)|.

(4) We define the attribute function R as follows: for each of X;, NX?, U;, B;j, U;; and DX, j, let | be its
attribute. In addition, for each p = z; < zj-z1 in S), let R(Xp) con51st of l,,J and lhk For all other element type
7, let R(T) be empty. Intuitively, we shall define [ attribute as a key and use [; ; and [; ; to code prequadratic
constraint x; < x; - Tg.

An XML tree conforming to D has the form shown in Figure 5.
Given the DTD D, we define a set ¥ of AC}Z’}(’FK constraints over D.

(1) For each 7 ranging over X;, NX!, U;, Bj, U; j, DX; j and DX? ., ¥ includes a key:

0,50
Tl =T

That is, [ is a key of 7.

(2) For each i € [1,n], j € [1,m] and p = z; < x5 -z, in Sy, ¥ includes

Uijl CDX;;l, DX, ;1 CU;;l, Ui .l C Dng.l, Dng.l CU;;l.
These ensure that the encoding of the term a/ x; are consistent.
(3) For each e; = a{ Ty + ...+ al x, opbj,if op is “<” then ¥ includes
U;.l C Bjl,
and if op is “>” then ¥ includes
B;.l CU;.l.
This constraint captures the linear inequality e;.
(4) For each p = 2; < zj - 2 in Sp, ¥ includes

le[ll’.],ll’k] —)Xip, lellJ QXJZ, lelz,k ngl



Intuitively, these constraints encode the prequadratic constraint x; < z; - .
(5) For each p = z; < zj - @ in Sp, T includes
X;.lCNXPU, NXPIlC Xl

These constraints ensure |ext(X;)| = |ext(NX?)|. Since by the DTD D, |ext(X})| = |ext(NX})|, these con-
straints in fact ensure that |ext(X;)| = |ext(X?)|, i.e., X7 is indeed a copy of X;.

Clearly, the set X is primary, i.e., for any element type 7 there is at most one key defined. In fact, we use copies
XP of X; just to ensure that ¥ is primary.

We next show that the encoding is indeed a PTIME reduction from PDE to SAT(AC;’}{’FK). Suppose that S
has a nonnegative solution. Then we construct an XML tree T' conforming to D as shown in Figure 5, and
moreover, for each i € [1,n] and each p = z; < z; -z, in S, let |ext(X;)| and |ext(X?)| in T equal the value
of the variable z; in the solution. By the definitions of D and ¥, it is easy to verify T' = X. In particular, for
each p =z; < -z in Sp, T satisfies the AC;{”lFK constraints coding the inequality given above, by Lemma 1.
Conversely, suppose that there exists an XML tree T such that 7' =D and T | ¥. We construct a solution of
S by letting variable z; equal |ext(X;)| in T. Again by Lemma 1 and the definitions of D and X, it is easy to
verify that it is indeed a nonnegative integer solution. In particular, each p = z; < z; -z in S}, holds because of
lext(X7?)| < |ext(X;)|-lext(X})| and |ext(X?)| = |ext(X;)|. Finally, observe that the encoding can be computed
in PTIME in the size of S. Thus there is a PTIME reduction from PDE to SAT(AC}Z’}(’FK).

This completes the proof of Theorem 3.1. |

Proof of Theorem 3.4

The proof is a bit long, so we first give a rough outline. The idea is similar to the proof of the NP membership for
SAT(ACk rk) [14]: we code both the DTD and the constraints with linear inequalities over integers. However,
compared to the proof of [14], the current proof is considerably harder due to the following. First, regular
expressions in DTDs (“horizontal” regular expressions) interact in a certain way with regular expressions in
integrity constraints (those correspond to “vertical” paths through the trees). To eliminate this interaction, we
first show how to reduce the problem to that over narrow DTDs, in which no wide horizontal regular expressions
are allowed. The next problem is that regular expressions in constraints can interact with each other. Thus,
to model them with linear inequalities, we extend the approach of [14] by introducing exponentially many
variables that account for all possible Boolean combinations of regular languages given by expressions used in
constraints. The last problem is coding the DTDs in such a way that variables corresponding to each node have
the information about the path leading to the node, and its relationship with the regular expressions used in
constraints. For that, we adopt the technique of [2], and tag all the variables in the coding of DTDs with states
of a certain automaton (the product automaton for all the automata corresponding to the regular expressions
used in constraints).

Putting everything together, we reduce SAT(ACj/r) to the existence of solution of an (almost) instance of

linear integer programming, which happens to be of exponential size; hence the NEXPTIME bound.

And now it is time to fill in all the details. First, we need some additional notation. For any regular expression
B over a DTD D, any element type 7 € E and any attribute [ € R(7), we write values(3.7.l) to denote the set
{val(y.l) | y € nodes(B.7)}. Observe that for any 7 € E, and I € R(7), values(r._*.7.l) = ext(r.l)

We start by explaining the process of narrowing the DTDs. Intuitively, we replace long “horizontal” regular
expressions in P(7) by shorter ones. Formally, consider a DTD D = (E, A, P, R, r). Foreach 7 € E, P(7) is a
regular expression a. A DTD is basically an extended regular grammar (cf. [8, 23]); thus 7 — « can be viewed
as the production rule for 7. We rewrite the regular expression by introducing a set N of new element types
(nonterminals) such that the production rules of the new DTD have one of the following forms:

T =TI, T T—=T | T T=T 7 T— S T €

where 7,7, are element types in EU N, 7' € E, S is the string type and € denotes the empty word. More
specifically, we conduct the following “narrowing” process on the production rule 7 — a:



If a = (o, as), then we introduce two new element types 71,7 and replace 7 — « with a new rule
T — T1,T2. We proceed to process 71 — a1 and 75 — a» in the same way.

If « = (a1|as), then we introduce two new element types 71,72 and replace 7 — « with a new rule
T — 71 | 72. We proceed to process 74 — «a; and 73 = a9 in the same way.

o If a = of, then we introduce a new element type 7 and replace 7 — a with 7 — 7. We proceed to
process 71 — aq in the same way.

If « is one of 7/ € E, S or €, then the rule for T remains unchanged.

We refer to the set of new element types introduced when processing 7 — P(7) as N, and the set of production
rules generated/revised as P,. Observe that N, N E = () for any 7 € E.

We define a new DTD Dy = (En, A, Py, Ry, 1), referred to as the narrowed DTD of D (or just a narrow
DTD if D is clear from the context), where

e EN=FU U N, i.e., all element types of F and new element types introduced in the narrowing process;
TEE

e Py = U P,, i.e., production rules generated/revised in the narrowing process;
TEE

e Ry(1) = R(7) for each 7 € E, and Ry(7) = 0 for each 7 € En \ E.

Note that the root element type r and the set A of attributes remain unchanged. Moreover, elements of any
type in En \ E do not have any attribute. The only kind of Py production rules whose right-hand side contains
element type of E are of the form 7 — 7/, where 7/ € E. It is easy to see that Dy is computable in linear time.

Observe that an XML tree T valid w.r.t. D may not conform to Dy and vice versa. Furthermore, an AC;;B?FK
constraint ¢ over D may be satisfied by 7" but it may not be satisfied by any XML trees conforming to Dy .
To explore the connection between XML trees valid w.r.t. D and those valid w.r.t. Dy, we interpret regular
expressions and AC??FK constraints over D in XML trees valid w.r.t. Dy.

The restriction of a word p to D is the list of E symbols in p. Let 8.7 be a regular expression over D and 1" be
an XML tree. We say that a node = in T is reachable by following 8.7 w.r.t. D from the root of T', denoted
by T |Ep B.7(root, x), iff the restriction of p(root,z) to D is in the language defined by 3.7, where p(root, x)
is the path from root to « in T'. Similarly, we use T' =p B.7(x, y) to denote that a node y in T is reachable
from a node z by following 8.7 w.r.t. D. We use nodesp(3.7) to denote the set of nodes of T reachable from
the root by following 8.7 w.r.t. D, i.e., the set {y | T |Ep B.7(root, y)}. For each | € R(7), valuesp(B.7.0)
stands for the set {y.l | y € nodesp(B.7)}. Observe that if T = D then nodesp(8.1) = nodes(f.7) and
nodesp(B.7) = nodes(B.7) in T.

An XML tree T satisfies an AC?:"FK constraint ¢ w.r.t. a DTD D, denoted by T [Ep ¢, iff (1) if ¢ is a key
B.7.1 — pB.7, then for any two nodes z,y € nodesp(f.7) in T, z.l = y.l implies z = y; (2) if ¢ is a foreign key:
B1.11.ly C Ba.malz and Ba.72.ls — Ba2.12, then T |=p Ba.72.ly = (2.72 and for every & € nodesp(f:1.71) there
exists y € nodesp(fB2.7) in T such that z.l; = y.ly. Again, f T = D then T =p ¢ iff T = .

Using these we are now ready to establish the connection between D and Dy, which allows us to consider only
narrow DTDs from now on.

Lemma 3 Let D be a DTD, Dy be the narrowed DTD of D and ¥ be a set of ACy’py constraints over D.

Then there exists an XML tree Ty such that Ty |= D and Ty | X iff there exists an XML tree T> such that
T2 ': DN and T2 ':D 3.

Proof. Tt suffices to show the following;:

Claim: Given any XML tree T} |= D one can construct an XML tree 7> by modifying T} such that 75 = Dy,
and vice versa. Furthermore, for any regular expression 3.7 over D and I € R(7), |nodesp(B.7)| in T equals
|nodes(B.7)| in Ty, and valuesp(B.7.1) in T» equals values(B.7.0) in T;.



For if the claim holds, we can show the lemma as follows. Assume that there exists an XML tree T such
that Ty | D and Ty = ¥. By the claim, there is T such that T> |= Dy. Suppose, by contradiction, there is
@ € ¥ such that Ty £ ¢. If v is a key B.7.1 — (.7, then there two distinct nodes z,y € nodesp(8.7) in Ty
such that z.l = y.l. In other words, |valuesp(8.7.1)| < |nodesp(B.7)| in Ty. Since Th = ¢, it must be the case
that |values(B8.7.1)| = |nodes(S.7)| in T since the value z.l of each x € nodes(8.7) uniquely identifies  among
nodes(f3.7). This contradicts the claim that |nodesp(3.7)| in T2 equals |nodes(8.7)| in Ty and valuesp(B.7.1)
in Ty equals values(B.7.l) in Ty. If ¢ is a foreign key: (i.71.l1 C B2.72.0y and Bs.72.ls — [2.72, then either
Ty Fep B2.12.la = B2.7 or there is © € nodesp(B1.11) such that for all y € nodesp(B2.72) in Ta, x.ly # y.lo. If it
is the first case, then the argument for keys shows that it leads to a contradiction. If it is the second case, then we
have z.l; & valuesp(B2.12.12). By the claim, z.l; € values(fy.71.l1) in Ty. Since T} | ¢, z.l1 € values(Ba.72.12)
in 7. Again by the claim, we have z.l; € valuesp(B2.72.l2) in Ts, which contradicts the assumption. The proof
for the other direction is similar.

We next verify the claim. Given an XML tree Ty = (V1, laby, eley, att, val, root) such that T} |= D, we construct
an XML tree Ty by modifying T} such that T = Dy. Consider a 7 element v in 7. Let eley(v) = [vy, ..., Uy)
and w = laby(v1)...laby(v,). Recall N, and P;, the set of nonterminals and the set of production rules
generated when narrowing 7 — P(7). Let @, be the set of E symbols that appear in P, plus S. We can view
G =(Q,,N,U{r}, P.,7) as an extended context free grammar, where @, is the set of terminals, N, U {7} the
set of nonterminals, P, the set of production rules and 7 the start symbol. Since T} | D, we have w € P(r).
By a straightforward induction on the structure of Py (7) it can be verified that w is in the language defined by
G. Thus there is a parse tree T'(w) of the grammar G for w, and w is the frontier (the list of leaves from left
to right) of T'(w). Without loss of generality, assume that the root of T'(w) is v, and the leaves are vy,... ,v,.
Observe that the internal nodes of T'(w) are labeled with element types in N, except that the root v is labeled
7. Intuitively, we construct 7> by replacing each element v in 7 by such a parse tree. More specifically, let
Ty = (Va, labs, eles, att, val, root). Here V, consists of nodes in V7 and the internal nodes introduced in the
parse trees. For each = in V5, let labe(z) = labi(z) if © € Vi, and otherwise let labz(z) be the node label of z in
the parse tree where z belongs. Note that nodes in V5 \ V; are elements of some type in Ex \ E. If labz(x) is some
element type 7, let eles(x) be the list of its children in the parse tree. Note that att and val remain unchanged.
By the construction of T it can be verified that T5 |= Dy ; and moreover, for any regular expression 3.7 over
D and I € R(7), |nodesp(B.7)| in Ty equals |nodes(8.7)| in Ty and valuesp(B.7.1) in Ty equals values(S.7.0) in
T, because, among other things, (1) none of the new nodes, i.e., nodes in V5 \ Vi, is labeled with an E type; (2)
no new attributes are defined; and (3) the ancestor-descendent relation on T} elements is not changed in T5.

Conversely, assume that there is To = (V3, labs, eles, att, val, root) such that T» = Dy. We construct an
XML tree T} by modifying T5 such that T} = D. For any node v € V> with lab(v) = 7 and 7 € Eny \ E, we
substitute the subelements of v for v in ele(v'), where v’ is the parent of v. In addition, we remove v from V3,
laby(v) from labs, and eles(v) from eles. Observe that by the definition of Dy, no attributes are defined for
elements of any type in Eny \ E. We repeat the process until there is no node labeled with element type in
En\ E. Now let Ty = (V1, laby, eley, atty, valy, root), where Vi, lab; and ele; are Vs, labs and eles at the end
of the process, respectively. Observe that att, val and root remain unchanged. By the definition of 7T it can be
verified that T} |= D; and in addition, for any regular expression 3.7 over D and [ € R(r), |nodes(8.7)| in Ty
equals |nodesp(B.7)| in Tz, and values(B.7.1) in Ty equals valuesp(B.7.1) in Ty, because, among other things,
none of the nodes removed is labeled with a type of E and the attribute function att is unchanged. o

We now move to encoding AC?:"FK constraints in terms of integer constraints. Let D be a DTD (E, A, P, R, r)

and ¥ be a set of AC?:"FK constraints over D. Let Dy be the narrowed DTD of D. To encode X, let

By.1midy, ..., Br-Tk.lp be an enumeration of all regular expressions and attributes that appear in X, and © be
the set of functions 6 : {1,... ,k} — {0,1} which are not identically 0. For every 6, we introduce a new variable
zp. In any XML tree valid w.r.t. Dy, the intended interpretation of zy is the cardinality of

ﬂ valuesp(B;iTil;) \ U valuesp(B;.7;.15).
4:0(i)=1 j:0(4)=0

That is, the variables zy describe all possible intersections of valuesp(3;.7;.l;) and their complements. Note that
there are exponentially many new variables in total. Using these variables, we define the set of the cardinality
constraints determined by X, denoted by Cx, which consists of the following:

o for each i € [1, k], |valuesp(B3;.7:.l;)| = Z 295
0:0(i)=1



e for each i,j € [1,k], Z zg = 0if B; C B; (for each 7 and I such that §;.7.l and §;.7.l appear
0:0(i)=1,0(j)=0
in X), or if 8;.7;.l; C B;.71;.1; is in ; these encode inclusion constraints as well as containment of regular
expressions;

e for each key f3;.7;.l; = B;.1; in ¥, |valuesp(B;.7:.l;)| = |nodesp(B;.7:)|;

o for each i € [1, k], |valuesp(B;.7:.l;)] < |nodesp(Bi.m;)| and 0 < |valuesp(B;.7.1;)|.

We use T |= Cx to denote that there is an integer solution to Cy such that in T, for each i € [1,k],
|valuesp(B;.7:.1;)| and |valuesp(f;.7;)| equal the values assigned to these variables by the solution. Note that
Cys can be computed in exponential time in |¥|, and its size is exponential in |X| as well.

The lemma below shows that Csx, characterizes the consistency of 3.

Lemma 4 Let Dy be the narrowed DTD of D, ¥ be a set of AC??FK constraints over D, and Cy, be the set of
cardinality constraints determined by ¥.. Then there exists an XML tree Ty such that Ty |E Dy and Th Ep &
iff there exists an XML tree Ty such that To = Dy and Ty = Cx. In addition, any XML tree valid w.r.t. Dy
and satisfying ¥ w.r.t. D also satisfies Cx.

Proof. Tt is easy to see that for any XML tree Ty, if T} |Ep ¥, it must be the case that T} |= Cx. Indeed, given
valuesp(pi.;.l;) and nodesp(B;.7;) in Ty for all i € [1,k], we can compute an assignment to the variables zg
by the equations in Cyx. It is easy to verify that the assignment is a solution of integer constraints in Cy, and
moreover, T} = Cy.

Conversely, we show that if there exists an XML tree T = (V, lab, ele, att, val, root) such that T = Dy and
T, E Cyx, then we can construct an XML tree 77 such that 7y = D and T} =p ¥. We construct T} from 7% by
modifying the function val while leaving V, lab, ele, att and root unchanged. More specifically, we modify val(v)
if v is an attribute of a node in nodesp(B.7) for some regular expression 8.7 in X, and leave val(v) unchanged
otherwise. To do this, for each zy we create a set sy of distinct string values such that |sg| = zg and sgNsgr = B if
6 #0'. For each i € [1,k], we define a set S; by S; = U sg such that in T», valuesp(B;.7;.1;) = S;. That is,
0:0(i)=1
for each 7; element z in nodesp(B3;.7;) in Ty, let val’ (att(x,1;)) be a string value in S; such that valuesp(8;.7:-1;)
in T equals S;. This is possible because by the definition of T, (1) nodesp(B;.7;) in Th equals nodesp(8;.7;) in
Ty; (2) |valuesp(B;.7:.1;)| in Ty equals |valuesp(B;.7;.1;)| in Ty by Cx, constraint |valuesp(8;.7;.1;)| = Z 29
0:0(i)=1
and by |S;| = Z zg; (3) 0 < |valuesp(B;.1.1;)| and |valuesp(B;.7;.1;)| < |nodesp(f;.m;)| are in Cy; and (4)
0:0(i)=1
T, E Cs.

We next show that T) has the desired properties. It is easy to verify T; | Dy given the construction of T
from T and the assumption 75 = Dy. From the discussion above follows that T} = Cs. To show T} |=p %,
we consider ¢ € ¥ in the following cases. (1) If p is a key 8;.7;.0; = (3.7, it is immediate from the definition of
T, that T} |=p ¢ since T [ |valuesp(B;.7:.1;)| = |nodesp(B;.7:)|. That is, each x € nodesp(B;.7;) in Ty has a
distinct /; attribute value and thus the value of its /; attribute uniquely identifies z among nodes in nodesp (8;.7;).
(2) If pis Bi.13.l; C fBj.71;.1;, then it is easy to see that valuesp(B;.7.0;) \valuesp(3;.7;.1;) = U sp \ U Sg
9:0(i)=1 9:0(j)=1
= U sg. Since sg Nsgr = 0 if 6 # 0', |valuesp(B;.7:.l;) \ valuesp(B;.7;.15)| = Z zp. Since
0:0(i)=1,0(5)=0 0:60(i)=1,0(5)=0
Ty = Cx and Z zp = 0is in Cx, we have |valuesp(8;.7i.l;) \ valuesp(B;.7;.1;)] = 0. That is,
0:0(i)=1,0(j)=0
valuesp(B;.7;.l;) C valuesp(B;.7;.0;) in Th. Thus Ty |=p ¢. Therefore, T} is indeed an XML tree such that
T ':DN and T} |:D 3. O

Next, we move to encoding of DTDs, more specifically, narrow DTDs. Let D = (E, A, P, R, r) and X be a set
of ACi’py constraints over D. We encode the narrowed DTD Dy = (En, A, Py, Ry, r) of D with a system

U3 of integer constraints such that there exists an XML tree valid w.r.t. Dy iff ¥ admits an integer solution.



The coding is developed w.r.t. ¥. More specifically, to capture the interaction between Dy and constraints of
¥, the system 3 accommodates certain variables in Cs,, i.e., [nodesp(3.7)| for each regular expression 8.7 in
Y. In other words, ¥% specifies the dependencies imposed by Dy on the number of 7 elements reachable by
following .7 w.r.t. D.

To capture |nodesp((3.7)| in U5, consider, for each regular expression in ¥, an automaton that recognizes that
expression. Let M be the deterministic automaton equivalent to the product of all these automata. We refer
to M as the DFA for ¥. Let sps be the start state of M and ¢ be its transition function. Given an XML tree
T valid w.r.t. Dy, for each 7 element z in T" we define

S if there is a simple path p.7 over D such that
state(z) = T Ep p.r(root,z), and s = §(sr, p.7)
undefined otherwise

The connection between M and T" w.r.t. 8.7 is described by the following lemma:

Lemma 5 Let D be a DTD, Dy be the narrowed DTD of D, ¥ be a set of AC?:"FK constraints over D, M be
the DFA for ¥, and 3.7 be a reqular expression in X. Then for any XML tree T valid w.r.t. Dy and any T
element © in T, x € nodesp(B.7) in T iff state(x) contains some final state fz.; of the automaton for B.71.

In other words, nodesp(3.7) in T consists of all 7 elements z such that state(x) (which is a tuple of states of
automata corresponding to regular expressions in ¥) contains some final state f3 . of the automaton for g.7. A
similar idea was exploited in [2].

Proof. Since T is a tree, there exists a unique simple path p over D such that T =p p.7(root, z). Thus
z € nodesp(B.7) in T iff p.r € B.7. If p.r € B.7, then there must be a final state fg, in the automaton
for §.7 and a state s in M such that s = d(sar, p.7) and s contains fz... Thus s = state(z). Conversely, if
state(z) contains a final state fg , in the automaton for 8.7, then p.7 € f.7 since s = §(sar, p.7). Therefore,
xz € nodesp(B.7)in T O

We next define a system ¥% of integer constraints. The variables used in the constraints of U3 are described
as follows. For each element type 7 € E and each state s in M such that s = §(sps, p.7) for some simple path
p € E*, we create a distinct variable 2. Intuitively, in an XML tree T valid w.r.t. Dy, we use 2 to keep
track of the number of 7 elements with state s. Recall N, the set of element types introduced in the narrowing
process of 7 — P(7). Note that N, and E are disjoint. For each 7’ € N, and each state s for 7, we also create
a distinct variable #2,. In the XML tree T, we use z2, to keep track of the number of 7' descendants of a 7
element with state s. There are exponentially many variables (in the size of D and X) in total since M is a
DFA. Using these, we define an integer constraint to specify 7/ — Py (7') at state s for each 7/ € N, U {7} as
follows. Let us use ¥£ to denote the set of integer constraints defined for N, U {7} at s.

o If Py(7') = m for some element type 7 € E, then ¥¢ includes 2%, = a:jll, where s’ is the state d(s, 7’).

o If Px(7") = (11, 72), then W2 includes z, = 27 and x%, = z , where 7y, 7> € N; by the narrowing process.
Referring to the XML tree T', these assure that each 7’ element in T' must have a 7; subelement and a
subelement.

o If Px(7') = (71|m2), then W7 includes x?, = xf + 2%, where 71,75 € N,. Referring to the tree T', these
assure that each 7' element in T' must have either a 7; subelement or a 75 subelement, and thus the sum of
the number of these 7 subelements and the number of 75 subelements equals the number of 7’ elements.

o If Pn(7') = 7, then W7 includes (zf, > 0) — (% > 0), where 71 € N;. Referring to the XML tree T,
this assures that each 71 subelement in 7" must have a 7’ element as its parent.

In addition, £ includes #2, > 0 for each 7' € N, U {r}. These assure that the numbers of elements in an XML
tree cannot be negative. Note that in the coding, under a 7 element at state s, the descendants of any type in
N do not change state as they do not appear in the DFA M, whereas descendants of type 7' € E change state.
Note that the coding of Kleene closure here is quite different from its coding in [14].

By our restriction on regular expressions regarding element type r, there is a unique variable z; associated with
r, where s is the start state sps of M. We write z, for z.



Given these, we define the set of cardinality constraints determined by DTD D w.r.t. a set ¥ of AC;;B?FK
constraints over D, denoted by \Il%, to be the set consisting of the following:

e all the constraints in ¥? for each 7 € E and each state s given above;

e 1, = 1; i.e., there is a unique root in each XML tree valid w.r.t. Dy;

e |nodesp(B.7)| = Z x? for each regular expression 3.7 in X, where z%’s are all those variables

fa.r in s
associated with 7 such that s contains some final state in the automaton for 3.7.

Observe that by Lemma 5, in an XML tree T valid w.r.t. Dy, Z z? is indeed |nodesp(3.7)], the cardinality
fa.r in s

of the set of 7 elements in T that are reachable from the root by following 3.7 w.r.t. D. Note that U% can be

computed in EXPTIME in |D| and |X|, and the size of ¥} is exponential in |D| and |3|.

We say that U3 is consistent iff it has an integer solution. We next show that ¥% indeed characterizes the
DTD Dn.

Lemma 6 Let Dy be the narrowed DTD of D and %, be the set of cardinality constraints determined by D
w.r.t. a set ¥ of AC??FK constraints over D. Then V3, is consistent if and only if there is an XML tree T

such that T |= Dy. In addition, for each regular expression 3.7 in X, |nodesp(B.7)| in T equals the value of
the variable |nodesp(B.7)| given by the solution to U7,

Proof. First, assume that there is an XML tree T' = (V, lab, ele, att, val, root) valid w.r.t. Dy. We define an
integer solution of ¥ as follows. For each element x of type 7 € E, let S, be the set of its descendants of
some type 7' € N,. More specifically, S, is computed as follows. Initially, let = be in S,. For any y € S, with
type 7' € N, U {7}, consider 7' — Pn(7'). If Py(7') = (71,72), then 71,7 must be in N, by the narrowing
process, and y has a 7; subelement y; and a 75 subelement y» by T |= Dy. Let S, also include y; and ys».
If Pn(7") = (71|72), then y has a subelement y; which is either of type 71 or 7. Let S, also include y;. If
Py (7") = 1, then y has a list of 7 subelements. Let S, also include these subelements. We repeat the process
until no further change can be made to S,. For each y € S, let state(y) = state(z). Given this, we define
the integer solution. For each variable z¢ in W3, let its value be the number of 7 elements x in 7" such that
state(z) = s, where s is the state in 2. For each regular expression 5.7 in X, let |nodesp(8.7)| be the sum of the

variables % in the constraint |nodesp(8.7)| = Z x2. This defines an integer assignment since 7' is finite.
fa.r in s

It can be verified that the assignment is an integer solution of ¥%. Indeed, it satisfies the constraint z, = 1

and constraints of the form |nodesp(8.7)| = Z x? by the definition of the assignment. Moreover, one
fa.r in s

can verify that it also satisfies constraints of ¥¢ for each element type 7 and each state s, by a straightforward
induction on the structure of Py (7). In particular, it satisfies constraints of the form (zf > 0) — (x%, > 0) for
each 7/ — 7; in Py, since each 7 subelement in T has a 7' parent. Therefore, ¥% is consistent. Moreover, by
Lemma 5, for each regular expression §.7 in X, the value of the variable |nodesp(8.7)| in the solution is indeed
|nodesp(B.7)| in T.

Conversely, assume that ¥3 admits an integer solution. Observe that the solution assigns a nonnega-
tive integer to each variable because of inequalities in ¥%. We show that there exists an XML tree
T = (V, lab, ele, att, val, root) such that T' = Dy. To do so, for each element type 7 and state s for 7,
we create x® many distinct 7 elements and label them with 7. Let ext(r) denote the set of all T elements
created above. In addition, for each 7 € Ex such that 7 — S is in Py, we create £ many distinct string
elements and label them with S. Let exzt(S) denote the set of all the string elements created. Finally, for any
T € E, v € ext(r) and | € R(7), we create a distinct node and label it with I. We refer to this node as v;. Let

V= Jest(r) U ext(s) U | J{u | veext(r),l € R(r)}.

TEE T€FE



The functions lab, att and val are defined as follows: for each v € V and [ € A,

B T ifv€ext(r) and T € Ex U{S}
lab(v) = { [ if v = v, for some v;
_ vy if eV
att(v, I) = { undefined otherwise

I(v) empty string  if lab(v) is S or [, where [ € A
vav) = undefined otherwise

It is easy to verify that these functions are well defined. Let root be the node labeled r, which is unique since
z, = 1is in ¥%. Finally, to define the function ele, we do the following. For each % in ¥%, we choose 2% many
distinct vertices labeled 7 and mark them with 2. Note that every 7 element in V' can be marked once and only
once. Starting at root, for each 7 element x marked with 22, consider Py (7) and constraints of U5. If Py(7)

is 7' € E, then we choose a distinct 7' element y marked with %, and let ele(z) = [y], where % = 2%, is U},
If Py(7) =S, then we choose a string element y and let ele(z) = [y]. If Pn(7) = (11, T2), then we choose a 71
element y; marked with 27 and a 75 element y, marked with =7 , and let ele(z) = [y1,y2]. If Pn(7) = (71|72),
then we choose an element y of either type 71 or 72, and let ele(z) = [y]. If Px(7) = 71, then we choose a list
# of 71 elements and let ele(x) = #. By the constraints in ¥}, each element of V' can be chosen once and only
once. By induction on the structure of Py (7), one can verify that T' defined in this way is indeed an XML tree
and T | Dy. Therefore, there exists an XML tree valid w.r.t. Dy.

Finally, to see that |nodesp(B.7)| in T equals the value ng. . of the variable |nodesp(8.7)| in the solution for
each regular expression 8.7 in X, it suffices to show that for each 7 € E and each 7 element z in T, if x is marked
with 2 in the construction, then state(x) = s where s is the state in 2. For if it holds, by Lemma 5, we have
|nodesp(B.7)| in T equals ng., by the constraint |nodesp(8.7)] = Z z2 in U for each 3.7 in . Since
fa.r in s
T is a tree, there is a unique simple path p € E* such that T =p p(root,z). We show the claim by induction
on the length |p| of p. If |p| = 0, i.e., p = ¢, then x is the root and obviously, state(z) = spr = s. Assume the
claim for p and we show that the claim holds for p.7. Let y be the 7' element in T such that T =p p(root,y)
and T |Ep 7(y,z). Suppose that y is marked with mi’, in the construction. By the induction hypothesis, we
have state(y) = s', where s is the state in z*,. Tt is easy to see state(z) = d(s',7). By the definition of ¥,
constraints, s is precisely the state d(s’, 7). Thus state(z) = s. This proves the claim and thus the lemma. O

We now combine the encodings for constraints and the DTDs, and present a system ¥(D, X) of linear integer
constraints for a DTD D and a set ¥ of AC?:"FK constraints. The set U(D, ¥), called the set of cardinality
constraints determined by D and ¥, is defined to be:

T3 U Cs U {|nodesp(B.7)| > 0 = |nodesp(B.7.1)| > 0| B.7 is a regular expression in ¥, [ € R(7)},

where CYy; is the set of cardinality constraints determined by X, and ¥% is the set of cardinality constraints
determined by D w.r.t. X. The system ¥(D, X)) is said to be consistent iff it has an integer solution that
satisfies all of its constraints.

Observe that ¥(D, ¥) can be partitioned into two sets: ¥(D, X) = ¥!(D, £) U ¥¢(D, ¥), where ¥!(D, ¥)
consists of linear integer constraints, and ¥¢(D, ¥) consists of constraints of the form (z > 0 — y > 0), which
come from two sources:

e For each regular expression .7 in ¥, (Jnodesp(8.7)| > 0) = (|nodesp(B.7.01)| > 0) is in ¥¢(D, ¥). That
is, if there is a 7 element reachable by following 3.7 w.r.t. D, then the 7 element must have an [ attribute.

e Recall P;/, the set of production rules generated in the narrowing process of 7' — P(7') for 7' € E. For
each 7 — 7{ in P,/ for some 7' € E and each state s for 7/, ¥¢(D, ¥) includes (3, > 0) — (2§ > 0). That
is, each 7 subelement must have a parent 7 element.

It should be noted that the sizes of ¥¢(D, ¥) and ¥(D, X) are exponential in |D| and |X|.

We next show that ¥(D, ¥) indeed characterizes the consistency of D and X.



Lemma 7 Let D be a DTD, ¥ be a finite set of AC?:"FK constraints over D, and VU(D,X) be the set of

cardinality constraints determined by D and X. Then U(D, X) is consistent if and only if there is an XML tree
T such thatT =D and T |= X.

Proof. Let Dy be the narrow DTD corresponding to D. By Lemma 3, it suffices to show that ¥(D, X) is
consistent if and only if there is an XML tree T such that T' |= Dy and T E=p X.

Suppose that there exists an XML tree T such that T | Dy and T =p ¥. We show that (D, ¥) has an
integer solution. By Lemma 4, we have T = Cx. By Lemma 6, one can define an integer assignment to the
variables in ¥% such that all the constraints in U3 are satisfied. Moreover, the assignment assures that for
each regular expression .7 in X, the value of the variable |nodesp(3.7)| equals the number of all 7 elements
in T reachable by following 8.7 w.r.t. D. We extend the assignment as follows: for each regular expression 3.7
in ¥, let the value of the variable |valuesp(3.7.l)| be the number of distinct [ attribute values of all nodes in
nodesp(B.7) in T. Thus by T = Cs, this extended assignment satisfies all the equalities and inequalities in
Cyx. In addition, if |nodesp(B8.7)| > 0 then |valuesp(B.7.1)| > 0 since every 7 element in T has an [ attribute.
Hence the assignment is indeed a solution to ¥(D, X). Thus ¥(D, ¥) is consistent.

Conversely, suppose that ¥(D, X) has an integer solution. We show that there is an XML tree T such that
T | Dy and T =p . By Lemma 6, given an integer solution to ¥(D, ¥), we can construct an XML tree
T' = (V, lab, ele, att, val, root) such that T’ |= Dy. Moreover, for each regular expression 8.7 in X, there
are exactly ng, many 7 elements in 7" reachable by following 8.7 w.r.t. D, where ng., is the value of the
variable |nodesp(f8.7)| in ¥(D, ¥). We modify the definition of the function val such that for each regular
expression .7 in ¥ and each [ € R(7) that occurs in ¥, the number of distinct [ attribute values of all nodes
of nodesp(B.7) in T' equals the value of the variable |valuesp(B.7.01)| in the assignment. This is possible
since |valuesp(B.7.1)| < |nodesp(B.7)| is in Cx, and the assignment is also a solution to Cx. Moreover, since
(Inodesp(B.7)] > 0) — (Jvaluesp(B.7.l)] > 0) is in ¥(D, ¥), each 7 element in nodesp(B.7) can have an
attribute. Let T" denote the XML tree obtained by modifying the val function of T'. Then it is easy to verify
that T" |= Cx, and T" = D. Hence by Lemma 4, there is an XML tree T such that T = Dy and T |=p ¥. O

We need another lemma for a mild generalization of linear integer constraints.

Lemma 8 Given a system AZ < b of linear integer constraints together with conditions of the form (z; > 0) —

(z; > 0), where A is an n x m matriz on integers, b is an n-vector on integers and 1 < i,j < n, the problem of
determining whether the system admits a nonnegative integer solution is in NP.

Proof. Let ¢y, ... ,c, enumerate the conditions of the form (z > 0) — (y > 0), ¢x being (z} > 0) — (22 > 0).
Consider 27 instances of the integer linear programming 7; obtained by adding, for each k < p, either z} =
zi =0, or z},x; > 0 to AF < b. Clearly, the original system of constraints has a solution iff some Z; has a
solution. By [24], Z; has a solution iff it has a solution whose size is polynomial in A, b. Hence, to check if the

original system of constraints has a solution, it suffices to guess a polynomial size solution; thus, the problem is
in NP. |

The proof of Theorem 3.4 a) now follows from Lemmas 7 and 8. Given any DTD D and any finite set ¥ of
ACpyc constraints over D, we compute, in exponential time in [D| and |X], the system ¥(D,X) whose size is

also exponential in |D| and |X|. By Lemma 8, one can check in NEXPTIME whether ¥(D, ) has a nonnegative
integer solution, which, by Lemma 7, happens iff there exists an XML tree T such that T =D and T | X.

Proof of b) We establish the PSPACE-hardness by reduction from the QBF-CNF problem. An instance of
QBF-CNF is a quantified boolean formula in prenex conjunctive normal form. The problem is to determine
whether this formula is valid. QBF-CNF is known to be PSPACE-complete [25].

Let € be a formula of the form
lel T Qmmm"/}; (5)

where each Q; € {V,3} (1 < i < m) and ¢ is a propositional formula in conjunctive normal form, say C1 A- - -AC,,
that mentions variables z1,... ,zn,. We construct a DTD Dy and a set Xy of ACyp,-constraint such that



0 is valid if and only if there is an XML tree conforming to Dy and satisfying ¥y. We construct a DTD
Dy = (E, A, P, R, 1) as follows.

m
E = {T)O}UU{xivjiaNmupzi}v
i=1

A = {l}.
To define the function P, first we consider the quantifiers of 8. We consider (); to define P on the root r:

{(NI1|PI1)7C QIZE

P(r): (NI1>PI1)7C QIZV

In general, for each 1 <i < m — 1, we consider quantifier ;1 to define P(N,,) and P(P,,):

Nﬂvi+1 |P96i+1 Qi+1 =3

N:ti+17P:ti+1 Qi+1 =V

We represent the formula ¢ as a regular expression. Given a clause C; = \/Y_, y; VV/I_| =z (j € [1,n]), tr(C})
is defined to be the regular expression y1| - -+ |yp|Z1| -+ |Z4- We define P on the element types N, and Py,
as P(N,,) = P(z,,,) = tr(C1),... ,tr(Cy). Finally, for the rest of the elements in E, we define P as e. We
define the function R as follows.

P(N,,) = P(P,,) = {

1
1

m
m.

ININA

)
)

ININA

0
{l}
Finally, ¥y contains the following foreign keys:

r.* Ng,.*x; l Cr.C.CIl, rCCl—r.CC i€[l,m]
r.*.P,,. 2.l Cr.CCIl, rCCl—rCC i€][l,m]

For instance, for the formula Vz;3zoVzs(z1 V 22 V —z3), an XML tree conforming to D is shown in figure 6. In
this tree, a node of type N, represents a negative value (0) for the variable z; and a node of type P,, represents
a positive value (1) for this variable. Thus, given that the root has two children of types N,, and P,,, the
values 0 and 1 are assigned to z; (representing the quantifier Vz;). Nodes of type N;, has one child of type
either N,, or P,,, and, therefore, either 0 or 1 is assigned to z5 (representing the quantifier 3z5). The same
holds for nodes of type P,,. The fourth level of the tree represents the quantifier Vzs.

In figure 6, every path from the root r to a node of type either N,, or P,, represents a truth assignment for
the variables x1, x2, x3. For example, the path from the root to the node u represents the truth assignment o,:
ou(z1) =0, oy(x2) = 1 and o, (x3) = 0. To verify that all these assignments satisfy the formula 1 V z2 V —23
we use the set of constraint Xg.

We will to prove that 6, defined in (5), is valid if and only if there is an XML tree T conforming to Dy and
satisfying ¥p. We will show only the “if” direction. The “only if” direction is similar.

Suppose that there is an XML tree T such that T |= Dy and T | ¥y. To prove that 6 is valid, it suffices
to prove that each path from the root r to a node of type either N,  or P,  represents a truth assignment
satisfying ¢. Let p one of these paths and let n be the node reachable from the root by following p. We define
the truth assignment o, as follows.

o (1) = 1 p contains a node of type Py,
PR 710  Otherwise.

We have to prove that ¢,(C;) = 1 for each i € [1,n]. Given that T |= Dy, n has as a child a node n’ whose
type is in ¢r(C;). If the type of n' is x;, then given that T' |= r._*.N,,.-*.x;.l C r.C.C.l and there are no nodes
in T reachable by following the path r.C.C, we conclude that p contains a node of type P,, and, therefore,
0(C;) = 1 since o,(x;) = 1. If the type of n' is z;,then given that T' |= r._*.P,;.*.2;.l C r.C.C.l we conclude
that p contains a node of type N,,, and, therefore, 0,(C;) = 1 since o,(—z;) = 1. Therefore, 6 is a valid
formula. a
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Figure 6: An XML tree conforming to the DTD constructed from Vzi3zoVes(xy V zo V —x3).

Proof of Theorem 3.5

Proof of a) First, we will prove the NP-hardness of depth-d SAT(ACk rk) (d > 2). It suffices to prove the
NP-hardness of depth-2 SAT(ACk rx). We do this by reduction from SAT-CNF.

Let ¢ be a propositional formula of the form Cy A --- A C),, where each C; (1 < i < n) is a clause. Assume
that ¢ mentions propositional variables 1, ..., #,,. We construct a DTD D, and a set of ACk rk-constraints
X, such that Depth(D,) = 2 and ¢ is satisfiable if and only if there is an XML tree T' conforming to D, and
satisfying X,,. Define a DTD D, = (E, A, P, R, r) as follows.

E={r,z1,... ,&m,T1,... ,Zm} U{Ci; | C; mentions literal z;} U {C; ; | C; mentions literal —z;},
A={1}).

In order to define P, first we define a function for translating clauses into regular expressions. If the set of
literals mentioned in C; (1 <i < n)is {j,...,%;,, Th,,.-. ,Tg, }, then

tr(Ci) = Cijl - 1Cij,|Cii|-+|Cin,-
We define the function P on the root as follows.
P(r) = tr(Cy),...,tr(Cn),(x1|Z1),-. - , (®m|Tm)-

For the rest of the element types in E, we define P as e. We define R as follows: R(r) = 0 and R(z) = {I}
for each x € E \ {r}. Finally, the set of constraints X, is defined as follows. For each C;; € E, the foreign
key C; ;.1 C z;.l, z;.l — z; is contained in ¥,. For each C;; € E, the foreign key C; ;.I C z;.l, ;. — z; is
contained in X.

For example, if ¢ = (z1 V —z2) A (—@1 V z3), then Dy, is of the form shown in figure 7 and ¥, = {C1,1 C 1.0,
1.l — r, Cl’z.l - i’z.l, To.l — T2, Cle.l - i‘l.l, Tl — i‘l.l, Cg’g.l - 1‘3.l, r3.l — 1’3}.

We will prove that ¢ is satisfiable if and only if there is an XML tree T' conforming to D, and satisfying ¥,.
If ¢ is satisfiable, then there is a truth assignment o such that o(C;) = 1 for each i € [1,n]. By considering o
we construct an XML tree T' conforming to D, and satisfying ¥,. For each ¢ € [1,n], there is a literal I; in
C; such that o(l;) = 1. If [; = x;, then the root of T" has a child of type C; ;. If I; = —x;, then it has a child
of type C; ;. Moreover, for each i € [1,m], if o(z;) = 1, then the root of T has a child of type x;, otherwise
it has a child of type Z;. Finally, we give value 1 to each attribute in T'. It is straightforward to prove that T
conforms to D, and satisfies ¥,.
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Figure 7: DTD D,, for ¢ = (x1 V —x2) A (mz1 V 23).

If there is an XML tree 7' conforming to D, and satisfying 3, then we define a truth assignment o as follows.
For each ¢ € [1,m], if T has a node of type z;, then o(z;) = 1, otherwise o(z;) = 0. We have to prove that
0(C;) = 1for each i € [1,n]. Given that T conforms to D, its root has as a child a node n whose type is in the
regular expression tr(C;). If the type of n is C; ;, then C; mentions literal z; and T has a child of type z;, since
T must satisfy the foreign key C; ;.l C z;.l, x;.l — x;. Thus, we conclude that ¢(C;) = 1 because o(z;) = 1. If
the type of n is C; j, then C; mentions literal ~x; and T has a child of type ;, since T must satisfy the foreign
key C; ;.1 C z;.l, zj.l — x;. Thus, we conclude that ¢(C;) = 1 because o (z;) = 0.

Therefore, we conclude that depth-2 SAT(ACk k) is NP-hard.
Next, we prove the NP-hardness of 2-constraint SAT(ACk rk) by reduction from SUBSET SUM.

An instance of the SUBSET SUM problem is a number a and a set of numbers S, all given in binary. The
problem is to determine whether there is S* C S such that ) _¢ 2 = a. It is known to be NP-complete [18].

Suppose that S = {a1,... ,a,}. We construct a DTD D, g and a set of ACk rx-constraints X, g containing
two constraints such that there is an XML tree T' conforming to D, s and satisfying ¥, s if and only if there is
S' C S such that ) .o # = a. We define the DTD D, s = (E, A, P, R, r) as follows.

We introduce new element types V', Vi, ..., V,, for coding the values of a, a1, ..., a,, respectively. Define P(r) =
V,(Vile), (Val€), ..., (Vnle). fa=3"1" 2% where 0 < ki < k2 < ... < ky, then P(V) = Xy, Xy, ... , Xp
Define P on {Xo, X1,... ,Xk,,—1, Xk, } as follows:

m

T =0
P(X;) = {XihXil Otherwise

IfV; =5 25 where j € [I,n]and 0 < I; < Iy < ... < Iy, then P(V;) = ¥;,,Y},,...,Y;,,. Define P on
{Yo,Y1,...,Y 1,V } as follows:

T i=0
P(Y;) =
(¥3) {Yi_l,Yi_l Otherwise

The set E contains all the element types mentioned in the previous paragraph. Moreover, A = {l}, R(1) =
R(7") = {l} and R is defined as @ for the rest of the elements in E. Finally, the set of constraints ¥, g contains
two foreign keys: 7.0 C 7', 7'.l — 7 and 7'.l C 7.I, 7.l = 7. Observe that the size of D, and X, s is
polynomial in the size of a and S.

For instance, if a = 101 and S = {11,110}, then P(r) =V, (Vile), (Vz]e). An XML tree conforming to D, g is
shown in figure 8. Notice that the number of 7-elements that are descendants of V' is 5, since we use the node
V for coding the binary value 101. Besides, notice that the number of 7'-elements that are descendants of V; is
3, since we use the node V; for coding the binary value 11. The tree shown in figure 8 does not contain a node
of type V2. Given that P(r) =V, (Vi|e), (Vz|€), we can choose whether a node of type V; is going to be included
(i € [1,2]). Thus, we use the regular expression (Vi|e), (Va|e) for coding all the possible subsets of S.

We will prove that there is an XML tree 7' conforming to D, s and satisfying ¥, g if and only if there is
S" C S such that ) .o & = a. If there is an XML tree conforming to D, s and satisfying ¥, s, then define
S"={a; | T contains a node of type V;}. Given that T |= ¥, s, we conclude that .o = = a.



r

/\Vl
A AN

v
Xo Y1 Yo
T

AT A

X1 X1 YO YO 7!
Xo Xo Xo Xo T T
T T T T

Figure 8: An XML tree conforming to the DTD D, g for a =101 and S = {11,110}.

If there is S C S such that ) g o = a, then define an XML tree T' as follows. For each i € [1,n], the
root of T has a child of type V; if and only if a; € S’. For each child of the root, define its descendant
in such a way that they conform to D,s. Given that ) .o = = a, there is an integer k such that k =
[{z | x is a node in T of type 7}| = |{y | y is a node in T of type 7'}|. Assign the set of values 1, 2, ..., k to
{z.l | z is anode in T of type 7} and {y.l | y is a node in T of type 7'}. It is straightforward to verify that T
conforms to D, s and satisfies ¥, g.

Therefore, we conclude that 2-constraint SAT(ACk rgk) is NP-hard.
Proof of b) In this proof we will use the following lemma.
Lemma 9 ([14]) Given a DTD D, and a set £1 of ACk rk -constraints, there is a set of cardinality constraints
Cx, such that the following statements are equivalent:
1. There is a tree Ty such that Ty =Dy and T E X
2. There is a tree Ty such that To |= Dy and T = Cy, .

These cardinality constraints are constructed as follows. For each key 7.1 — 7 € Xy, |ext(r)| = |ext(r.l)| is in
Cs, . For each inclusion dependency 1.1y C 2.la € 1, |ext(m1.ly)| < |ext(r2.l2)] is in Cyx, .

We use this result to construct a nondeterministic algorithm that verifies whether a given specification (D, X)
is consistent. This algorithm works in space O(|Z| - Depth(D) - log(|D])). Thus, for any fixed k,d > 0, the
k-constraint depth-d SAT(ACk rk) is solvable in NLOGSPACE.

Let D = (E, A, P, R, r) be a non-recursive no-star DTD and ¥ a set of ACk px-constraints. Let Restricted(X)
be the set

{7 | 7 € E and 7 is mentioned in some constraint in ¥} U
{r.l| 7€ E,l € R(t) and 7.l is mentioned in some constraint in ¥}.

To verify if (D,X) is consistent, we execute a simple nondeterministic algorithm: Guess an XML tree T con-
forming to D and verify whether T satisfies Cy. To implement this algorithm, it is not necessary to store the
entire tree T'; it suffices to store the value of |ext(x)| in T, for each & € Restricted(X), since we only need to
check whether these values satisfy Cx. The following procedure implements this idea.



Count(s: regular expression)
if s € E then
if s € Restricted(X) then
lext(s)| := |ext(s)| + 1
for each s.l € Restricted(X) do
if |ext(s.l)| = 0 then |ext(s.])]| :=1

else
flip a coin
if “head” then |ext(s.l)| := |ext(s.l)| +1
Count(P(s))
else if s = 51,82 then
Count(sy)
Count(ss)
else if s = s1|s2 then
flip a coin

if “head” then Count(s;)
else Count(ss)

Initially, |ext(x)| = 0 for each = € Restricted(X). The algorithm is invoked as Count(r), where r is the type of
the root. In each step, it verifies whether the regular expression s is an element type. If this is the case, then
it verifies whether s € Restricted(X). If this holds, it increments |ext(s)|, since it found another node of type
s, and for each s.I € Restricted(X), it flips a coin for deciding whether to assign a new value to the attribute
! (and then increment |ext(s.l)|) or to copy this value from attribute ! of another node of type s (and leave
lext(s.l)| intact). Notice that if |ext(s.l)| = 0, then it is not possible to copy the value of [ from another node of
type s, and, therefore, the algorithm must assign the value 1 to |ext(s.l)|. Finally, for each s € E, it recursively
invokes to Count(P(s)).

If s ¢ E, then s = (s1,82), s = (s1]|s2) or s = €, where s; and s» are regular expressions. If s = (s1, $2),
then in order to generate an XML tree conforming to D the algorithm invokes to Count(s;) and Count(ss). If
s = (s1|s2), then in order to generate an XML tree conforming to D, the algorithm nondeterministically decides
to invoke to Count(s;) or Count(ss2). Finally, if s = ¢, then the algorithm does not execute any instruction.

When Count(r) finishes, it guessed a tree T' conforming to D and for each element type x € Restricted(X) it
stored the value of |ext(z)|. Thus, to verify whether (D, X) is consistent, we check whether these values satisfy
the set of cardinality constraint Cx.

Given that D is a non-recursive no-star DTD, for each z € Restricted(X), |ext(x)| < |D|PP*(P), Thus, the
previous algorithm works in space O(|| - log(|D|P¢P™(P))) = O(|X| - Depth(D) - log(|D|)), since | Restricted ()]
is O(|X]). Therefore, if |X| and Depth(D) are fixed, then SAT(ACk, rk) is solvable in NLOGSPACE. i

Proof of Proposition 3.6

It suffices to provide a DLOGSPACE reduction from SAT(C) to the complement of Impl(C). Given any DTD
D = (E, A, P, R, r) and any set ¥ of C constraints, we define another DTD D' and a key ¢ and a foreign key
¢ in ACk rk such that there exists an XML tree conforming to D and satisfying ¥ iff (D, X U {¢}) I ¢.

We define D' = (E', A’, P', R', r), where E' is E plus two new element types Ex and Dy, A’ is A plus a new
attribute K, P’ is identical to P except:

P'(r)
P

P(r), Dy, Dy, Ex /* P(r) followed by two Dy elements and an Ex element
I(Dy) P

(Ex) = €

and R’ is the same as R except R'(Dy) = R'(Ex) = {K}. We define a unary key ¢ and a unary inclusion
constraint ¢ as follows:

(,O:Dy.K—)Dy, QS : Dy K - Ex.K, Ex.K — FEx.

Clearly this can be done in DLOGSPACE. We next show that this is indeed a reduction. First, assume that
there exists a tree T' = D' and T = A X A ¢ A —p, then we construct another tree T’ by removing Dy, Ex
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Figure 9: An XML tree conforming to D' in the proof of Proposition 3.6

elements from T'. Obviously, 7’ |= D and T’ |= ¥. Conversely, suppose that thereis a tree T =D and T |= £
We construct another tree 7" from T as shown in Figure 9. Let us refer to the two Dy elements in T' as
dy,dy, and the Ex element as e. Let d;.K = dy.K = e.K. Then it is easy to see that 7' | D', T’ = ¥ and

O

T = ¢ A .

Proof of Theorem 4.1

We establish the undecidability of the consistency problem for unary relative keys and foreign keys by reduction
from the Hilbert’s 10th problem [21]. To do this, we consider a variation of the Diophantine problem, referred
as the positive Diophantine quadratic system problem. An instance of the problem is

Pl(xla"'vmk) = Ql(mla"')xk)+cl
Pg(l‘l,... ,:L’k) QQ(Z’l,... ,l‘k)-f-CQ

P (z1,...,z1) = Qun(z1,...,2) +Cn

where P; and @); are polynomials in which all coefficients are positive integers, 1 < ¢ < n. The degree of P; is
at most 2 and the degree of each of its monomial is at least 1, 1 < i < n. Each polynomial @; satisfies the same
condition, and each ¢; is a non-negative integer constant, 1 < ¢ < n. The problem is to determine, given any
positive Diophantine quadratic system, whether it has a non-negative integer solution.

The positive Diophantine quadratic system problem is undecidable. To prove this, it is straightforward to reduce
to it another variation of the Diophantine problem, the positive Diophantine equation problem, which is known
to be undecidable. An instance of this problem is R(y) = S(jy), where R and S are polynomials in which all
coefficients are positive integers, and the problem is to determine whether it has a non-negative integer solution.

Thus, if we reduce the positive Diophantine quadratic system problem to the consistency problem for unary
relative keys and foreign keys, we prove that the second problem is undecidable. We will do this in the rest
of this proof. More precisely, given a quadratic equation we will show how to represent it by using a DTD
and a set of constraints. It is straightforward to extend this representation to consider an arbitrary number of
quadratic equations.

Consider the following equation

Za Zo, + Z iTo; T3, Zb T, + Z biz~, x5, + 0. (6)

i=m+1 i=p+1

In this equation, for every i € [1,n] and j € [m + 1,n], a; is a positive integer and z,,, T3, represent variables,
where a; € [1,k] and f; € [1, k]. Moreover, for every i € [1,q] and j € [p+1,¢], b; is a positive integer and z.,,
Ts; represent variables, where ; € [1, k] and 6; € [1,k]. Finally, o is a positive integer.

To codify the previous equation, we need to define a DTD D = (E, A, P,R,r) and a set of constraints ¥. D
includes the following elements and attributes:

E

{r,X,Y}U U{nZ}U U{al}U U {ai, Bi,ci di,ei} U U{%}U U {vi» 0is fir gis hi}

i=1 i=m+1 i=p+1

A = {v}



In this DTD, r is the root. Each element n; is used to store the value of the variable z;. In the XML trees
that we consider in this proof, each node of type n; has an attribute v. Two different nodes of type n; contain
different values in v and the total number of values of v in these nodes represents the value of xz;, that is,
lext(n;.v)| is equal to the value of x;. Moreover, nodes of type either X or Y also have an attribute v, and
they are used, like in the previous case, to store the values of the left hand side and the right hand side of (6),
respectively.

We define P(r) as follows:
* * * * * *
P(r) = 0y, N, Ql, e s 0y Qg oo Oy Vs e s Yy Yptds o s Vs Yovvn 5 Y
——
o times

We define the function P on «; and (3; as follows:

Play) = X,..., X ifl1<i<m
———
a; times
P(Oél) = (ﬂi,ci,ci,X,...,X)*,a;» 1fm+1§z§n
a; times
Plv) = Y,...,Y if1<i<p
———r
b; times . )
P(’Yl) = (617f17fl7Y77Y)*57£ 1fp+1SZ§q
————
b; times

In order to codify (6) we need to represent the multiplication between two variables. To do this, we use o} and
!
Vi

(Birdi, di)*, (il (ci,e4)*) fm+1<i<n
(0, 9:5,9)%, (vl (fi, hi)*) Hp+1<i<gq

PB) = € itm+1<i<n P(;) = € ifp+1<i<g
Ple;) = € iftm+1<i<n P(fi) = € ifp+1<i<q
Pd) = € iftm+1<i<n P(g)) = € ifp+1<i<q
Ple;)) = € itm+1<i<n Plhy) = € ifp+1<i<g
P(X) = e PY) = e
Pln) = e if1<i<k
Finally, we include the following attributes:
R(r)=10
R(n;) = {v} 1<i<k
R(X) = R(Y) = {v}
R(w;) = {v} 1<i<n
R(v;) = {v} 1<i<q
R(Bi) = R(c;) = R(d;) = R(e;) = {v} m+1<i<n
R(6;) = R(fi) = R(gi) = R(hi) ={v} p+1<i<gq
R(af) =10 m+1<i<n
R(v) =0 p+1<i<q

To ensure that XML documents that conform to D represent equation (6) we need to add a set of constraints
Y. This set contains the following absolute keys:



( (
r(a;v — ;) forevery1<i<n r(yiv =) forevery 1 <i<gq

(Biv— pBi) foreverym+1<i<n r(f.v—9) foreveryp+1<i<yq
r(civ—¢) foreverym+1<i<n r(fiv— fi) foreveryp+1<i<gq
r(d;.v > d;) foreverym+1<i<n 7r( ) foreveryp+1<i<gq
r(e;jv —e;) foreverym+1<i<n r(h;v—h;) foreveryp+1<i<g
r(n;w —n;) forevery 1 <i<k

r(XwCYw), r{o-=Y)

r(YoC Xw), r(Xv-—oX)

r(ns.v C a;.w), r(a;.v— ;) 1<4i<nand the value of ; is equal to s
r(a;.v C nsv), r(nsw —mns) 1<1i<nand the value of ; is equal to s
r(ns.w Ce;v), r(e;v—e;) m+1<i<n and the value of §3; is equal to s
r(e;.v Cnsv), r(nswv—mns) m+1<i<n and the value of 3; is equal to s
r(ns.v Cyv), r(yv.v—v) 1<i<qand the value of ; is equal to s
r(vi-v C ngw), r(nsw —mns) 1<i<qand the value of v; is equal to s
r(ns.v C h;w), r(h;w—h;) p+1<i<qand the value of §; is equal to s
r(h;v Cnsw), r(nswv—mns) p+1<i<qand the value of §; is equal to s

a;(Biv Cdiw) ai(div—d;)) m+1<i<n
ai(div C Biv) ai(Biv— B) m+1<i<n
ai(Biv Cev) ajlcv—e) m+1<i<n
aj(c;v CBiv) ai(Biv— ;) m+1<i<n
Yi(div C giv)  vilgiv—g)) p+1<i<q
'Yi(gz-vg(si-v) Vi(ézvééz) p+1<i<gq
Yi(diw C fiw)  vi(fiv— fi) p+1<i<gq
Yi(fiv Cdiw) (0w —6) p+1<i<yq

We need to prove that there is an XML tree T such that T = D and T = ¥ if and only if there exists a
non-negative integer solution for (6). To do this, we will prove that every XML tree T satisfying D and X
codifies equation (6). More precisely, if the value of every variable z; is v; and |ezt(n;.v)| = v;, for i € [1,k],
then

lext(X.v)| = Zaivai—k Z AiVa; V3, (7)
i=1

i=m-+1
» a
lezt(Yw)| = Zbiv% + Z biv+, vs, + 0. (8)
i=1 i=p+1
If an XML tree T = D, then there exists n children of the root zy, ..., x, of types ay, ..., a,, respectively.

Every node of type X appears as a descendant of some x;. Thus, given that r(X.v — X) € X, in order to prove
(7) it suffices to prove that the number of values of v in the X-nodes that are descendant of z; (1 <i < n) is
equal to the ith term of the left hand of (7), that is,

[{ext(z.v) | z; < = and z is of type X }| @;Vq, 1<i<m,
{ext(z.w) | z; < x and z is of type X}| = ajvq,v3, m+1<i<n.

In order to prove (8), we also have to prove that a set of equations is valid. But, this set is analogous to the set
of equations for the type X. Thus, we will show only that the equations for nodes of type X are valid.

If 1 <i < m,itis easy to see that the total number of X-nodes that are descendant of z; is equal to a;v,;.
Thus, let 7 be an integer in [m + 1, n], let s be the value of ; in (6) and let ¢ be the value of 5; in (6).

Next, we prove that |{ext(x.v) | ; < = and z is of type X }| = a;vsv; by induction on vs. Here, we will show
only the case vy = 2. It is straightforward to extend this idea for any value of vs.



Given that {r(a;.v = @;), r(ns.v = ns), r(a;.v Cns.v), r(ns.v C a;.v)} C X, we can deduce that |ext(a;.v)| =
lext(ns.v)| = vs. Thus, we know that in T there are exactly vs nodes of type a;, since v is a key for a;. Each of
them has a child of type aj. Then, there are exactly vy nodes of type o}, and the last one must have children

of type e;, as we show in figure 10.
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(ﬁi:ciycz;
/Bladzad /Z/
/\ r
(Biscivei, X, ..o, X)* O/,W

(Bi, di, di)x  (ci,eq)*

Figure 10: Part of the tree T'.

We know that r(c;.v — ¢;) and r(e;.v — e;) are elements of ¥. Therefore, we can conclude that in the subtree
Ty of T whose root is ry, |[{ext(z.v) | z is a child of r4 of type ¢;}| = |{ext(z.v) | z is a child of r4 of type e;}],
since P(a}) = (Bi, di, di)*, (a;|(ci,e;)*). But, {r(ni.v = ne), r(e;.v = e;), r(ni.v C e;0), r(e;.v Cnew)} C X,
and, therefore, |{ext(xz.v) | z is a child of r4 of type ¢;}| = |ext(n;.v)|. Thus, given that r4 is a node of type
af we can use constraints of(8;.v — 5;), ai(civ — ¢), af(Biv C ¢v), ai(c;.v C B;.v), to conclude that
[{ext(z.v) | z is a child of r4 of type 3;}| = |ext(ns.v)| = v;. In addition to this, the number of children of r4 of
type d; is 2v, because of(d;.v — d;) € ¥ and P(af) = (8i,di, di)*, (a;|(ci, €:)*).

Given that r3 is a node of type «; we can use constraints a;(8;.v — i), a;(d;v — d;), a;(B;v C d;v),
a;(d;.v C B;.v) to conclude that [{ext(z.v) | z is a child of r3 of type B;}| = vt, since there are 2v; descendants
of r3 of type d; and v; children of r4 of type 8;. In addition to this, the number of children of r3 of type X is
a;v; and the number of children of 73 of type ¢; is 2v¢, because of the definition of P(«;).

We can use the argument given in the previous paragraph to conclude, by induction, that the number of children
of ro of type §; and the number of its children of type d; are vy and 2v;, respectively. Thus, the number of
children of r; of type X is a;v; and the number of descendants of ry of type X is 2a;v;. In general, if we continue
with this process we will infer that the number of descendants of x; of type X is vsa;v¢, since there are v, nodes
of type a;. This conclude our proof, since |{ext(z.v) | ; < ¢ and z is of type X }| = a;vsv;. O

Proof of Theorem 4.3

To prove this theorem we need to introduce some terminology. Let D = (E, A, P, R, r) be a non-recursive
DTD, ¥ a set of RCk ri-constraint over D and T an XML tree conforming to D and satisfying . A string
wy - --wy over E is a path in T if there is a sequence of vertices vy, -+ ,v,_1,v, in V such that vy = root, v;y1
is a child of v; (i € [1,n — 1]) and lab(v;) = w; (i € [1,n]). Pathsp(T) is the set of paths in T

Let z be a node in T of type 7. The node z is a restricted node if 7 = r or 7 is the context type of some



constraint in ¥. If z is a restricted node, then

Scope(x) = {y|yisanodein T and y =z or there is a path w = 71.72.- - .73, such that
y is reachable from x by following path w and for every i € [2,n — 1],
7; is not the context type of some constraint in ¥}.

Moreover, if (D, X) is hierarchical, then for each 7 € E such that 7 = r or 7 is the context type of some
constraint in ¥, a restricted DTD D, = (E;, A,, Py, R,, 7) is defined as follows.

1. E; is the set of elements types:

{7" | 7' = 7 or there is a path w = 11.73.- -+ .7, in D from 7 to 7' such that
for every i € [2,n — 1], 7; is not the context type of some constraint in X}.

2. A, ={l € A|thereis 7' € E; \ {7} such that I € R(7")}.

3. P;(r) = P(r). For each 7' € E; \ {7}, if 7' is the context type of some constraint in ¥, then P;(7') =,
otherwise P, (1') = P(1').

4. For each 7 € E; \ {7}, R, (') = R(7'). Moreover, R, (1) = 0.
It is straightforward to prove the following lemma.

Lemma 10 Let D = (E, A, P, R, r) be a non-recursive DTD, ¥ a set of RCk i -constraints over D and T
an XML tree conforming to D and satisfying X. For each node y in T there is at most one restricted node x in
T such thaty # x and y € Scope(z).

To prove theorem 4.3, first we need to prove the following lemma.

Lemma 11 If there exists a function f : N — N satisfying the following condition:

1. For each (D,X) € HRCk rk, if (D,X) is consistent, then there is an XML tree T conforming to D and
satisfying ¥ such that for each restricted node z in T, |Scope(x)| < f(|D~|), where T is the type of x.

Then SAT(HRCk rk) is in NSPACE(log(f)).

Proof. In order to prove the lemma, first we need to introduce some terminology. Let D = (E, A, P, R, r) be
a non-recursive DTD, ¥ a set of RCk ri-constraints over D, 7 € ' and w a path in D from r to 7. Then, a
set of ACk i -constraints ¥,, over D, is defined as follows.

e For every key 71 (12.ls = 7) € X, if 71 is a symbol in w and 75 € E;, then 7.0y — 72 is in ¥,,.

e For every inclusion dependency 7(71.l; C 72.02), 71.l1 C 72.l2 is in Xy,

Assume that (D,Y) € HRCk rx. To verify whether (D, X) is consistent we have to check if there is an XML
tree T' conforming to D and satisfying ¥ such that for each restricted node z in T, |Scope(z)| < f(|D-|), where
T is the type of x. In order to do this, we can use a simple non-deterministic algorithm:

CheckConsistency(w: path, wisited: array)

Let 7 := last(w)

Generate D

for each w' € paths(D) do /* creates a new copy of visited x/
visited' [w'] = visited[w'].

T := GenerateTree(D,, w, visited')

if T }£ X, then return(false)

else
for each w' such that visited'[w'] = 1 and P(last(w')) # Py (last(w')) do

if CheckConsistency(w', visited') = false then return(false)

return(true)



In this algorithm, last(w) represents the last element type of the path w and visited (visited') is an array
indexed by the paths in the DTD D. Function GenerateTree guesses and returns an XML tree conforming to
D, of size at most f(|D.|). Initially, we set up all the values of visited as 0 and invoke CheckConsistency(r,
visited). CheckConsistency construct the DTD D, and invokes GenerateTree(D,, r, visited'). This function
guesses an XML tree 7). of size at most f(|D,|) conforming to D,. Besides, for each path w' € Pathsp, (T) it
changes the value of wisited'[w'] to 1, indicating that this path has been visited. If T, [~ %, then it returns
false. Otherwise, it has guessed the part of an XML tree T that could conforms to D and satisfy 3. This part
correspond to the scope of the root. In order to continue guessing 7', the algorithm has to consider all the leaves
7 of T, for which P(7) # P.(7). For each of them, we recursively apply the same algorithm.

The previous algorithm works in space O(f), since GenerateTree guesses XML trees of size at most f(|D]). It
is possible to improve this by using the same idea considered in the proof of Theorem 3.5 (b). By using Lemma
9, we can replace the function GenerateTree by a new function Count.

Count(D;: DTD, w: path, s: regular expression, visited: array)
if s = ¢ then return(values of ext)
else if s € E; then /* Dlz(El,Al,Pl,Rl,T'l) */
lext(s)| := |ext(s)| + 1
visited[w.s] := 1
for eachl € Ry(s) do
if |ext(s.l)| = 0 then |ext(s.])] :=1
else
flip a coin
if “head” then |ext(s.l)| := |ext(s.l)| + 1
Count(Dy, w.s, Py (s), visited)
else if s = 51,55 then
Count(D;, w, s1, visited)
Count(Dy, w, sa, visited)
else if s = s1|sy then
flip a coin
if “head” then Count(D;, w, s, visited)
else Count(Dy, w, s, visited)
else if s = s then
guess n € [0, £(Dy)]
fori:=1tondo
Count(D;, w, s1, visited)

This algorithm is invoked as Count (D, w’, T, visited). Tt guesses an XML tree T conforming to D, and instead
of storing this tree, for each element node s € E; and [ € R,(s) it stores |ext(s)| and |ext(s.l)|. For each path
w € Paths(D;), it changes the value of visited[w'.w] to 1, where w' is a path from the root to an element node
that has at least one child of type 7.

Initially, |ext(z)] = 0 for each z € E,. In each step, Count verifies whether the regular expression s is an
element type. If this is the case, it increments |ext(s)|, since it found another node of type s, and for each
l € R.(s), it flips a coin for deciding whether to assign a new value to the attribute ! (and then increment
lext(s.l)|) or to copy this value from attribute [ of another node of type s (and leave |ext(s.l)| intact). Notice
that if |ext(s.l)| = 0, then it is not possible to copy the value of | from another node of type s, and, therefore,
the algorithm must assign the value 1 to |ext(s.l)|. Finally, for each s € E, it recursively invokes to Count(D,,
w.s, Pr(s), visited).

If s ¢ E, then s = (s1,52), s = (s1|s2) or s = €, where s; and s» are regular expressions. If s = (s1,s2), then
in order to generate an XML tree conforming to D the algorithm invokes to Count(D., w, s1, visited) and
Count(D,, w, sa, visited). If s = (s1]s2), then in order to generate an XML tree conforming to D, the algorithm
nondeterministically decides to invoke to Count(D,, w, s1, visited) or Count(D,, w, so, visited). Finally, if
s = ¢, then the algorithm returns the values of |ext(s)| for each s € E, and |ext(s.l)| for each s € E, and
leR.(s).

A new version of CheckConsistency that uses Count is defined as follows.



CheckConsistency(w: path, wvisited: array)

Let 7 := last(w) and w; be the path obtained from w by removing its last element

Generate D

for each w' € paths(D) do
visited' [w'] = visited[w'].

values of ext := Count(D,, wy, T, visited')

if values of ext do not satisfy Cx, then return(false)

else
for each w' such that visited'[w'] = 1 and P(last(w')) # Py (last(w')) do

if CheckConsistency(w', visited') = false then return(false)

return(irue)

Notice that the previous algorithm works in space O(log(f)), since Count works in space O(log(f)) (all the
values stored by this function are less than or equal to f(|D[)). Thus, we conclude that SAT(HRCk rx) is in
NSPACE(log(f))- m|

In order to finish the proof of theorem 4.3, we have to find the function f mentioned in the previous lemma.
We do this in the following lemmas.

Lemma 12 Given a non-recursive DTD D and a set ¥ of ACk rk-constraints over D, there is a fized poly-
nomial p such that if there is an XML tree T conforming to D and satisfying X, then there is an XML tree T’

conforming to D and satisfying ¥ such that |T'| < 22"V ond Pathsp(T') C Pathsp(T).

Proof. In [14] it is shown that the consistency problem for DTDs and ACk, px-constraints is in NP. Given a
DTD D = (E, A, P, R, r) and a set ¥ of ACk pi-constraints, [14] shows how to construct a polynomial size
system of linear integer equations ®(D,¥) including, among others, variables {z, | 7 € E} and {z,; | T €
E and | € R(r)}. The system admits a solution if and only if there is an XML tree T' conforming to D and
satisfying ¥ such that |ext(7)| is equal to the value of z,, for each 7 € E, and |ezt(7.l)| is equal to the value of
Xy, for each 7 € E and | € R(7). We will use this result in order to prove the lemma.

Let Dy be a DTD (E, A, P, R, r) and ¥¢ be a set of ACk pr-constraints. In order to prove this lemma, we
need to define from Dy a new DTD D, = (E;, A, Py, Ry, r) such that
e £y = EU Paths(Dy).

e For each 7 € E\ {r}, Pi(r) = e. For each w € Paths(Dy), Pi(w) = fi,(P(last(w))), where last(w) is
the last symbol of w and f,, is a homomorphism defined as f,,(7') = 7', w.7" (7', w.7' is a string with two
symbols: the element type 7' and the path w.r"), for each 7' in the alphabet of P(last(w)).

e For each 7 € E, R(7) = R(1). Moreover, for each w € Paths(Dy), Ri(w) = 0.
It is straightforward to verify the following lemma.

Lemma 13 There is an XML tree Ty conforming to Do and satisfying X iff there is an XML tree Ty conforming
to D1 and satisfying Yo such that:
1. For each T € E, |ext(r)| in Ty is equal to |ext(r)| in T}.
2. For each 7 € E and | € R(7), |ext(r.l)| in Ty is equal to |ext(r.l)| in 1.
3. For each w € Paths(Dy), |ext(w)| in Ty is equal to the number of nodes in Ty reachable from the root by
following the path w.

Suppose that Tp is an XML tree conforming to Dy and satisfying 3. Then, there is an XML tree 7} conforming
to D1, satisfying ¥ and satisfying the conditions mentioned in Lemma 13. Thus, the system of linear equations
®(D;,Xy) admits a solution. Moreover, the system of linear equations

®'(Dy,%0) = ®(Dy,%0) U{zyw = 0| w € Paths(Dy) \ Pathsp,(To)}



admits a solution since T} satisfies the third condition of the lemma. But, if this system has a solution, it has
a polynomial size solution [24]. Thus, given that the size of ®'(D;,%y) is polynomial in the size of D and X,
we conclude that there is a fixed polynomial s and a solution of ®'(D;, %) such that for every variable z in
®'(Dy, %), the value of  is at most 28(P11+>0)) - Moreover, for each w € Paths(Dy) \ Pathsp,(To) the value
of x,, is equal to 0.

Therefore, by using the result in [14] we conclude that there is an XML tree T} conforming to D; and satisfying
Yo such that |ext(r)] < 25UP11+ol) for each 7 € E, |ext(r.l)| < 28UP11+1¥0]) for each 7 € F and | € R(7),
lext(w)| < 28UP1I+1¥0) for each w € Paths(Dy), and |ext(w)| = 0 for each w € Paths(Dy) \ Pathsp,(Tp). The
size of Dy is exponential in the size of Dy and the size of ¥y is polynomial in the size of Dy (it is easy to prove
that |Zo| is O(|E|?|A|?)). Therefore, by using Lemma 13 we conclude that there is fixed polynomial p and an
XML tree T§ conforming to Do and satisfying ¥ such that |T§| < 22"V Noreover, given that lezt(w)] = 0in

T} for each w € Paths(Dy) \ Pathsp,(Ty), we deduce that Pathsp,(T}) C Pathsp,(Tp). This proves the lemma.
O

Lemma 14 Given a non-recursive DTD D = (E, A, P, R, r) and a set ¥ of RCk pk-constraints over D, if
(D,X) is consistent and hierarchical, then there is an XML tree T conforming to D and satisfying ¥ such that

for each restricted node z in T, |Scope(z)| < 22p(|DT|), where T is the type of x and p is the polynomial mentioned
in Lemma 12.

Proof. Let D = (E, A, P, R, r) be a non-recursive DTD and ¥ be a set of RCk, rrx-constraints over D such
that (D, X) is hierarchical. Suppose that T' = (V, lab, ele, att, val, root) is an XML tree such that T |= D and
T = ¥. We will prove that there exists an XML tree 7" conforming to D and satisfying ¥ such that for each

restricted node z in T” of type 7, |Scope(z)| < 9271770 5 do this, we will inductively define T’ from T'.
Let D, = (E,, Ay, Py, Ry, r) and X, be the following set of ACk rx-constraints over D,.:

e For every key r(m1.ly > 1) € X,if 11 € E,., then 11.ly = 7 € X,.

e For every inclusion dependency r(r1.l;y C 72.02) € &, 11.l1 C 2.0y € X,

Notice that in the last rule we do not have to impose the condition 71,7 € E,, since (D, X) is hierarchical.

Given that (D,X) is consistent, we can conclude that (D,,¥,) is consistent. Let T, be a subtree of T whose
element nodes are Scope(root). In this subtree we do not include the attributes of r. Moreover, for each
node x € Scope(root) \ {root}, we also include all the children of = whose label is S and all the attributes
of z. It is straightforward to prove that T, conforms to D, and satisfies ¥,. Thus, we can use Lemma 12

to conclude that there is an XML tree T} conforming to D, and satisfying ¥, such that |T}| < 22" and
Pathsp, (T)) C Pathsp, (T}).

In order to construct the first levels of the tree 7', we give a fresh set of values to the attributes of root and we
include T} as a subtree of T" rooted at note root, as it is shown in figure 11. We call this subtree 7.

Notice that T7 does not necessarily satisfy the DTD D, since in order to construct D, for some elements types
7 we redefine P(7) as P,.(7) = €. These elements correspond to some of the leaves of the tree T .

Let = be a node in T} of type 7, where 7 is an element type such that P(r) # P.(r). Let w be the path in
T, such that z is reachable from the root by following w. We define ¥, as a set ACk, rr-constraints over the
restricted DTD D, :

e For every key 71 (12.ls = 7) € X, if 71 is a symbol in w and 75 € E;, then 7.0y — 72 is in ¥,,.

e For every inclusion dependency 7(71.l1 C 72.02), 71.l1 C 72.l2 is in Xy,

Notice that if there is an element type 71 such that 71 (72.ls C 73.l3) is an inclusion dependency in ¥, 71 is an
ancestor of 7 and 71 appears as a symbol in w, then neither 75 nor 73 can be a descendant of 7, since (D, X)
is hierarchical. Thus, we need only to consider inclusion dependencies of the form 7(72.ly C 73.l3) in order to
define ¥,,.



root

copy of T

node =

copy of T},

Ty

Figure 11: Construction of tree 7",

Given that Pathsp, (T)) C Pathsp, (T}), there is a node y in T of type 7 such that y is reachable from the root
of T by following the path w. It is easy to verify that the subtree T3, of T" whose nodes are Scope(y) conforms

to D, and satisfies ¥, since T' = ¥ and T | D. Thus, we can apply Lemma 12 to conclude that there is a

tree T, conforming to D, and satisfying ¥,, such that |T),| < 22" " We define a new tree T} by giving a

fresh set of values to the attributes of T),. We put this tree as the subtree of 7" rooted at node z, as it is shown
in figure 11.

We continue defining 7" until we reach the last level in T'. We get a tree 7' conforming to D and satisfying

¥ such that for every restricted node z in T", |Scope(z)| < 22P(‘DTD, where 7 is the type of z. Notice that
T' satisfies all the keys in X, since it locally satisfies these constraints, for the set of nodes in the scope of a
restricted node, and every time that we copy a subtree to 7" we use different values for the attributes. It also
satisfies all the foreign keys in ¥ since each of them is applicable only to the scope of some restricted node. O

Proof of Theorem 4.4

It is convenient to reformulate the notion of d-locality using the DTDs D, for 7 a context type of a ¥ constraint,
introduced in the proof of Theorem 4.3. Namely, (D, ¥) is d-local, if

1. Depth(D,) < d.
2. For each 7 € E, if 7 is the context type of some constraint in X, then Depth(D,) < d.
Now the membership in PSPACE is a consequence of lemma 11. We establish the PSPACE-hardness of

SAT(2-HRCk,rk) by reduction from the QBF-CNF problem: Given a quantified boolean formula # in prenex
conjunctive normal form, determine whether 6 is valid. It is a known result that QBF-CNF is PSPACE-complete.

Let 8 be a formula of the form

lel T Qmmm"/}; (9)
where each Q; € {V,3} (1 <i < m) and %) is a propositional formula in conjunctive normal form, say C1A- - -AC,,,
that mentions only variables x1, ... ,zy,. We construct a DTD D = (E, A, P, R, r) representing this formula as

follows.



e E={r,C}U U{xi,i'ia1zn0zuNzanqunBzi}

o A= {v}.

e In order to define the function P, firstly we consider the quantifiers of . Thus, we consider 1 in order

to define P on the root r:
N, | P, Q=13
P(r) = s T
( ) {Nm1ap.t1 Ql :\V/

In general, for each 1 <14 < m — 1, we consider quantifier Q;41 in order to define P(N,,) and P(P,,):

P(Nz) = P(Pl.) = { zl+1|P Tit1 Qi+1 =3

Nzi+1)Pi+1 QiJrlzV

We need to represent the formula ¢ as a regular expression, in order to define P on the type elements IV,
and P,,,. Given a clause C; = \/?_, y; vV, Ziy t(C;) is defined as the regular expression y1| - - - |yp|Z1]|
-z, We use ¢ to define P(N m) and P(P,,,

P(Ng,,) = P(zs,,) = C, (04, Ay, Azy | 12y, Bay, Bay)y -
(OQE,Tl,Agcm,AIm | 12,,, Bz, , Bz, ), t(C1),... ,t(Ch).

Finally, for the rest of the elements in E, we define P as follows:

PC)=¢

R(r)y=10
R(Py;) = R(Ng;) =0 1<i<m
R(C) = {v}

It is also necessary to define a set of constraints ¥ such that (D, X) is hierarchical and 2-local. In this case,
contains the following constraints:

Ny, (Bg,.v = By,) 1<i<m
P, (A, v — Ay,) 1<i<m
Ng, (z;0 Cly,0) N, (1, v—1) 1<i<m
N, (Ziv C0p,.0) N, (0p;0 = 0,,) 1<i<m
N, (AjwCCv) N, (Cv—C) 1<i<m
N, (B;vCCw) N, (Cv—C) 1<i<m
P, (z;v Cl,,w) P (lp,v—=1,) 1<i<m
P, (Z;v C04.0) Pp (05,0 —>0;) 1<i<m
P, (AjvCCwv) P, (Cv—C) 1<i<m
P, (BivCCuw) P, (Cv—C) 1<i<m

For instance, for the formula Vx;3z2Vzs(z) V 22 V ~23), an XML tree conforming to D is shown in figure 12. In
this tree, a node of type N,, represents a negative value (0) for the variable x; and a node of type P,, represents
a positive value (1) for this variable. Thus, given that the root has two children of types N,, and P,,, the
values 0 and 1 are assigned to z; (representing the quantifier Vz;). Nodes of type N;, has one child of type
either N, or P,,, and, therefore, either 0 or 1 is assigned to z» (representing the quantifier 3z5). The same
holds for nodes of type P,,. The fourth level of the tree represents the quantifier V3.

In figure 12, every path from the root r to a node of type either N,, or P, represents a truth assignment for
the varlables x1, T2, 3. For example, the path from the root to the node u represents the truth assignment o,:
oy(z1) =0, oy(x2) =1 and o, (r3) = 0. It is necessary to verify that all these assignments satisfy the formula



p,, N,
Ny, Py, Ny, P,

C: (0x1 ) A.t1 ) Axl |1.’L‘1 ) B.t1 ) B.t1)7 sery (.’I}l |$2|.’I,T3)
Figure 12: An XML tree conforming to the DTD constructed from Vz;3zoVas(z) V 2 V —z3).

x1 V x2 V nx3. In order to do this, firstly we use the set of constraint ¥ to enforce that for every node n of
type Ny, or Py, its children of type either 0., or 1., represents the truth assignment from the root to n. For
example, v must have a children of type 0,, (o, (z1) = 0) and this is enforced by constraints N, (B, .v = By, ),
Nyy(Bg,.v C Cw). If u has a child of type 1,,, then it has two children of type B,,, by definition of P(N,,).
But, v is a key for the children of u of type B,, and it has only one child of type C, a contradiction. Secondly, we
use the constraints in ¥ of the form Ny, (2;.v C 1;,.0), Ny (Z;.0 C 0,,.0), Py, (2.0 C 15,.0), Py (Z;.0 C 04,.0)
(1 <i < 3) to check whether the truth assignments defined by the tree satisfy x1 V z2 V —x3. For instance, o,
satisfies this formula if and only if it is possible to choose a child of u from (z1|z2|Z3) and it is possible to give
a value to the attribute v that satisfies constraints Ny, (z;.v C 1;,.v), Ngy(Z;.v C 04,.v) (1 <4 < 3). In this
case, we can choose either x5 or 3 as child of u in order to satisfy these constraints.

In general, we need to prove that 6, defined in (9), is valid if and only if there is an XML tree T' such that
T E D and T = X. We will show only the “if” direction. The “only if” direction is similar.

Suppose that there is an XML tree T such that 7= D and T |= . Let n; be a node of T of type N,, and ns
be a descendant of n; of type N, or P, . Given that T = X, v must be a key for all the descendants of n;
of type B,,, since N,,(B,,.v = B,,) € . In particular, v must be a key for the elements of type B,, that are
children of no. Thus, if 1,, is a child of ns, then ny has two children of type B,,, since T' |= D, with different
values in the attribute v. But, in this case T' cannot satisfy the constraints N,  (B;.v C Cw), P,  (B;.v C Cv),
since n2 has only one child of type C, a contradiction. Therefore, ny has a child of type 0.

By using an argument analogous to the previous one, it can be verified that if n; is a node of type P,, and ns
is a descendant of n; of type N,  or P, , then ns has a child of type 1,,. Thus, a path from the root to a
node n of type N,  or P,  represents a truth assignment for the variables x1, ..., ,,, say 0. But, T E ¥
and this set of constraints contains the formulas N, (x;.v C 1,,.v), Ny, (Z;.v C 04,.0), Py, (x;v C 1,.0),
P, (Z;.w C 0;,.v). Thus, o must satisfy ¢, since T' = D and, therefore, for every clause in 1) it is possible to
pick up a literal which is satisfied by this truth assignment.

m

By the previous paragraph, we know that every path in 7, from the root to a node of type N, or P, ,
represents a truth assignment for the variables z, ..., x,, that satisfies ¢». By definition of D, these paths
represent the quantifiers of §: For every existential quantifier Q); we choose either the value 0 (represented by
N,,) or 1 (represented by P.;) and for every universal quantifier Q; we choose both values (N, and P,;). Thus,

we can conclude that 6 is valid. O



